- Definition and examples ofn

Definition: A function f defined on the positive integers is said to
be multiplicative if f(mn) = f(m)f(n) whenever gcd(m, n) = 1.

Multiplicative functions

Examples:
» The Euler phi function, ¢.
MATH2068 Number Theory & Cryptography ¢(n)=#{keN|k<nand gcd(k,n)=1}.
Week 5 Lecture 1 » The “number of divisors” function, .

Al t(n)=#{keN|k|n}.

“”'V?J;'byv;’f()ﬁéd”ey » The “sum of divisors” function, o.
Australia g(n) =Y k.
kln

25th August 2008 » The Mobius function, p.

We will meet this in a week or two.

Revision ol Taking out a common factor ofn
Obviously a|b iff ka|kb (for all a, b, k € Z). (%)
Lemma: If ajmn and gcd(a, m) = 1 then a|n. The following is Question 3 of Tutorial 4

gcd(a, m) = 1 implies that 1 = ra+ sm for some r, s € Z;
SO N = ran-+ smn.

Both terms on RHS are multiples of a; so a|n. Proof: Let d = gcd(m, n) and e = gcd(km, kn).

Since k|km and k|kn it follows that k|e.
So e = ke’ for some €' € N.

Now e|km gives ke'|km, and €' |m (by (x)).
Similarly €|n, and so €| gcd(m, n) = d.

Proposition: Ifk, m, n € Z*, then gcd(km, kn) = k gcd(m, n).

Lemma: If ajm and b|m and gcd(a, b) = 1, then ab|m.

alm implies gives m = an for some n € Z.
So we have b|an and gcd(a, b) = 1.
So b|n (by above lemma); i.e. n = bk for some k.
So m = an = abk, a multiple of ab. So e|kd, by ().
But d|m and d|n gives kd|km and kd|kn. Hence kd|e.

So e = kd, as required.
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A special case afn gcd’s of more than two numbers afn
This is what we just proved: Let a, b, c € N, and let g = ged(ged(a, b), ¢).
A N _
Proposition: Ifk, m, n € Z™, then gcd(km, kn) = k gcd(m, n). It is not hard to shown that
Writing a = km and b = kn gives the following reformulation. » glaand g|b and g|c, and
Proposition: If k|a and k|b then gcd(a, b) = k gcd(a/k, b/ k). » if k € N satisfies k|a and k|b and k|c, then k|g.
[ ly this with k = :
In particular, we can apply this wit ged(a, b) We call g the greatest common divisor of a, b and c.
The hypotheses k|a and k|b do hold when k = gcd(a, b).
'Srhe cgnclulflznll(s t_ha1t k = gcd(a, b) = kgcd(a/k, b/k). Since the above conditions are symmetrical in a, b and c, it
B aEelaly Bk = il follows that gcd(a, b, ¢) = ged(b, a,c) = ged(a, ¢, b), etc..
Proposition: If k = gcd(a, b) then gcd(a/k, b/k) = 1. Thus ged(ged(a, b), ¢) = ged(ged(a, ¢), b), etc..
Divisors of coprime products ‘;?"f%gﬁ Divisors of coprime products: 1st claim ol

Obviously, if r/m and s|n then rs|mn. Conversely,

Suppose that gcd(m, n) = 1 and hjmn. Then h = rs for some

Proposition: If gcd(m, n) = 1 then each divisor of mn is r, s with r|m and s|n

uniquely expressible in the form h = rs with rlm and s|n.

In‘fact, r = ged(h, m) and s = ged(h, n). Proof: Let s = gcd(h, n). Then h/s, n/s are integers.

Now h|mn gives (h/s)|m(n/s).

But gcd(h/s, n/s) = 1; so (h/s)|m.

Define r = h/s. Then h = rs, we have just shown r|m, and s|n
since s = gcd(h, n).

There are two assertions here:

» Suppose that gcd(m, n) = 1 and himn. Then h = rs for
some r, s with rlm and s|n.

» Suppose that gcd(m, n) =1 and himn. If h = rs with rim
and s|n then r = gcd(h, m) and s = gcd(h, n).



