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Joyal’s theory of species

Let B be the category of finite sets and bijections.
A species is a functor A : B — B.

For all n > 0, A[n] is a finite set on which S,, acts.
E.g. (writing only the definition on objects I of B)

P(I) = {subsets of I}

Par(I) = {set partitions of I}

Eso(I) ={I} if |I| > 2, or () otherwise; sim. E, E;

T (I) = {rooted trees with leaves labelled by I}

(See Bergeron et al., Combinatorial Species ....)



The cycle index series Z,4 € Q[[x1, x5, ---] is
1 w
Za=) — > |Aln]"| w0,
n>0 weS,

where if w has cycle-type (i™), xw =[] z".
Setting z2,23,--- — 0, 1 — x, we get

n:
n>0

Addition and multiplication of species:
(A+ B)(I) = A() I B(I),
(A4-B)() =[] A x B(L).

1211]1[2
Easy to see that

ZAa+B = ZA+ ZB, ZAB = ZALB.
E.g. P=FE-F, so

X X
Z7>=Z§=exp(x1+52+§3+---)2.



Substitution of species:

(AoB)(D) = ] (A(w)xHB(J)).

mePar(l) Jem

Plethysm of f?g S Q[[xlaan °e ]] (g(O) — O)

(fog)(xth)"') :f(g(xlaxQ,“‘),Q(ZEQ,CB4,---)7~-

Thm 1 (Joyal) A, B species, B() = 0:

ZAop = Zp0 LRB.

E.g. We have
T = El —I— EZQ ©) T,

SO Zr = x1 + exp(z

n>1

and 1 —x 4 27 (x) = exp(7 (x)).
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Species over [,

Let I, be a finite field with ¢ elements.
Let Var be the category of [, -varieties.
A species over F, is a functor X : B — Var.

For all n >0, X[n](F,) is a set with commuting actions
of S,, and Frobenius F'. Define

Zx =(z{M, 2P, z3,...), where
1 _
Z$ =3 = Y X F)

n>0  weSs,
and Z)(g) is the same thing with F replaced by F".
Analogous definitions of 4, - and o. Plethysm:
(fog)W = fD (gD (21, 22,--), 9% (22,24,-),- ).
Thm 2 X,Y species over F,, Y(0) = 0:

Lxoy = Lx o Ly.



For X € Var, define species Tx, Mx by

Tx(I) = X! = {I-tuples of points of X},
Mx(I) = {I-tuples of distinct points of X}.

Apart from a topological difference not affecting \(—)“’F

TX %MXOEZM
SO ZTX = ZMX o) ZEzl’
SO Zuy, = Zr,0 Y p(m)

m>1

log(1 + x,).

Let M(I) be the moduli space of smooth genus O curves
over F, with marked points labelled by I U {co}, M(I)
the same for stable curves. Then

M~ [ I M(Fibre(w)),
TeT (1) velnt(T)

so M~ E;+MoM,

SO Zﬂ:pl_I_ZMOZM

ZMAI —1-p;

Since Zy = 1 this is a recursion for Z;.



