THE UNIVERSITY OF SYDNEY
SCHOOL OF MATHEMATICS AND STATISTICS

Assignment 1

4/PG: Partial Differential Equations Semester 2, 2007

Lecturer: Daniel Daners

Due on Monday, September 17 by 4pm in Carslaw Room 715
(Slide under the door when locked).

Late assignments are not accepted without prior arrangement well before the deadline!

You must attach the signed cover-sheet to the front of your assignment (see over)!

1. Let B be the unit ball in RN, N > 2. Show that

u(x) == log(log(l + |CE|71))

is an element of W (B). In particular argue that H*(B) ¢ Loo(B).

2. Let F € CY(R) with ||F'||sc < co. Suppose that 1 < p < oo and that € is bounded. Show that
FoueWy(Q) for all u € W}(Q), and that the chain rule

0 o ou
Bz, (Fou)=(F ou)ami

applies to the weak derivatives.

Hint: Use approximation by smooth functions.

3. (a)

Apply the above question to show that |u| € H'(Q) for all u € H'(Q2). Also compute the
weak partial derivatives of |u|. Show the same applies in H{ (9).

Hint: For e > 0let F.(§) := Va? + €2 — ¢, use the above question and let ¢ — 0.
Show that the positive and negative parts of u € H'(Q) are also in H'(Q).

Suppose that u € HY(Q) N C(Q). If u = 0 on 99, show that u € H ()
Hint: Fix a function F' € C'(R) with |[F(¢)| < [¢] for all £ € R, F(£) = 0 for |£] < 1 and

F(§) = € for [¢] > 2. Define u, := LF(nu), show that u, € H}(Q) and that u, — u in
HY(©)

If u € C?(Q) N CL(Q) satisfies
—Au=f inQ, u=0 on 99,

show that u is a weak solution of the above equation.
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