Divisors of coprime products: 2nd claim afn Chinese Remainder Theorem afn
Suppose that gcd(m, n) = 1 and h|mn. Assume also that Theorem: Ifged(m, n) = 1 then k — (resm(k), resn(k)) gives
h = rs with rim and s|n. Then r = gcd(h, m) and s = gcd(h, n). a 1- 1 correspondence between { k € N| 0 < k < mn} and
{(a,b)|]0<a<mand0<b<n}.
Proof: We are given that h = rs with rym and s|n.
Let d = gcd(h, m). (The aim is to prove d = r.) eg.m=2,n=3:
Since r|m and r|h it follows that r|d. 0+~ (0,0),1—(1,1),2—(0,2),3—(1,0), 4 — (0, 1),
Every divisor of d is a divisor of m and every divisor of sis a 9= (1,2
p ¢ - ; .
d!v!sor of n. So every common divisor of d and s is a common etk [ ey G0 o G 0 (0 S G (68 et
divisor of m and n. e = K q d ke = K q
But gcd(m, n) = 1; so ged(d, s) = 1. 1 = k2 (mod m) and ki = kp (mod ).
. So m}(k1 — k2) and n|(k1 — kg)
But now d|h = rs and gcd(d, s) = 1; so d|r. Since gcd(m, n) = 1 this gives k; = ko (mod mn).
Since r|d and d|r we have that d = r. So the mapping is one to one. By the pigeonhole principle it is
Similarly, gcd(h, n) = s. also onto.
Chinese Remainder Theorem and gcd’s ol Multiplicativity of Euler phi ofn

We proved this last week: ifgcd(m, n) = 1 then

In the CRT, if k < (a, b) then gcd(k, mn) = gcd(a, m) gcd(b, n). d(mn) = S(m)(n)

Let h = ged(k, mn). By our “divisors of coprime products” Let's prove it again!
proposition, h = gcd(h, m) gcd(h, n). So we just have to prove
that gcd(h, m) = gcd(a, m) and ged(h, n) = ged(b, n). We have just shown that if k < (a, b) in the CRT
correspondence then gcd(k, mn) = gcd(a, m) gcd(b, n).
Since k — (&, b) we have k = a (mod m) and k = b (mod n). In particular, gcd(k, mn) = 1 if and only if gcd(a, m) = 1 and
Now k = a (mod m) gives gcd(k, m) = gcd(a, m). (See the gcd(b, n) = 1.
lemma on p. 5 of the notes for Week 1.) Th
erefore
But gcd(k, m) = ged(k, ged(mn, m)) = ged(k, mn, m) = (no. of k with ged(k, mn) = 1)

gcd(ged(k, mn), m) = ged(h, m).
So gcd(a, m) = ged(h, m), as required.
The proof that gcd(b, n) = gcd(h, n) is just the same.

is equal to
(no. of a with gcd(a, m) = 1) x (no. of b with gcd(b, n) = 1).

That is, ¢(mn) = ¢(m)p(n).



£

The “number of divisors” function afn The “sum of divisors” function
+ H _
For n € Z* we define (n) = #{ k € Z* | k|n}. For i € /77 D CLEHINS () = k)|:n &
For example, the divisors of 10 are {1,2,5,10}. So 7(10) = 4. kez*

For example, 0(10) =1+2+5+10=18.

By our “divisors of coprime products” proposition, if o . i o
gcd(m, n) = 1 then the set By our “divisors of coprime products” proposition, if

gcd(m, n) = 1 then the set

{(ab) | aj/mand b|n} {(a b) | ajmand b|n}

is in one to one correspondence with

is in one to one correspondence with
{k| klmn}
{k| klmn}
via the function taking (a, b) — ab.
via the function taking (a, b) — ab.

So Zk|mn k= Za\m Zb|n ab = Za\m aZb|n b.

So t(mn) = t(m)t(n) whenever gcd(m, n) = 1.

i.e. T is multiplicative. So o(mn) = o(m)o(n) whenever gcd(m, n) = 1.
i.e. o is multiplicative.

The former set has t(m)t(n) elements, the latter T(mn).
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