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1. Introduction. The main purpose of this article is to give conditions on a non-
negative weight function m which are necessary and sufficient for the zero solution
of the linear time-periodic parabolic equation

u — Au = —m(x, )u in RY x (0, 00) (1.1)

to be exponentially stable and to apply these results to the study of change of sta-
bility in parameter dependent time-periodic parabolic problems. Here, A denotes
the Laplacian in RY and the weight-function lies in C»(R, BUC(RM)), the space of
v-Holder continuous and T -periodic functions taking values in the space of bounded
uniformly continuous functions on RV (v € (0, 1) and T > O fixed). Stability is to
be understood either with respect to the Loo- or the L;-norm and initial conditions
are taken in the spaces Co(R") and BUC(RY) or L, (R"), respectively. As it turns
out exponential stability will be a property which does not depend on the underlying
space. .

Our first characterization of exponential stability will be in terms of a quality that
m may have or not as an inhomogeneity in the initial value problem

{ u — Au=m(x,t) in RY x (0, o0)

1.2
u(x,0) =0 in RV, (12)

We can actually prove the following result, generalizing the equivalence of statements
(1) and (6) of Proposition 4.19 in the paper of C.J.K. Batty [3] which treats the time-
independent case, i.e., the case of Schrédinger semigroups.
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Theorem 1.1. The zero solution of (1.1) is exponentially stable (with respect to either
the Loo- or the Li-norm) if and only if the (mild) solution u of (1.2) in BUC(RV) is
bounded away from zero at time T, that is, if there exists a constant § > 0 such that
u(x,T) > 8 forallx € RV,

In other words, the source represented by m must be strong enough to push the
solution away from zero within time T uniformly on all of RV,

The idea for our second characterization goes back to W. Arendt and C.J.K. Batty
in the case of time-independent problems (Theorem 1.2 in [1] and Proposition 4.19
in [3]). They prove that a Schrodinger semigroup is exponentially stable if and only
if the potential is non-integrable on all sets containing arbitrarily large balls.

‘We shall prove here the following generalization:

Theorem 1.2. The zero solution of (1.1) is exponentially stable if and only if the
temporal mean, —% fOT m(-, ) dt, of m is non-integrable on all domains of RN which
contain arbitrarily large balls.

Roughly speaking, this is a condition saying that in order to have exponential
stability of the zero solution of (1.1) the temporal mean over one period of m, as a
function on RY, must be positive enough at infinity. Our proof of this fact is based
on the first characterization.

It appears that, though similar, our method is simpler than the ones used in [1] or
[3]. In [3] the approach is highly probabilistic in nature and while its author remarks
that it is possible to prove our Theorem 1.1 in the autonomous case reducing the
amount of probabilistic tools involved, he stills needs the Feynman-Kac formula. As
in our own approach, in [1] only analytical arguments are used but at some point (proof
of the implication (i)=>(ii) of Theorem 1.2 of that paper) Hilbert space methods are
needed. This kind of argument cannot be generalized to time-periodic equations or to
equations which are not in self-adjoint form; ours may be easily extended to cover the
case where more general parabolic operators of second order are considered. Thus, in
order to give a self-contained analytical treatment we have included complete proofs
of Theorems 1.1 and 1.2. ’ ‘

The above results enable us to investigate change of stability of the zero solution
of the time-periodic equation

du—Au=xrm(x,Hu  inRY x (0, 00) (1.3)

if the weight m is indefinite, i.e., changes sign, and the parameter A varies over the
positive real axis. We shall generalize some results in [7] where conditions for a
change from exponential stability to instability are given. In fact we shall prove the
following theorem.

Theorem 1.3. Assume that the support of the positive part of m is contained in a
compact subset of RN x [0, T1. Then, there exists a number Lo > O such that the zero
solution of (1.3) is exponentially stable for 0 < A < Xy and unstable for A > A, if
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and only if the zero solution of (1.1) with m replaced by the negative part, m=, of m
is exponentially stable and such that

T
P(m) = / sup m(x, 7)dt > 0.
0

xeRN

We shall apply this theorem to eigenvalue problems with respect to an indefinite
weight function of the form

9p — A = Am(x, 1) inRY x R
¢, 1) e CoRY)  foreacht >0 (1.4)
¢ is T-periodic and positive

which have also been considered in [7] and [8] in the time- penodlc case and in [4]
and [5] in the autonomous case.

Theorem 1.3 may be also used to establish bifurcation of positive time-periodic

-solutions for nonlinear problems as is done in [14] and [12]. In this context see also
[17] for a treatment of a class of nonlinear systems.

The remainder of the paper is organized as follows. We start by giving in Section 2
some general facts on linear time-periodic parabolic equations on RY which shall be
needed later on. We proceed then to introduce in Section 3 the class of functions on
RY to which weights leading to exponential stability shall have to belong to. In the
next two sections we attack first the inhomogeneous equation (1.2) and second the
question of exponential stability of (1.1). In Section 6 we collect some simple facts
on time-periodic eigenvalue problems on RY which are needed in Section 7, our last
section, where we turn our attention to the study of change of stability of the zero
solution of (1.3) and eigenvalue problems with indefinite weight functions.

