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Joyal’s theory of species

Let B be the category of finite sets and bijections.
A species is a functor A : B → B.
For all n ≥ 0, A[n] is a finite set on which Sn acts.
E.g. (writing only the definition on objects I of B)

• P(I) = {subsets of I}

• Par(I) = {set partitions of I}

• E≥2(I) = {I} if |I| ≥ 2, or ∅ otherwise; sim. E, E1

• T (I) = {rooted trees with leaves labelled by I}

(See Bergeron et al., Combinatorial Species ....)
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The cycle index series ZA ∈ Q[[x1, x2, · · · ]] is

ZA =
∑

n≥0

1

n!

∑

w∈Sn

|A[n]w|xw,

where if w has cycle-type (imi), xw =
∏

xmi

i .
Setting x2, x3, · · · → 0, x1 → x, we get

A(x) =
∑

n≥0

|A[n]|

n!
xn.

Addition and multiplication of species:

(A + B)(I) = A(I) ∐ B(I),

(A · B)(I) =
∐

I=I1∐I2

A(I1) × B(I2).

Easy to see that

ZA+B = ZA + ZB, ZA·B = ZAZB.

E.g. P ∼= E · E, so

ZP = Z2
E = exp(x1 +

x2

2
+

x3

3
+ · · · )2.
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Substitution of species:

(A ◦ B)(I) =
∐

π∈Par(I)

(

A(π) ×
∏

J∈π

B(J)

)

.

Plethysm of f, g ∈ Q[[x1, x2, · · · ]] (g(0) = 0):

(f ◦ g)(x1, x2, · · · ) = f(g(x1, x2, · · · ), g(x2, x4, · · · ), · · · ).

Thm 1 (Joyal) A, B species, B(∅) = ∅:

ZA◦B = ZA ◦ ZB.

E.g. We have

T ∼= E1 + E≥2 ◦ T ,

so ZT = x1 + exp(
∑

n≥1

xn ◦ ZT

n
) − 1 − ZT ,

and 1 − x + 2T (x) = exp(T (x)).
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Species over Fq

Let Fq be a finite field with q elements.
Let Var be the category of Fq-varieties.
A species over Fq is a functor X : B → Var.

For all n ≥ 0, X[n](Fq) is a set with commuting actions
of Sn and Frobenius F . Define

ZX = (Z
(1)
X , Z

(2)
X , Z

(3)
X , · · · ), where

Z
(1)
X =

∑

n≥0

1

n!

∑

w∈Sn

|X[n](Fq)
wF |xw,

and Z
(i)
X is the same thing with F replaced by F i.

Analogous definitions of +, · and ◦. Plethysm:

(f ◦ g)(i) = f (i)(g(i)(x1, x2, · · · ), g
(2i)(x2, x4, · · · ), · · · ).

Thm 2 X, Y species over Fq, Y (∅) = ∅:

ZX◦Y = ZX ◦ ZY .
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For X ∈ Var, define species TX, MX by

TX(I) = XI = {I-tuples of points of X},

MX(I) = {I-tuples of distinct points of X}.

Apart from a topological difference not affecting |(−)wF |,

TX ≈ MX ◦ E≥1,

so ZTX
= ZMX

◦ ZE≥1
,

so ZMX
= ZTX

◦
∑

m≥1

µ(m)

m
log(1 + xm).

Let M(I) be the moduli space of smooth genus 0 curves
over Fq with marked points labelled by I ∪ {∞}, M(I)
the same for stable curves. Then

M(I) ≈
∐

T∈T (I)

∏

v∈Int(T )

M(Fibre(v)),

so M ≈ E1 + M◦M,

so ZM = p1 + ZM ◦ ZM.

Since ZM =
ZM

A1
−1−p1

q−1
, this is a recursion for ZM.
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