Last lecture

@ The definition of a ring

Definition 3.1

A ring is a set R equipped with two operations,
addition + and multiplication -, such that for a,b,c € R

@ (R, +) is an additive (abelian) group:
a+(b+c)=(a+b)+c,a+0=a=0+a,
a+(-a=0=(-a)+a)at+tb=>b+a

@ Multiplication is associative: a(bc) = (ab)c

© The two distributive laws hold:
a(b+c)=ab+ acand (a+ b)c = ac + bc.

@ Many examples of rings

@ Left and right (multiplicative) inverses
@ Commutative rings, fields

@ Some properties of the zero element
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The ring of formal power series

Suppose that R is a ring. We define formal power series over R.

Set Z(R) ={(ag,a1,a,...): a € R}, the set of infinite sequences of
elements of R.

Define addition and multiplication on Z?(R) by
(80,31,32,...)—I—(bo,b1,b2,...) = (ao+b0,a1 +b1,a2+b2,...)
(ao, ai,an, ... )(bo, by, bo, ... ):(aobo, agbi+ai by, agbo+aibi+ashy, . .. )
So (ag, a1, ao, ... )(bg, b1, bo,...) = (Cp, Cy, Co, . .. ), Where

Ck = Diyj—k Aibyj.
Lemma 4.2
Suppose that R is a ring. Then Z(R) is a ring. J

Proof Check the axioms!

Andrew Mathas (University of Sydney) Rings, Fields and Galois Theory Math3962 — Lecture 4 3/9

Zero divisors and integral domains

Suppose that a and b are non—zero elements of R such that ab = 0.
Then a and b are zero divisors in R.

We single out a particularly nice class of rings.

Definition 4.1

An integral domain is a commutative ring with one which does not have
any zero divisors.

@ Z — this is the prototypical integral domain

e QR,C

@ any field is an integral domain

@ Mat,(R) is not an integral domain if n > 1

@ The space of continuous functions Cy(R) is not an integral domain.
@ Z[x] is an integral domain
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The ring of formal power series...

There is a more intuitive notation for the ring of formal power series.
Let x be an indeterminate over R.
Define R[[x]] = { d ax':acR }
i>0
There is a bijection 22(R)— R[[x]] = given by
(ao, ais, a, .. ) — Za,-x’.

i>0

The addition and multiplication laws become

<Z a,-x’) + (Z b,-x’) => (aj+b)x’
>0 >0

i>0

(;ZO a’_Xi> (PZOBij> — ,;,Z ,-HZ:,( a,-b,-)xk

The ring of polynomials R[x] is the subring of R[[x]] consisting of those
formal power series with only
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Subrings

Definition 4.3
A subset S of aring R is a subring of R if
Q S#0
Q Ifx,yecSthenx—yecS ( <= additive subgroup)
Q Ifx,ye Sthenxy € S ( <= closed under multiplication)

v

(1) =addition on R restricts to give an addition +:Sx S— S
(2) = muiltiplication on R restricts to give a multiplication -: Sx S— S

Proposition 4.4

Suppose that S is a subring of R. Then S is a ring with operations
being the restriction of the operations of R to S.

Proof As all of the ring axioms hold in R they also hold in S. The
important point is that + and - restrict to give binary operations on S.
]
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