2. Linear time-periodic equations. We collect here some results on linear time-
periodic parabolic equations of the form

u — Au+m(x, t)u =0, inRY x (s, 00), 2.1

where s € R and m is an arbitrary weight-function lying in C3.(R, BUC (RM)), where
v € (0,1)and T > 0 are to remain fixed for the rest of this paper.

A. The period map. It is a well-known fact that A is the infinitesimal generator
of strongly continuous semigroup of positive operators on each of the Banach spaces
BUC@®RY), Co(RV) and L,(RY) for 1 < p < co. Let X, be one of the above spaces
and define for each t € R the closed operator A,, () in X, by setting

D(A, (1)) := D(A) ;= {uy € Xo : Aug € Xo},
and
Ap(ug := —Aug +m(-, uo
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for each ug € D(A).

Under the present assumptions, foreach ¢ € R, the multiplication operator induced
by m(-, t) on Xy is bounded and hence, by standard perturbation theory, — A,,(t) gen-
erates a strongly continuous semigroup of operators on Xo. In fact, the corresponding
semigroup is also positive. More is actually true. Our assumptions imply that the
family {A,,(z) : t € R} is such that there exists a unique evolution operator

Un(2, 5) € L(X0),

where (f,5) € Ax :={(£,5) : s < t}: This means that for each ug € Xgands e R
the function [s, co) — X, defined by t — U,, (¢, s)u, is the unique solution of

b+ An@u=0, t>s (2.2)

satisfying the initial condition u(s) = ug. Of course, if m does not depend on time
we just have Uy, (¢, s) = e¢~9(a-m),

A property that is of particularimportance is the positivity of the evolution operator.
In fact it follows from the Phragmen-Lindel6f principle (cf. [18]) that U,, (¢, s) is an
irreducible operator on the Banach lattices Co(R"Y) and L,(R¥) for 1 < p < oo.
Note that as an operator on the Banach lattice BUC(RY) it fails to be irreducible
(since Co(RY) is a Uy, (¢, s)-invariant closed ideal of BU C(R")).

Recall that the zero solution of (2.2) is said to be stable if for each s € R the set
{IU (¢, )|l - t > s} is bounded. It is called asymptotically stable if for each s € R
and uy € X, we have that [|[U,, (¢, s)ug|| = 0 ast — oo, and exponentially stable if
there exist constants M, @ > 0 such that

1Un (2, $)uoll < Me™=juy|

foreachug € Xpandt > s.
In time-periodic problems it is of particular importance to look at the period-map
S defined by
Sm 1= Un(T, 0) € L(Xp).

This operator contains much useful information on the asymptotic behavior of so-
lutions of (2.2). Of interest to us will be the fact that the zero solution of (2.2) is
exponentially stable if and only if spr (S,,) < 1, where spr (S,,) denotes the spectral
radius of S,, (cf. [6]). Of course, S,, has the same positivity properties as U,,.

B. Norm of the period map. We shall now explore the norm of the period-map
in the different spaces. To that end we need to recall that the evolution operator may
be represented as the convolution of the initial value with the fundamental solution
kn corresponding to (2.1) (cf. [9]). This is a function defined on I" := {(x, ¢, y,5) €
RY x R x R¥ x R : ¢ > s} with the property that if uy € X then

[Un(t, s)uol(x) = /RN km(x,t;y, s)uo(y) dy (2.3)
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for all x € RN and ¢ > 5. Observe that the integral on the righthand side of (2.3)
makes sense also for ug € Loo(R"Y) and defines a positive bounded operator on this
space. Hence, we may consider S, to be defined as a positive operator on L, (R").

Recall that if T is a positive operator defined on Lo, (RY) or on BUC(R") and
taking values in any ordered Banach space E with an order monotone norm (i.e.,
x <y = |lxlle = lyllg), then

ITI=1T1g. (2.4)

With this in mind it is very easy to prove the following result which is hardly surprising
(it also follows from Lemma 2.2).

Lemma 2.1. The norm of S,, is the same on BUC (RY) and Cy(R").

To calculate the norm of S,, in L;(R") we need to study the equation adjoint to
(2.1). This is the equation

8v + Av = m(x, 1), in RY x [0, ) (2.5)

which, because of the change of sign before the Laplacian, fails to be parabolic. While
we cannot solve the initial value problem for this equation a fundamental solution &,
exists for the backward problem. 1t is given by

ky(x,t;y,8) =kn(y,s; x,t)
for (v, s; x,t) € I" and has the property that if we set

v(t, x) = [V, (s, Duol(x) = fRN k%, 85y, S)uo(y) dy (2.6

whenever x € RY and ¢t < s, then v is the unique solution of equation (2.5) with
terminal value v(-, s) = ug. Observe that V,» (s, t) is a bounded operator on Loo(@®RM).
Recall that if Xo = L;(R") then X{ = Loo(R¥). It is now easy to see that for
this choice of Xy the dual, U, (t, s)’ of Uy (¢, 5) is given by Vi (¢, s) fort > s. In
particular if we set S, := V5 (T, 0) we get
S =8 € L(Lo(RY)).

m .

