Lecture 14 (Principle Ideal Domains)

Suppose R is a commutative ring. Then for any a € R, aR is an ideal — the
principal ideal generated by a.

Definition 14.1 (Principal Ideal Domain) An integral ideal in which
every ideal is principal is called a principal ideal domain.

For example Z is a principal ideal domain. We will now show that for any
field F' and indeterminant z, the polynomial ring F[z| is a principal ideal
domain.

Recall Polynomial Long Division.

Lemma 14.2 (Polynomial Long Division) Let F be a field and f,g €
F[z] polynomials with g # 0. Then there exists unique polynomials ¢ and r
in F[z] such that f = qg + r and degr < degg.

Proof (Sketch) Existence.
If f=0takeqg=1r=0.

Otherwise deg f,deg g > 0. Suppose deg f = n and deg g = m and that
g=go+ QT+ -+ gmt", gm 70, [f=fo+ frx+ -+ fuz", fu #0.
If n > m, put A\g = f,g,,}. Then \gz" ™g and f both have leading term

fanz™. So subtracting times g from f gives a polynomial

h=f—Xaz"™g

with degh < deg f. If ny = degh > deg g we can repeat this process to form
a polynomial

hy =hy —Mx™ Mg = f — (Aoz" ™ = (Miz™™)g

with deg hy < deghy etc. After a most n —m + 1 this process must end with
a polynomial

hi, = hi—1 — Apx™1""g
= hk—2 — (}\kxnkfl_m + /\k_ll’nk72_m)g

= f = (™1 e N T 4 Az )g



with deg hy, < degg. So setting r = hg, and ¢ = > \;z™ " we have,we have
f=qg+r, degr <degg.

Uniqueness.

Suppose [ = q1g+r1 = qag-+ro with degry,degry < degg. Then (go—q1)g =
(ro —ry) and deg(ry — 1) < degg. But if ¢; # qo, deg(q1 — ¢2)g = deg(go —
q1) +deg g > deg g. Hence we must have ¢; = ¢o, and so also r; = 5. O

Comment If you look at the division algorithm for polynomials the only di-
vision in the field F' of coefficients is division by the coefficient g,, of the leading
term of g. So the division algorithm works in any commutative ring R as long
as the coefficient of the leading term of g is invertible in R. The uniqueness also
follows too because if g has its leading term invertible then deg hg = degh + degyg
holds for all h € R[z].

Theorem 14.3 If F is a field F[z] is a principal ideal domain.

Proof We know polynomials over a field are an integral domain. It remains

to show every ideal in principal. I be an ideal of Flx]. If I = 0, I = 0F|x].
Now suppose I # 0. Let m(x) # be a polynomial of minimal degree in . Claim
I = m(z)F[z]. First m(z) € I and I an ideal implies all multiples of m(z) lie in
I, m(x)F[z] C I. We complete the proof by showing I C m(z)F|x].
Suppose f(x) € I. Then there are polynomials g and r such that f = gm + r with
degr < degm. But gm € I, from above. Because ideals are closed under taking
negatives, —qgm € I. So because ideals are closed under addition and f, —gm € I,
r = f+ (—gm) € I. Since m is a non-zero polynomial of minimal positive degree
in I, we must have r = 0. Hence f = gm € m(z)F|[z]. O
Going back to the division algorithm we recall that in the case g(z) =z —a,a € F
the remainder is a constant and we can deduce the following well known result.

Theorem 14.4 (The Remainder Theorem) Suppose F is field, f € F|[z]
and a € F. The

(1) The remainder in division of f by x — a is f(a):
f(x) = (x —a)q(z) + f(a).
(19) = — a is a factor of f(x) if and only if f(a) = 0. O

Recall that a non-constant polynomial is called irreducible if it cannot be written
as product of polynomials of strictly lower degree. For example degree 1 polyno-
mials are irreducible.



Note Irreducibility is relative term. The polynomial is 22 + 1 is irreducible in
R[z], but 22 + 1 = (2 + i)(z — 7) is reducible in C[z].
Just as every integer is, up to multiplication by £1 and the order of factors a
product of primes, up to multiplication by constants and the order of factors,
every polynomial is uniquely a product of irreducibles.

Division, Associates and Irreducibles

The elementary notions of divisibility for Z and polynomial domains extended
to commutative rings with identity. We are only going to be concerned with
divisibility in integral domain but some elementary properties are common to all
commutative rings with an identity.

Definition 14.5 (Division) Let R be a commutative ring with a unit element
then for a,b € R we say a divides b and or equivalently a is a factor of b or
equivalently and write a|b if b is a multiple of a, viz b = ac for some ¢ € R.

Exercise (Elementary Properties) For all a,b,c € R, a commutative ring
with an identity element.

1) albif and only if b € R if and only if Rb C Ra.

[\

alb and b|c implies alc.

w

alb and alc implies albx + cy for all z,y € R.

U

alb for all b € R if and only if a is a unit.

(=2}

0]b if and only if b = 0.

)
)
)
) a|l if and only if a is a unit.
)
)
7)

al0 is always true.

Note only the implication Rb C Ra = b € R requires R have an identity.

Definition 14.5 (Associates) Let R be a commutative ring with an identity
element. If @ € R an element of the form au is called an associate of a. Write
a ~ b if b is an associates of a.

Lemma 14.1 Associativity is an equivalence relation which respects division,
ie. if a ~a' and b ~ V', alb if and only if o’|b’. The units of R are the associates
of 1.



Proof Exercise.

Lemma 14.6 If R is an integral domain then the following are equivalent for
a,b € R.

(1) alb and bla.
(i) aR = bR.

(791) a and b are associates.
Proof Exercise. (See Homework03). O

Trivial Factorisation Given a pair of units u,v, uv = 1 and any a in a
commutative ring R then we can factor a = u(av) as product of the unit u, and
the associate av of a. This is called a trivial factorisation.

Definition 14.7 Let R be an integral domain. A a non-zero element of R
which is not a unit is called irreducible if its only factors are its associates or units.
For example in Z the irreducible elements are +p, p € N a prime number.



