1 Lecture 1 (Solving Quadratics and Cubics)

Quadratics can be solved by taking square roots.
Observe
(2az + b)? = 4a*x? + 4abx + b*.

To solve a general quadratic
ar’* +br+c=0, a#0
multiply by 4a and complete the square.
4a’x* + dabr® + 4ac = 0
4az” + dabx + b* = b* — dac
(2az + b)? = b* — 4ac

This reduces to finding a square root of b? — 4ac.
Let (b* — 4ac)'/? stand for a square root. Then we derive

(2azx + b) = +(b* — 4ac)'/?
b= (b* — dac)"?

2a
the standard formula.
Solving Cubics
Recall
(u+v)* = v + 3uv + 3uv® +v° (1)
This gives

(3ax + b)* = [27a*2® + 27a*bx] + [9(3ax)b® + b?).
To solve a general quadratic
ar® + b’ +cxr+d=0, a#0
multiply by 27a? and complete the cube

27a*x* + 27abx® + 9ac(3a)x + 27a*d = 0
27a*2® + 27abx + 3(3ax)b® + b* = 3(3ax)b® + b* — Yac(3a) — 27ad”

(3ax + b)* = 3(b* — ac)(3ax) + b* — 27ad® + b*
(3az + b)* = 3(b* — 3ac)(3ax + b) — 3(b*> — 3ac)b + b* — 27ad?
(3ax + b)® = 3(b* — 3ac)(3ax + b) — 2b® + Yabc — 27a*d



If we put y = 3ax + b we reduce to solving
y =3Py +Q

where P = b* — 3ac, and Q = 9abc — 20* — 27a?d.
Solution Cardano (1545).
To solve a cubic equation

v’ =3Py +Q
write y = u + v.
Then
y* = (u+v)* =u® + 3uPv + 3uww® +v°
= 3uv(u +v) + v’ + v?
=3Py+Q
provided

P =uv Q= u’ +°

Then u® 4+ v = Q and udv3 = P3. So «® and v® are a pair of roots of the
quadratic
22— Qz+P=0.

Hence if pick a pair u, v of cube roots of

Q+ (@ — 1P Q—(Q*— 4P/
2 ’ 2

respectively, such that uv = P we get a solution Cardano’s cubic.

Example Solve 2 — 22 +2 —1=0.
Complete the cube and put into standard form for Cardano’s method

22—+ —-1=0

272 — 272 = —9(3x) + 27
(32)* — 3(3z)* +3(3z) — 1 = 3(32) — 9(3z) +27 — 1
(3z —1)* = —6(3x) + 26

(3z —1)> = —6(3z — 1) +20



Putting y = 3z — 1 we are reduced to solving
v = —6y + 20
Set y = u+v. Then
y® = 3uv(u +v) + v +0° = 3uvy +u® +v* = —6y + 20

if and only uwv = —2 and u® + v* = 20.
Hence u® and v® must satisfy u3v® = —8 and u® + v* = 20. Thus they
must be the roots roots of the quadratic

2 +20z — 8 = (2 — 10)* — 108

So
u?,v* = 10 £ /108, (both real).

If we let u, v = v/10 & /108 stand for their respective real cube roots then

w = /10 + V108 x 1/10 — /108

is a real cube root of 10 + /108 x 10 + /108 = —8.
So uv = —2.
Hence we have real solution to our cubic

L V104 V108 + V10 — V108 + 1
_ : '

In fact 2° — 2?2 + 2 — 1 = (x — 1)(2® + 1) has roots 1 and +i.

We deduce
V10 + V108 + /10 — 108 +1
: -

Set w = exp (%) = # Then 1, w and w? = exp (%) = 13 a6
the three cube roots of 1.
The other two roots of the cubic are

wV/10 + /108 + w?v/10 — 108 + 1 .
. -

1.

and

W10 + V108 + wv/10 — V108 +1
: -
End of lecture 1




2 Appendix, (Solving Quartics)

Consider a quartic Polynomial
LU4 — Slx3 -+ 52.362 — Sg.ﬁ(,’ + S4.

If the roots of the quartic are tq, t9, t3, t4 then the S; are elementary
functions on these roots

The six signed root sums with two pluses and two minuses fall into 3 pairs
A\, +u, +v,

A =t —to+t3—1y

12 :t1+t2—t3—t4

14 :tl—tg—t3+t4
Any permutation of the roots permutes A2, u?, v amongst thenselves. Hence
the elementary symmetric polynomials in them are fixed by all permutations

of the roots. Hence they are roots of a cubic whose coefficients are polyno-
mials in the S;.

N =12 = 2ty + 2ty — 2ty — 2toty + 2oty — 2t3ty
= S? — A(tyty + tity + Lotz + t3ty)
= S — 4[Sy — (ty1t3 + tats)]
= 57 — 4S5 + A(t1ts + taoty)

and similarly

/LQ = 512 — 452 + 4(t1t2 + t3t4)7 1/2 = S% — 432 + 4(t1t4 + tgtg).

So
N p? 4+ 2 =382 — 125, + 45, = 357 — 85,
Set
P = t1t3 -+ t2t4, g = tltz + t3t4, T = t1t4 + tgtg
Then
1% +o4+7= SQ.
and

po + pT+ o071 =Y tiity = 5153 — 45,



Hence we find

N2+ N2 4 p?? = 3(5?% — 485)% + 8(S2 —4Sy)(p+ 0 +71) + 16(po + pr + oT)
— 3(S2 — 45,)2 + 8(S2 — 455)Ss + 16(5,.S5 — 4S5).

Interchanging ¢; and ¢; sends A to —v, and v to—A\ and fixes p. Similarly
for any other transposition.

Hence Apv is fixed by all transposition, and hence by all permutations of
the roots.

Armed with knowledge we find

YIS th — Zt?t]’ + 255

Using

> # =873 ;- 65
gives

My = S§ =4 " t7t; — 4S5
Now

Zt?t] == SISQ - 353
Hence
)\/U/ = Sf — 45152 + 853

Thus

)\2,11,21/2 == (Sf - 45152 + 853)2.