We would like to identify S, as the period-map corresponding to a forward equation.
Let v be the solution of (2.5) with s = T and terminal value uy € Xj; then w defined
by w(-, t) := v(-, T — t) solves the equation

dw — Aw = m*(x, Hw, inRY x (0, T] 2.7)
with initial value u(0) = uy. Here, we have set
m*(x,t) :=m(x, T —1)
for (x, 1) € R¥ x R. Hence, it follows that
S! =8 = Spr € L(Loo(®Y)). (2.8)

Therefore, using (2.4), the following result immediately follows.
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Lemma 2.2. The norm of S, in L{(R") is equal to the norm of S, in BUC(R™).

Remark 2.3. If m does not depend on time, then m = m* and hence the norm of S,,
is the same on all three spaces Co(RY), BUC(R") and L; (R¥). We do not know if
this is also true in the case of time-dependent m.

3. The class £. In this section we introduce, following [1], a class of nonnegative
functions defined on RY which shall play a central role in the identification of those
weights m which induce an exponentially stable evolution operator Uy, (t, s).

Definition 3.1. A set G C RY is said to contain arbitrarily large balls if for any
r > 0 there exists an x € G such that B(x, r) C G. The class of all such subsets of
R¥ shall be denoted by G.

Any rotation or translation of a set E C RY of the form

E={xGRN:a<xj < b},
where —0co <a <b <ooand1 < j < N, is called a strip of width b — a.

It is obvious that cutting out a bounded subset of a set G € G still leaves us with
a set in G. The following result says that we may even cut out a strip.

Lemma 3.2. Let E be a strip of widthc > 0 and G € G. Then G N E° € G.

" Proof. If G € G and B(x,, r,) is a sequence of balls contained in G with r,, / o0
we may construct a sequence of balls having radius r, = r, — |b — a| contained in
G N E°. This proves the assertion.

Definition 3.3. A nonnegative function f € L.,(R") will be said to belong to the
class £ whenever

f FO)dy = oo
G

forall G € G.
A proof of the following characterization of functions belonging to £ may be found
in [1] (Proposition 1.4).

Lemma 3.4. Let f be a nonnegative function in Loo(RY). The following statements
are equivalent:

(i) f belongsto £.
(i1) There exist an r > 0 and a ¢ > O such that fB(x’r) f)dy = c for all
x € RV,
(iii) There exists a ¢ > O such that fG fO)dy =cforal G €.

(iv) If (x,) is a sequence in RN andr, S oo thenliminf,_, o le(xn, ") fy)dy >
0.

Remark 3.5. Definition 3.3 may of course be given for functions lying in L},_.(R").
Lemma 3.4 is also valid for these functions (cf. [1]).
Our next result is an immediate corollary to Lemma 3.2 and says that altering a
function belonging to £ by setting its value to zero on a strip will produce a function
~which still belongs to £ (see also [1], Theorem 1.10).
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Lemma3.6. Let f € £ and suppose that E is a strip of widthc > 0. Then g := f xge
also belongs to E.

The following simple observation shall prove useful when dealing with time-
dependent problems.

Lemma 3.7. & is relatively open in L;“O(RN ), Le., for each f € & there exists an
€ > 0 such that each g € LY, (R") satisfying || f — glloo < € lies also in E.

Proof. Let f be as above. By Lemma 3.4 there exist constants ¢, r > 0 such that

f fdy=c
B(x,r)

for all x € RY. Take now € > 0 such that
c1:=c—ew()>0.

Here w(r) denotes the Lebesgue volume of B(0, r). For any g as above we have then

/ gy dy = f f)dy -—f (f) —gM)dy > c—ew(r) =c.
B(x,r) B(x,r) B(x,r)

Hence by Lemma 3.4 the function g belongs to £ proving the assertion.

4. Strongly positive solutions of an inhomogeneous problem. We set for this
whole section Xy := BUC(R"M) and consider the inhomogeneous abstract Cauchy
problem on this space,

-+ Aoy = f(t), u() =0, 0<t<T, 4.1)

where A is the Xg-realization of —A and f € C([0, T], Xp) is not necessarily
T -periodic but f(¢) > Oforallt € [0, T].

Denote by u s the unique (mild) solution of (4.1). Thus, by the variation of constants
formula, us is given by

up(t) == /O eI (1) dr. 4.2)

It follows that us(¢t) > O for allt > 0. We would like to identify those inhomo-
geneities f for which u¢(T') is bounded away from zero.

Now, any function f : [0, T] — X, may be identified with the function RY x
[0, T] — R given by (x,t) — f(#)(x), and vice-versa. We shall do so without
further comment and without any notational distinction whatsoever.

