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Tutorial 2

1. Let G be a group and S a set on which a multiplication operation is defined. Let
φ : G→ S be a function that satisfies (φx)(φy) = φ(xy) for all x, y ∈ G. Prove that
the image of φ is a group, with multiplication compatible with multiplication in S.

2. Let S be a set with a multiplication operation. An element e ∈ S is called a left
identity if es = s for all s ∈ S, and an element f ∈ S is called a right identity if
s f = s for all s ∈ S.

(i) Prove that if S contains both a left identity and a right identity then they are
equal.

(ii) Find an example of an S that contains a left identity but no right identity.
(Hint: use 2× 2 matrices.)

3. Let R be a ring and define Rn = { (x1, x2, . . . , xn) | xi ∈ R }, where n is a fixed
positive integer. Define addition and multiplication on Rn by the rules

(x1, x2, . . . , xn) + (y1, y2, . . . , yn) = (x1 + y1, x2 + y2, . . . , xn + yn),
(x1, x2, . . . , xn)(y1, y2, . . . , yn) = (x1y1, x2y2, . . . , xnyn).

Is it true, for all R and n, that Rn is a ring under these operations?

4. Let R be a ring with the property that a2 = a for all a ∈ R. Prove that a + a = 0
for all a ∈ R, and that R is commutative. Show also that R, with its given addition
operation, can be made into a vector space over the field of two elements.

5. If X is any set and R any ring then the set of all functions from X to R becomes a
ring if addition and multiplication of functions is defined “pointwise”. That is, f g
and f + g are given by ( f g)(x) = ( f (x))(g(x)) and ( f + g)(x) = f (x) + g(x). Take
R to be the two-element field F2 = {0, 1}, and for each A ⊆ X define fA: X → F2
by the rule that fA(x) is 1 if x ∈ A and 0 if x /∈ A. Show that fA fB = fA∩B and
fA + fB = fA∆B for all A, B ⊆ X , where ∆ is the “symmetric difference” operation:
A ∆ B consists of the elements of A that are not in B and the elements of B that are
not in A.



6. Which of the following are rings?

(i) The set R3, with addition defined in the usual way, and multiplication given
by (a, b, c)× (d, e, f ) = (b f − ce, cd − a f , ae− bd).

(ii) The set of all rational numbers expressible in the form a/b, where a and b
are integers and p does not divide b. Here p denotes a fixed prime integer,
and the operations are the usual ones.

(iii) The set of integers with a new addition ⊕ and a new multiplication ⊗ defined
in terms of the usual operations by

n⊕ m = n + m + 1,

n⊗ m = n + m + nm.

7. Let C be a cyclic group of order n (so that C = {1, x, . . . , xn−1} and xn = 1.) The
group algebra RC consists of all formal linear combinations ∑

n−1
i=0 λixi, with λi ∈ R,

with addition, multiplication and scalar multiplication defined so that all the ring
and vector space axioms are satisfied. Show that RC is not an integral domain.


