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Hyperplane Complements and their
Compactifications

Let V be a v. sp. over C, W < GL(V) a finite reflection
group acting irreducibly on V with arrangement A.

Let M = P(V)\ Uy P(H) be the projective hyper-
plane complement. Clearly W acts on this.

ItV :CH/C(1,1,~-~ ,1), W =25, A= {{Zz :Zj}}i

M(n) ={(z1, - ,2n) € C"|zi # 2;}/(C* x C)
={(21, "+ ,zn41) € (Pt | zi 7 2j}/PGL2(C)
= Mon+1.

E.g. M(2) =pt, M(3) =P\ {0,1,00}.

If V=C" W =S, A= {{zi =0}, {z = (z}}:
M(r,n) = {[z1, - ,za] €P" 1|2 # 0,2} 7 27}

E.g. M(r,2) =P\ ({0,000} U pr).



Let F be the set of hyperplane intersections X C V
which are irreducible, i.e. the induced arrangement on
V/X is irreducible.

The De Concini—Procesi wonderful compactifica-
tion M is the closure of the image of the embedding

M — H P(V/X).
XeF

This is smooth. (See Selecta Math. 1 (1995).)
In the S, case, F = {X,|J C [n],|J| > 2}, where
Xjg=A{(z1,---,2n) |z equal, Vj € J}.

In fact M(n) £ Mop,+1, the moduli space of stable
genus O curves with n 4+ 1 marked points.

E.g. M(2) = pt, M(3) = Pl. Limit points in M(4)
are not just those in P(V): when 21, 22, z3 coalesce,
P(V/X123) remembers their “asymptotic configuration” .



The equivariant Poincaré polynomials

dim M
> tr(w, H(M,C) t', we W,
1=0

have been computed in many cases (incl. S,, u-1S,) by
Lehrer (e.g. see Invent. Math. 120 (1995)).

Problem Find formulas for the polynomials

dim M
> tr(w, H*(M,C) ¢, we W.
i=0

(The odd cohomology groups vanish.)

e Solved for S, by Ginzburg and Kapranov (Duke
Math. J. 76 (1994)).

e Non-equivariant (w = 1) case solved for u>?S, by
Yuzvinsky (Invent. Math. 127 (1997)).

e Now solved for u,!S,, all w, all » (to appear in
IMRN, see arXivimath.RT /0307383).



The Symmetric Group Case

Let 7(n) be the set of rooted trees with leaves < [n].
We have a stratification M(n) = Upcr(,) Mr, where

[T M(Fibre()).
velnt(T)

E.g. M(4) has the open stratum M(4), ten strata
isomorphic to M(3), and fifteen point strata.

Hence in Groth. group of mixed Hodge structures,

ZHQZ(M(n))— > X (Z(—l)iﬂg(M(Fibre(v)))>.

TeT (n) velnt(T)

Want to obtain from this a recursion for LHS.



Let B be the category of finite sets and bijections.
A B-module is a functor U : B — C-mod.
Essentially U = (U(n))n>0, Where U(n) is a repn of S,.

“Substitution” aka ‘“partitional composition”: if U,V are
B-modules, define a B-module U oV by

UoYD) = P (U(w)@@V(J)).

mePar([l) Jem

If V(I) =0 for |I| <1, define TV by
V(D= @ K V(Fibre(v)).

TeT (1) velnt(T)
Then TV = (C|[|:1 4+ VoTV.



If the B-module U is bounded (U(I) = 0 for |I| >> 0),

Fy(M) = @PU(n) @ M)

n>0

defines a polynomial functor F; : C-mod — C-mod.
Define the characteristic ch(U) € A by

ch(U) = Z% S tr(w, U(n)) pu.

n>0  weS,
Prop 1 If ¢ € End(M),
ch(U)[pi — tr(¢’, M)] = tr(Fy(¢), Fy(M)).
Prop 2 Fy.y = Fyo Fy.
Cor 1 ch(UoV)=ch(U)och(V) (plethysm).
Cor 2 ch(TV) = p1 + ch(V) och(TV).



Ginzburg and Kapranov’'s Recursion

Define the following elements of Clq][[p1,p2,---]]:

P = Z% Z Z(—l)str(w,Hﬁ(M(n)))qs_”+2pw,

77/22 ) TUESn S

P=3 30 3 trCw, B (M) pur

n>1 " weS, s
Thm 1 (GK 1994, Getzler)
P=p1+PoP.

Thus the terms of P can be computed recursively, using
Lehrer’'s formula for P.



The Wreath Product Case

Let 7(r,n) be the set of trees T' € 7T (u, X [n]) such that
1. T is u,-stable;
2. the u,-fixed edges form a path from the root;
3. u, acts freely on the other edges and vertices.

We have a stratification M(r,n) = Uper(.ny Mz, Where

Mp = H M(r, Fibre(v)®) x H M(Fibre(O)).

velnt(T)r OeOrb(T)



Let B, be the category of finite sets with a free u,-action
and ur--equivariant bijections. A B,-module is a functor
U : B, - C-mod. Essentially U = (U(r,n))n>0, Where
U(r,n) is a repn of u,1Sh.

Substitution: if U is a B,-module and V a B-module,
define a B,-module U oV by

Uo)(DH= f (Ume K V()

mePar(l)s, Oep,\m

If V(I) =0 for |I| <1, define T,.(U,V) by

T.(UV)I) = B ) U(Fibre(v)°)

TeT (r,]) \velnt(T)

® () V(Fibre(0))

OeOrb(T)
Then T, (U, V) £ (Cy=o + T-(U,V)) - (U o TV)).
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If the B,-module U is bounded,
Fy(M) = DU (r,n) @ ME")rs:
n>0

defines a polynomial functor Fy : Cu-mod — C-mod.
Define the characteristic ch(U) € C[p;(¢{)] by

ch(U):ZTnlnl S tr(w, UGrn)) pu.

n>0 " wEMS,

Prop 3 If ¢ € End, (M),

ch(U)[pi(¢) — tr(p'¢, M)] = tr(Fy(s), Fu(M)).

Prop 4 Fy.v = Fy o Fy, where Fyy means the induced

functor Cu,-mod — Cu,-mod.

Cor 3 ch(UoV) = ch(U) och(V), where the plethysm

is defined so that p;(¢) o p; = pi;(¢7).

Cor 4 1+ ch(T,.(U,V)) = (1 —ch(U) och(TV)) 1.
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T he Main Theorem

Define the following elements of Clq][[p:({)]]:

P =3 —— 3 S (=1)tr(w, HE(M(r,1)))g* " pu,

rinl
n>1 wepLS, S

P =3 —— 3 3 tr(w, B2 (M(r,1)) P

rnl
n>1 wEUS, S

Thm 2 14+P(r) =1 —-P(r)oP) L.

Thus P(r) can be computed using Lehrer's formula for
P(r) and Ginzburg—Kapranov's for P.

12