Definition 4.1. Let g be a function RY x [0, T] — R such that for each x € RV
the function g(x, ) : [0, T] — R is integrable. The temporal mean, g, of g is the
function

T
Z:RV SR, x> / g(x, ) dr. 4.3)
0
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For notational convenience we shall also define for each O < ¢ < T the function
T—€
g :RY >R, XH/ g(x, 1) dr.
0

Hence, 7§ is in fact the temporal mean of g.
We shall need the following simple result.

Lemma 4.2. Suppose that the temporal mean of f belongs to £. Then, f. also
belongs to & for € > 0 small enough.

Proof. Observe that f. — f in X, for € — 0. From this and since f belongs to &,
the assertion immediately follows because of Lemma 3.7. [

Now we are ready to state and prove the main result of this section.

Theorem 4.3. The function uy(T) is bounded away from zero if and only if the
temporal mean of f belongs to the class E.

Proof. We denote by w, the heat kernel, i.e.,

- o
wy(x) = (4th)TNe"%

for x € RN and ¢ > 0. Then we may represent uy by

T
e D = [ [ wre=nso. 0y “4)
0
Observe that for each € > 0 and r > 0 there exists a constant k£, , > 0 such that
Ko, < w(x) (4.5)

for all x € RY with ||x|| < r and all # > €. Analogously, for each € > O there exists
a constant £ > 0 such that

w,(x) < ke (4.6)

forallx ¢ RN andallt > .

To prove the “if” part of the theorem assume that f belongs to £. By Lemma 4.2
we may choose an € > 0 such that f, belongs to £. Hence, by Lemma 3.4, there
exist constants ¢, r > 0 such that

T—e
/ f fO,t)dydr > ¢ @.7
0 B(x,r)

for all x € RY. By (4.4) and (4.5) we get for any x € R¥ that

T—e¢
up(x,T) > f f wr—(x =) f(y, r)dydr > k¢ >0,
0 B(x,r)
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which means that us (-, T') is bounded away from zero.
To prove the other implication we assume that us(-, T) is bounded away from
zero, i.e., there exists a constant ¢ > 0 such that
ug(x,T) >c (4.8)
for all x € RY. We shall prove that f belongs to &£ arguing by contradiction. If f

does not belong to £ we infer from Lemma 3.4 that there exist sequences (x,) in RY
and (r,) in RY with r, oo as n — oo such that

T ,
/ / fO,t)dydr — 0
0 Bxn,rn)

asn — oo. Hence, forany 0 < € < T we get

T—e
/ f Wiy (o — ¥) f (0, T) dy d
0 B(xn-rn)

T—c T (4.9)
_<_Ke/ / f(}’,f)dydTSKG/ f f(y,t)dydr — 0.
0 B(xn,rn) 0 B(xn.rs)
Choose now 0 < € < T such that
r C
[ [ wr=nromayar <5 4.10)
T—e JRV 2
for all x € RY. Observe finally that obviously
T—e
[ [ wrtn-nsondyas
0 B(xp,rn) (4‘11)

T—e
< ||fl|oo/ / wr_.(y)dydt — 0
0 B(0,r,)°

as n tends to infinity.
We may rewrite us(x,, T') as

T
(i, T) = fo /R wr = N, D) dyde
T
_ / f Wr—e (tn — ) f (3, 7) dy dr
T—e J RN
T—€
+f f Wy (X, — y)f(y’ T) dydr
0 B(xn,rn)

T—e
+/ f wr— (X, — Y) f(y, ) dydr.
0 B, rn)¢
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Using (4.9), (4.10) and (4.11) we see that for n large enough the righthand side is
smaller than 5 contradicting (4.8). Therefore, f must belong to £, concludlng the
proof of the theorem.

5. Exponential stability. We are now ready to deal with the question of expo-
nential stability of the zero solution of (1.1) or, more precisely, its abstract version

w4+ An(t)u =0, t>0 5.1

when X is any of the spaces BUC(RY), Co(RY) or L (RY). We shall use the
notation of Section 2. Our main result is the following.

Theorem 5.1. Let X be any of the spaces BUCRY), Co(RY) or Li(RY). Then,
the following assertions are equivalent:

(i) The zero solution of (5.1) is exponentially stable.
(ii) The temporal mean m of m belongs to &.
@ii) |Sul < 1.

Proof. Observe that if we prove the assertion for Xo = BUC(R"), by Lemma 2.1,
we immediately get it for Co(R"). Since the temporal mean of  lies in £ if and only
if the temporal mean of m* does, m* as defined in Section 2, we obtain the assertion
for L, (R") by using Lemma 2.2.
We know that zero is exponentially stable if and only if spr (S,) < 1 which is
evidently the case if and only if
1SR = 1IS,0 < 1 (5.2)

for some n > 1. Now, by the variation of constants formula and since ¢’41 = 1 for
all # > 0, we have

nT
S"1=1+ / e % (., 1)U (z, 0)1 dz.
0
Hence, (5.2) holds if and only if the function of x € R”,
nT
/ T D8m (., DU, (r, 0)1dT
0

is bounded away from zero. But, since
e "Tlmleo < e SImlle <Un(s,001 <1

for all s € [0, nT], this happens if and only if

nT
/ T D% (., ) dr
0
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is bounded away from zero. According to Theorem 4.3 this is equivalent to the
function fo" T m(-, T) dt belonging to £. By the T-periodicity of m this will be so if
and only if fOT m(-, v) dt belongs to £. This proves the first part of the theorem.

