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1. Some cohomology representationsof 5,

o N

Consider the following smooth complex varieties:
T(1,n) ={(z1,",2n) € C" |2 #0,2; # 2},

PT(1,n)={|z1: -2, € prl | z; # 0, z; Zj},
ST(1,n)=A{(z1,--- ,2n) €T(1,n)| 21222, = 1}.
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ST(1,n) ={(z1, -+ ,2n) €T(1,n)| 2120+ 2, = 1}.

These are the regular sets in maximal tori of GL,,, PGL,,

and SL,,. The symmetric group .S,, acts on them, and on
their cohomologies (with C-coefficients).

The character of S,, on H*(T'(1,n)) was calculated by Lehrer

(1987); this gives a formula for H*(PT(1,n)) also. These two
varieties are hyperplane complements, unlike ST'(1,n).
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Since u,, acts on ST (1,n) with quotient PT'(1,n),

H'(ST(1,n)) = @ H'(ST(1,n))y = € H'(PT(1,n), Ly).

X€pn X€Epn
Want: a formula for the character of S, on H*(ST(1,n)),.

Let T (1,n) = {(21, -+, 2n,2) € T(1,n) x C* | 21 -+ 2, = 2"}
We have an isomorphism

Y

T (1,n) ———  ST(1,n) x C*

(217'” ,Zn,Z) - (212_17'” 7an_1az)7

LSO we need only compute the character of 7/(T)(1,n)),. J
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Define T(nan) — {(Zl7 T 7Z’fl) c C" ‘ &) # 07 Z;,n # Z?}
Clearly u' acts on T'(n,n) with quotient 7'(1,n), and
T("(1,n) is the quotient by the kernel of prod : u” — .

-

T(n,n) —— T (1, n) —  T(1,n)

(Zl,"',Zn)—>(Z7f,"' Zn

7n7Z1'°°Z’n)—>(Zly'°°7zn)
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Define T(nan) — {(Zl7 S 7'2%) c C" ‘ <i # 0, ZZL # Z?}
Clearly u' acts on T'(n,n) with quotient 7'(1,n), and
T("(1,n) is the quotient by the kernel of prod : u” — .

T(n,n) —— T (1, n) —  T(1,n)

(21’... 7Zn) SN (Z?’ 72/;'%7

len) _— (Z?’jzg’)

It follows that tr(w, H(T™(1,n)),) equals
Z X(C1 - G) T tr(w (G- Ga), HY(T(nym))).
e

So we are led to consider the action of the wreath product
4 1S = Sp x iy on the hyperplane complement T(n, n).

-

|



2. Equivariant Generating Functions

- N

Let p,(¢), £ > 1, ¢ € un, be commuting indeterminates.
An element y € uy, 1 Sy, has cycle index p, = 1], . pe(¢)*(©),
where a,(() Is the number of cycles of length ¢ and type (.
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where a,(() Is the number of cycles of length ¢ and type (.

A representation M of u, ¢ .S,, has characteristic

1
chym (M) = e Z tr(y, M) py.
 YE[nSm

The characters of H(T'(n,m)) for all m, are encoded in

P(n,q) = Y (=1)" chym(H(T(n,m))) g™,

m,i

Lan element of Clq|[ps(O) | ¢ > 1, € py]- J



-

Theorem. (Lehrer 1995, in a different form)

05 P(n.q) = 3 M= D151 4 (),

Can be proved by “equivariant inclusion-exclusion”.
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Theorem. (Lehrer 1995, in a different form)

05 P(n.q) = 3 M= D151 4 (),

Can be proved by “equivariant inclusion-exclusion”.

We want a similar formula for

P(x:0) = 3 (=) chym (BT (L m))y) g

m,1

an element of C|q|[p¢| ¢ > 1].

.
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Viewing 7" (1,m) as a quotient of T'(n, m), we see that

P(X7 Q) — P(nv Q)’pew)—w(@)pe'



Viewing 7" (1,m) as a quotient of T'(n, m), we see that
P(Xn Q) — P(n7 q)’pe(ﬁ)—w(@)pe'

Plugging in Lehrer’s result, we get

g Pva) = 3 H (O — 1)(-pac)’
d,e, f>1

CEn

= > - npa,

d,e, f>1
r|df

where r iIs the order of y.

.



3. A Mysterious Fact
-

Theorem. If r is the order of x € 11, then H'(ST(1,n)), is
Isomorphic as a representation of S,, to

Sh i—n+n/r
en @ Indng  (det @ H' /"(PT(r,n/7))).

(en = sign char of Sy, det ,/, = determinanton GL,,,.)

This follows by equating characters, but what does it mean?



3. A Mysterious Fact
-

Theorem. If r is the order of x € 11, then H'(ST(1,n)), is
Isomorphic as a representation of S,, to

Sh i—n+n/r
en @ Indng  (det @ H' /"(PT(r,n/7))).

(en = sign char of Sy, det ,/, = determinanton GL,,,.)

This follows by equating characters, but what does it mean?
Extreme Case. If y Is faithful,

e @Ind(x), ifi=n—1,
0, otherwise.

H'(ST(1,n))y = {

LThis representation occurs in many other contexts. J
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