Last lecture
@ Congurences, left and right invariant equivalence relations:
Proposition 2.4

Suppose ~ is an equivalence relation and setH = {x € G: x ~1}.
@ -~ is left invariant < H is a subgroup of G and X = xH, Vx € G.

Q@ -~ isrightinvariant < H is a subgroup of G and X = Hx, Vx € G.

@ ~ is acongruence < H is a normal subgroup of G.

@ Quotients of an equivalence relation G/~ ={Xx:x € G}

Proposition 2.5

Suppose that ~ is a congruence on G and let Q = G/~.
Then Q is a group with multiplication o8 = Xy, ifa =X and 8 =Y.

@ Normal subgroups and quotient groups G/N = N/~.
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Convention on permutations

A permutation of n = {1,2,..., n} is a bijective function o : n—n.

The set &, of all permutations of n forms a group under composition of
functions: if o, 7 € &, then (o7)(i) = o(7(i)), for i € n.

Notation for permutations

If o is a permutation write o = (). 2 -+ '), where o(i) = o for i € n.

0{ 02 ... On
We also write o as a product of cycles (i, o, . . ., ia)
if 0'(/1) = i2,0'(i2) = i3,. .. ,O'(ia_1) = fa and O'(ia) = I1)

Every permutation can be written as a product of (commuting) disjoint
cycles, which is unigue up to the ordering of the cycles.

Note that when multiplying cycles we work from right to left.
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Soluble groups

Definition 3.1

A group G is soluble if it has a chain of subgroups
G=G DG DG D --DG={1g}

such that G; is a normal subgroup of G;_4

and G;j/Gj_4 is abelian, for1 </ < k

Galois theory attaches a group G to a polynomial p(x) and one of its’
main results says that G is soluble by radicals if and only if G is a
soluble group.
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The definition of a ring

Definition 3.2
Aring is a set R equipped with two operations,
addition 4+ and multiplication -, such that for a,b,c € R
@ (R, +) is an additive (abelian) group:
a+(b+c)=(a+b)+c,a+0=a=0+a,
a+(—a)=0=(—-a)+a),at+b=b+a
© Multiplication is associative: a(bc) = (ab)c
© The two distributive laws hold:
a(b+ c)=ab+ ac and (a+ b)c = ac + bc.

Any field Q, R, C, ... is a ring, but the ring axioms are much
weaker than the field axioms == rings are more exciting!

Importantly, rings do not necessarily have a multiplicative identity and
the elements of a ring need not have multiplicative inverses.
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Examples of rings Basic properties of rings

@ Z, the ring of integers Suppose that R is a ring.
@ 7", the ring of n—tuples of integers The zero additive identity 0 = O of R.
@ Z[i], the ring of Gaussian integers If a € R then the negative of a is the additive inverse —a.
@ 27 ={2z:z € 7}, the ring of even integers The ring R is commutative if ab = ba, for all a, b € R.
© 3% ={3z:z €1}, thering of three divisible integers An identity element in R is any element 1z € R such that
@ Mat,(R), the ring of all n x n matrices over R a-lg=a=1p-a, forall a € R.
@ Mat,(C), the ring of all n x n matrices over C Lemma 3.3
® Matn(Z), the ring of all n x n matrices over Z The identity element of a ring is unique if it exists.
@ Mat,(R), the ring of all n x n matrices over a ring R .
(R) . 9 . . . 9 : Proof See Tutorials.
@ Z[x], the ring of polynomials in x with coefficients in Z . . . , . ,
. L . - . . Suppose that R is a ring with one; ie. R has an identity element.
@ RI[x], the ring of polynomials in x with coefficients in the ring R . )
® Co(R) = { f:R—R :  continuous } A Iclaft |nlverse ofae R |s. an element g, € R such that gila=1p.
o C4(R) = { f:R—R : f differentiable } A right inverse of a € Ris an element a, € R such that aar = 15.
Aninverse if a€ Ris an element a ' suchthataa ' =15 = a 'a.
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Left inverses, right inverses and fields The zero element of a ring
Lemma 3.4 Lemma 3.6
Suppose that a € R has both a left and a right inverse. Suppose that R is aring. Thena-0g =0r =0g- a, foralla € R.

1

Then a has an inverse anda ' = a; = a,

Proof Now, a-0g = a(0g + 0g) = a-0g + a- Og.

Proof We havem, a; = a;- 15 = a/(aar) = (ai@)ar = 1p - ar = ar. O Subtracting a - 05 from both sides shows that 0g = a- Op.
Similarly, 0g = 0g - a.

Definition 3.5

A field is a commutative ring with 15 # 0z such that all non—zero
elements of R have (multiplicative) inverses.

Warning!!!!
It is not always truethatab=0 =— a=0orb=01l

Example  (5§)(5%) = (&

0).
Examples °
@ Q, R, C are all fields
@ Z/nZ is afield if and only if nis prime (Check!)

@ Mat,(R) is a field if and only if n =1 (Check!)
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