Remarks 5.2. (a) The above theorem together with Theorem 4.3 proves Theorems 1.1
and 1.2 of the introduction.

(b) From the above and using the Riesz-Thorin interpolation theorem we obtain
that if the mean of m belongs to £, then the zero solution of (5.1) is exponentially
stable in Xo = L, (RN) for any 1 < p < co. In the time-independent case it can be
proved (cf. [1]) that this condition is also necessary and, hence, exponential stability
is actually independent of the underlying space (in fact, in this case it is true that the
spectrum of S,, is the same on all spaces as shown in [10]). We were not able to show
this in the T'-periodic case but we conjecture that this is true.

(c) As already pointed out in the introduction Theorem 5.1 generalizes a result
by W. Arendt and C.J.K. Batty for the autonomous case. In their Theorem 1.2 they
actually admit more general weight functions, but the core of their proof is the result
on Li(R") with bounded weights. It is easy to see that our method also works for
such weights and hence for the more general weights of the first part of [1]. In fact,
the core result Theorem 4.3 may formulated for f = f; + f» € Loo(RY) + L (RY),
since (4.4) still has a meaning for these potentials. The only modification needed in
the proof is the replacement of inequality (4.11) by

T—e€
/ f Wit G — Y) f (0, T) dy d
0 ]B(xu ,r")c

T—¢ T—e
N
< 1filleo f f wr—e(y) dydt + (T — &) f / AO)dydr,
0 ]B(O-rn)c 0 ]B(O,ru)c

whose righthand side also tends to zero as » tends to infinity.

6. Periodic parabolic evolution equations. In this section we shall collect some
properties of the evolution operator associated to problem (2.1) which are needed
in the next section. Throughout we shall denote by m and m, arbitrary functions in
Cy(R, BUC(RM)). We shall use freely the notation of Section 2.

As we have already seen, the spectral radius of the period map S,, plays a prominent
role in deciding whether the zero solution of (2.1) is exponentially stable or not. Here
we give an overview of those properties of the spectral radius of the period map which
are relevant for our purposes. The assertions in Remark 6.8 in [7] remain valid in
this general context.

Proposition 6.1. The following assertions are true.

(@) If my < moy,then Sy, < Sp, and spr(Sp,) < spr(Sm,). If spr(Sm,) and
spr (S, ) are eigenvalues, then the inequality is strict whenever my # ms.
() Iflim,_, e m, = m in BUC(R" x R) we have that

lim spr(Sy,) = spr(Sm).
n—o0
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Consider the periodic parabolic eigenvalue problem
hp—Ap+mp=pnp onRxRY, ¢eCr(R, Co@RY)). 6.1)

A number 10 € Rissaid tobe an eigenvalue for (6.1) if there exists a nontrivial solution
¢ solving (6.1). The function ¢ is then called an eigenfunction. Of particular interest
are eigenvalues having positive eigenfunctions. They are called principal eigenvalues.
The following result involves only an easy computation.

Proposition 6.2. A number y > 0 is an eigenvalue for S,, with eigenfunction ¢,
if and only if u = —% log y is an eigenvalue for (6.1) with eigenfunction ¢(t) =
e U(t, 0)go.

When studying the existence of principal eigenvalues for (6.1) the following con-
dition is of particular interest:

SPI 55 (Sim) < SPr (Sp), (6.2)

SPr ¢s5 (S,y) being the radius of the essential spectrum (cf. [16]). Recall that since
S is irreducible, by Theorem V.5.2 in [19] and its corollary this condition and
Proposition 6.2 imply the following result.

Proposition 6.3. Suppose that (6.2) holds. Then, spr (S,,) is an algebraically simple
eigenvalue and the only one having a positive eigenfunction. The same holds true for
the dual operator S,,. In particular, problem (6.1) has a unique principal eigenvalue.

Concerning the stability properties of the zero solution, the following holds.

Proposition 6.4. Let (6.2) hold and assume in addition that spr ss(Sm) < 1. Then,
the zero solution of (2.1) is exponentially stable if spr(S,) < 1, stable but not
exponentially stable if spr (S,,) = 1, and unstable if spr (S,,) > 1.

The proof of the above proposition is the same as in [7], Corollary 6.4. These
results show that it is important to be able to estimate the radius of the essential
spectrum. Our next result provides a possibility to do this.

Proposition 6.5. Suppose that g € C([0, T1, Co(R")). Then,

SPI 55 (Sm+q ) = SPI 55 (Sm)-

Proof. First we show the compactness of the multiplication operator induced by ¢ (%),
t € R. Suppose g € C.(R"). It is well known that D(A) is continuously embedded
in C'(R"). On the other hand, C!(R") is compactly embedded in the Fréchet space
C(RY). Thus, any bounded sequence (#,) in D(A) has a subsequence which is
uniformly convergent on bounded subsets of RY. As g has compact support, we find
a subsequence of (gu,) converging uniformly on R". This shows the compactness
of the multiplication operator induced by g as an operator from D(A) to BUC (RY)
and Co(R"), respectively. If g € Co(R") approximate g in Co(R") by a sequence
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(g») having compact support. Since [|M; — M, || < |lg — &gnllo, and the space of
compact operators is closed, it follows that M, is also compact.

The results in the previous paragraph show that M, € C ([O, T], K(D(A), X )).
Hence Theorem 5.2 in [7] gives the assertion. []

A consequence of the preceding proposition is the following corollary to The-
orem 5.1 which will be instrumental in proving change of stability for parameter
dependent equations.

Corollary 6.6. Letm = m* —m™ be the decomposition of m in its positive and nega-
tive parts. Furthermore, assume thatm™~ € C([0, T1, Co(RV)). Then, Spr o55(Sn) <
1 if and only if the mean m™ lies in £.

Proof. The only thing to prove is that spr . (S,+) < 1 implies that spr (S,,+) < 1.
As m* > 0it is clear that spr (S,+) < 1. Suppose now that spr(S,,+) = 1. Then,
by Proposition 6.3, 1 is an algebraically simple eigenvalue for S,+ with positive
eigenfunction ¢ € Cy (RM). On the other hand it is clear that

¢=S,’;+¢SBHTA¢

for all n € N. But the right hand side of the above inequality tends to zero as n goes
to infinity, which leads to a contradiction. Hence, spr(S,+) < 1, completing the
proof of the corollary. [

For many applications (for instance for the main result of the next section) it
is useful to know a bit more about the integrability properties of the eigenfunction
appearing in Proposition 6.3.

Proposition 6.7. Suppose that
m~ € Ch(R, Co@®R™)) N CH(R, L,(RY))

for some 1 < p < oo. Furthermore, assume that spr(Sp+) < spr(Sp) and
spr(S,) = 1. Then, (6.2) holds and the eigenfunction corresponding to the eigen-
value spr (Sy) lies in the Sobolev space H2(R"). The principal eigenfunction asso-
ciated to (6.1) then belongs to Cr (R, Hg(RN )-

Proof. The first assertion follows from Proposition 6.5 and the assumption on the
spectral radii. The existence of a positive eigenfunction ¢y is guaranteed by Propo-
sition 6.3.

Consider U,,(-, -) as an evolution operator on L, (RY) and define ¢ and p as in
Proposition 6.2. By the variation of constants formula we obtain that

T
b0 = e*T Sppo = €T Sprpo + / e Upe (t, T)m™ (T (7) dr,
0

and, hence,

T
(1 — e*T Si)po = / " Ui (t, T)m™ (T)¢ (1) d. (6.3)
0
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Since m~¢ € Cr(R, L,(R")) this equality holds in L,(R"). By our assumptions it
follows that
spr (e Sp+) = e“Tspr (Smt) <1

in £(L,(R")). Indeed, in case that . < O (i.e., spr(S,) > 1) the assertion is
obvious, and in case that 4 = 0 it easily follows using Remark 5.2(b). Therefore,
(1 — e*T S,+) 7! exists in L(L,(R")) and we get from (6.3) that ¢y € L,(R"). As
¢(T) = ¢o, we have that ¢y € D(A) = H(RV). The remaining assertion is an
obvious consequence of this fact.

7. Change of stability. We now proceed to investigate the stability properties of
the parameter dependent linear time-periodic parabolic equation

0 — Au = dm(x, tu, in RY x (0, 00), (7.1)

where the parameter A varies over the positive real axis and m is a weight function
in C;z(R, BUC (RY). Throughout this section we shall always take X, = Co(R")
and write S, € L£(Xy) for the period map associated to (7.1) and r (1) for its spectral
radius, i.e., r(A) := spr(S,). Note that in contrast to Sections 2 and 6, m appears
here with the opposite sign.

Since the stability properties of the zero solution of (7.1) are closely related to the
behavior of r(1) as A varies over R* we shall first focus our attention on this function.
We break down the analysis into three parts. First we look at what happens as A tends
to infinity and then proceed to study r in a neighborhood of zero. In a third part we
put this information together to obtain our result on change of stability.

But before doing this let us recall a nice property of . Since part (i) of Lemma 7.1
in [7] is also valid for arbitrary m (same proof) we have that the logarithm of the
function r : R — R™ is convex. It follows that r itself is also convex. This implies
its continuity and the existence of its right derivative at each point A > 0.

A. Behavior as ) tends to infinity. For the behavior of (1) as A tends to infinity
it is necessary to consider the number

xeRN

T
P@m) = / sup m(x, t)dr. (7.2)
0 .

The following condition is necessary and sufficient to ensure the existence of a prin-
cipal eigenvalue for the Dirichlet problem in bounded domains (see [11], Theo-
rem 16.1).

Lemma 7.1. Foreach A > 0, ||S;|| < "™ and, in particular, r (1) < P,

Proof. Define the function 71 : R — R by setting 1 (¢) := sup, gy m(x, t) for each
t € R. Denote by S, the period map associated to

u — Au = Mi(Hu, in RY x (0, ). (7.3)
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Since we obviously have m < i it follows that || S, || < HS‘AH. But, as is easily seen
from the variation of constants formula,

~ T, -
§, = eTelo MiYdT _ ,TA AP

forall A > 0. Since ||eT2|| = 1, the assertion of the lemma follows. [
The main result of this subsection is the following.

Theorem 7.2. If P(m) > O then
lim r(A) = oc.
A—>00

If P(m) = O thenr(A) < 1 forall A > 0. Finally, if P(m) < O thenr()) < 1) for
all A > 0and

lim r(A) = 0.

A—>00

Proof. The first assertion may be proved in the same way as Lemma 7.2 in [7]. The

other two assertions follow immediately from Lemma 7.1.

B. Behavior near zero. We shall give necessary and sufficient conditions for the
existence of a Ay > 0 such that r(A) < 1 whenever 0 < A < XAy. This means that
in this case the zero solution of (7.1) is exponentially stable for these A’s. Of course
this is equivalent to proving the corresponding result for the function 1 : R* — R
defined by

1
U) = -7 logr(A) (7.4)

which is evidently concave.
We shall assume throughout that the support of the positive part of m is contained
in a set of the form K x R with K compact, i.e.,

supp m*t) Cc K xR. (7.5)
This implies in particular that 7,5 (1) < 1 for all A > O (see Proposition 6.5).

We shall obtain the above mentioned result as a corollary to a more general one
whose proof will be prepared in a series of lemmas.

Lemma 7.3. Suppose that r(X) > re (L) holds for A € (0, Ao) for some Ay > 0.
Then, for this range of A’s, ;L(\) is a principal eigenvalue for

3¢ — Ap —Am(x,)p =p(A)¢  inRY xR (7.6)
and for the adjoint problem

8 — AY —am(x, ) =u(A)y  inRY xR. (7.7)



T C hsnoTEiEEss e " T e

1280 DANIEL DANERS AND PABLO KOCH MEDINA

Denote by ¢, and ¢5 the corresponding unique principal eigenfunctions for these
problems which we normalize by ||¢5 ||o, | llcc = 1.

If we additionally assume that r(\) > 1 then ¢5, ¢} € Cr(R, H}(R")) and also
¢r — 1 uniformly on compact subsets of RY x R, as A tends to zero.

Proof. The assertion on the adjoint problem follows from Proposition 6.3 and (2.8).
By the results in Section 6 it remains only to prove the convergence assertion. We
first prove that all ¢,’s take their maximum on K x R. To see this observe that

0r — Ap +m™ P —u(M)g, <0 inK° xR,

By the maximum principle and since ¢, (¢) lies in Cy (RM) for each ¢ we get that the
maximum of ¢, on K¢ x R can be taken only on K¢ x {0} oron 9K x [0, T]. By
periodicity we may exclude the first alternative. It now follows that ¢, can take its
maximum only in K x R. Set, foreacht € R,

hi(t) = (Am(-, 1) — n(A)) . (2).

Then, by the variation of constants formula,

(1) = €2, (0) + fo e I%p, (1) dr.

Observing that {¢, (0) : A € (0, A9)} and {A, : A € (0, Ag)} are bounded sets in X
and Lo ([0, T], Xo) respectively we may proceed as in the proof of Theorem 2.4 in
[12] and obtain a function ¢ in BUC?! (R x R) which is periodic in the second
argument and such that ¢, — ¢ as A — 0 uniformly on compact subsets of RY x R
and satisfying

dpo — Agp = 0. (7.3)

Moreover, since each ¢, takes its maximum in K x [0, T'] this function cannot equal
zero. Furthermore, the compactness of K implies that the maximum of ¢, is equal
to 1. Since 1 is the only periodic solution of (7.8) satisfying this, the assertion of the
lemma follows. [J

Recall that whenever r,z (1) < r(A) for some A > 0 we know that r(1) is a simple
eigenvalue of S,. Since S, depends analytically on A as a map to L‘(sz) (cf. [7],
Theorem 11.8) it follows by perturbation theory (cf. [13], Section VII.1.3) thatr(-) is
analytic in a neighborhood of this point. Moreover, the corresponding eigenfunctions
¢y, with ||@xlloo = 1, depend analytically on A in that neighborhood. We shall now
give a formula for ’(A) in such a neighborhood.

Lemma 7.4. Suppose that r(X) > ress(A) and r(X) = 1 for some X > 0. Then,

J) Jawmrg; dyde
Jy Jon 0185 dy dr

W)= (7.9)
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Proof. Let¢, and ¢} be asinLemma7.2. Since ¢, satisfies (7.6) we may differentiate
(7.6) with respect to A and obtain that

ey, — Ay — Am(x, )¢, —m(x, Dgr = n(W)p; + ' Mgr  inRY x R. (7.10)
Multiplying (7.10) by ¢} and reordering we obtain that

(3 — A = m(x, 1) — uV) By — m(x, s} = W W)bag; inRY x R.

Integrating both sides over R x [0, T] and observing that, by Green’s formula and
(7.7),

T
/O /RN (8 — A = m(y, T) — n(W) Py (v, TP} (y, T)dydT =0,

we obtain the assertion. [
We are now ready to prove the main result of this subsection.

Theorem 7.5. Assume that (7.5) holds. Then there existsa oy > Osuchthatr()) < 1
for all A € [0, My) if and only if the temporal mean of m~ belongs to the class £.

Proof. The necessity of the condition follows from Corollary 6.6. To prove the
sufficiency part assume that the temporal mean of m™ belongs to £. If rgs(A) = r(A)
for A near zero there is nothing to prove since rz(A) < 1 forall A > 0. If not we
may apply Lemmas 7.3 and 7.4 freely. Observe that our assumptions on m imply that

T
/ / m(y, t)dydt = —o0. (7.11)
0o JR¥
Hence for some R > 0 and some § > 0 we get
T T
/ / m*(y, t)dydr <f / m~(y,t)dydt — 8. (7.12)
0 JRV 0 JB(O,R)
Take now € > 0 such that
T
e/ f m (y,t)dydt <$§ (7.13)
0 JBOR)
and A¢ > 0 such that
l—e<popy <1 (7.14)

on B(0, R) x R for all A € (0, A¢]. Then, using (7.12)—(7.13) we get

T T T
/ / m* 5 dy dt S/ / m*dydt </ f m~dydt — 8
0 JRV 0 JRN 0 JBO,R)
T T
/ / m‘(l—-e)dya’r+e/ / m-dydt —§
0 JB(O,R) 0o JBO,R)

T T
</ / m~ s dy dt <f f m~ g5 dydr.
0 JBO.R 0 JrY

IA
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Hence,

T
/ / me¢y dydr < 0.
o Jr¥

By (7.9) this implies that u/(1) > 0 for all A € (0, A¢]. By the concavity of 14(-) and
since ©(0) = O we immediately obtain that (1) > O for all A € (0, A¢]. By (7.2)
this proves the theorem. [J

Using the same method of proof one can actually prove the following result.

Theorem 7.6. Suppose that (7.5) holds. Then, if

T
/ / m(y,t)dydt <0 (7.15)
0o JrY

(possibly —00), there exists a Ay > 0 such that r(A) < 1 for all A € [0, Ap].

Proof. Observe that our assumptions are such that we obtain estimates as in (7.12)
and (7.13). Now, if the assertion were not true we would have, by concavity of u(-),
that u(A) > 0 for all A > 0. In particular, we would be able to apply Lemmas 7.3
and 7.4 to obtain an estimate like (7.14). Proceeding as in the proof of Theorem 7.5
it would follow that (1) < Oforall A € (0, A¢] for some Ao > 0, which is evidently
a contradiction.

C. Change of stability. We are interested in giving conditions on m such that the
graph of the function r : R — R™ has the form

()

This means that we have change of stability at a certain point A¢: The zero solution
of (7.1) starts off being exponentially stable for A close to zero and becomes unstable
as A crosses Ao from the left to the right.

As an immediate consequence of the results in Subsections A and B we obtain the
following theorem.
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Theorem 7.7. Suppose that (7.5) holds. Then, there exists a number Ao > 0 such
that the zero solution of (7.1) is exponentially stable if 0 < A < Ay and unstable if
A > A, if and only if the temporal mean of m~ belongs to the class £ and P(m) > 0.

Remark 7.8. Of course by the results of Section 2 and Section 5 Theorem 7.7 remains
valid if we take X, equal to BUC®RN) or L, (R").

D. Principal eigenvalues. The critical value Ay from Theorem 7.7 also admits
another interpretation. Consider the periodic-parabolic eigenvalue problem with
respect to the indefinite weight function m,

09 — Ap = dm(x, )¢ inRY xR
o (-, 1) € Co(RY) foreacht > 0 (7.16)
¢ is T-periodic and positive.

Any number A > 0 such that there exists a classical T-periodic solution ¢ : R”" xR —
R of (7.16) is called a principal eigenvalue for (1.6). The corresponding solution ¢
is then called a principal eigenfunction.

From Lemma 7.3 we see that if r,(A) < 1 forall A > 0, then A is a principal
eigenvalue for (7.16) if and only if (A) = 1 or, equivalently, if and only if w(1) = 0.
Now, Theorem 7.7 immediately implies the following existence result for principal
eigenvalues of (7.16).

Theorem 7.8. Assume that m~ belongs to the class £ and that (7.5) holds. Then
there exists a principal eigenvalue for (7.16) if and only if P(m) > 0. The principal
eigenvalue is unique and equals the number Ay of Theorem 1.7 and has, up to linear
dependence, a unique eigenfunction ¢. Moreover, ¢ € Cr(R, H*(R")).
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