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Attached is a listing of the file rk4.inc containing an incomplete main
program rk4main, which calls the subroutine rk4. Subroutine rk4 imple-
ments the classical fourth-order Runge-Kutta method over one interval of
width h to solve the initial value problem

V= ). lto) = o.

Note the use of the open statement,
open (unit=8, file=output, status=’unknown’)

in the main program to open a file and connect it to unit 8. The name
of the file is given by the character variable output, which is input
from the keyboard. The main program writes ¢ and y into unit 8 ev-
ery nprint steps, where nprint is an integer read in with %y, yo, tn
and n. The nprint feature is implemented using the intrinsic function
mod (j,nprint), which gives the remainder of j divided by nprint.

Copy the file $mc3nm/rk4.inc to rk4.£90 in your directory and complete
the main program to do n steps from ty to t,, = tg + nh, where h is the
step-size. Determine h from tg,t,, and n.

Test your program by solving the simple initial value problem
dy

= gt -1
g y, y0)=1,

(0 <t < 4) and then comparing with the analytic solution. Plot your
results using funplot.

Modify your program to solve

% = —A(y —sint) +cost, y(0)=1,
on [0,3.5] with A = 1000. What stepsize must you take? Plot your
results.
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(d) Write a simple program to solve the initial value problem in Part (c)
using the backward Euler (1-step Gear) method and the linearity of the
differential equation,

Yn+1 = Yn + hf(tn-i-l? yn—l-l) .

Take A = 1000. How does the stepsize compare with Part (c). What
happens if A = 10000 ?
Solution.

See setbql.ans.

2. Given the initial value problem

y'=-2y, y(0)=1,

find y when ¢ = 0.2 by the following methods:
(a) analytically;
(b) Taylor series (find answer to four decimal places);
(¢) Euler’s method, with

(i) h=02and

(i) h=0.1;
(d) two-stage second-order Runge-Kutta method, with h = 0.2;
(e) classical four-stage fourth-order Runge-Kutta method, with h = 0.2;

(f) Euler-trapezoidal predictor-corrector method, with h = 0.2. The trape-
zoidal corrector is

1
Ykl = Yk + §{f(tk, Yr) + (k1 Yryr)} -

Give the results for
(i) one and
(it) two applications of the corrector.
[Anwers: (a) y = et y(0.2) = 0.9607894.; (b) Six terms gives 0.96080; (c) (i)
1, (ii) 0.98; (d) 0.96; (e) 0.9607893; (£) (i) 0.96, (i) 0.9616. |
Solution.

(a) Separate variables, dy/y = —2dx/x, and integrate, Iny = —2Ilnz+Inc =
In 22 + In c. Exponentiate, y = ce®” . Evaluate the constant of integration
c; the initial condition, y =1 at = 0, gives ¢ = 1.
(b) Since
y = =2y
y" = =2y — 2xy’
y(3) — _2y/ _ 2y/ _ 2£Cy// — _4y/ _ 2£Cy//
y @b = —ag/ — 2" — 22y® = —6y" — 22y

Y5 = 8y _ 23y
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Hence the Taylor series for y about z = 0 is

2 12 1
y:1—§x2+ﬂx4+0(:€6):1—x2+§x4+0(336).

Thus
1
y(0.2) = 1—(0.2)2+§(0.2)4+0(0.2)6 = 1-0.0440.00084+-O(x°) ~ 0.9608 .

The first neglected term in is in fact —(0.2)¢/3! = —0.00001066666 . . . .
(¢) (i) h=0.2.

r1=2z90+h=00+0.2
=0.2
Y1 = yo + hf(zo,y0)
= Yo + h(—2zoyo)
=1.04+0.2 x (=2 x 0.0 x 1.0)
=1.0.

r1 =29+ h=00+0.1
= 0.

Y1 = yo + hf(wo,%0)
= Yo + h(—2zoYo)
=1.04+0.1 x (—2.0 x 0.0 x 1.0)
=1.0

ro =21 +h=01+0.1
=0.2

Y2 = y1 + hf(z1,91) = y1 + h(=22191)
=1.0+0.1 x (—2.0 x 0.1 x 1.0)
=0.98.
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(d) The two-stage second-order Runge-Kutta method with b= 1. h = 0.2.

k1 = hf(xo,yo)
= h(—2z0yo)
= 0.2 x (—2.0 x 0.0 x 1.0)
=0

ko = hf(xo + h,yo + k1)
= h{=2(zo + h)(yo + k1)}
=0.2 x (—2.0 x 0.2 x 1.0)
= —0.08

1
Y1 = Yo + 5(741 + ko)

1
= 1.0+ (0.0~ 0.08)
= 0.96.

(e) The classical four-stage fourth-order Runge-Kutta method. h = 0.2.

ki = hf(xo,y0)
= h(—2xoyo)
=0.2 x (—2.0 x 0.0 x 1.0)
=0

1 1
ko = hf(zo + §h, Yo + §k1>

= h{=2(z0 + 5 )0 + 3h1)}

=0.2x (—2.0x 0.1 x 1.0)
= —0.04

1 1
ks = hf(zo + h§,yo + §1€2)

= h{=2(z0 + 3h) (3o + 5k2)}
=0.2 x (—2.0 x 0.1 x 0.98)
= —0.0392

ky = hf(xo+ h,yo + k3)
= h{=2(z0 + h)(yo + k3)}
= 0.2 x (—2.0 x 0.2 x 0.9608)
= —0.076864

1
Y1 = Yo + g(lﬁ + 2ko + 2ks + ky)

1
= 1.0+ & x (020 x 0.04 ~ 2.0 x 0.0392 — 0.076864)
— 0.9607893.
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(f) The Euler-predictor trapezoidal-corrector method. h = 0.2. Euler pre-
dictor:

y§0) = yo + hf(xo,%0)
= 9o + h(—2z0y0)
=1.04+0.2 x (—2.0 x 0.0 x 1.0)
=1.0.

Trapezoidal corrector (this is equivalent to the second-order Runge-Kutta
method in Part (d)):

1
ui” = o + 5h{f (w0, 0) + flar, i)}
_ 1 (0)
=90+ §h{(—2xoyo) + (2219, )}

1
=10+ 5 x 0.2 x {(~2.0x 0.0 x 1.0) + (~2.0 x 0.2 x 1.0)}
= 0.96

1
v = yo + Qh{f(wo, yo) + flz1,91")}

1
=10+ 3 % 0.2 x {(—2.0 x 0.0 x 1.0) + (—2.0 x 0.2 x 0.96) }
= 0.9616 .

3. 3-Step Gear’s Method. The 3-step method of Gear for stiff problems is of the
form

Yn+1 = Q1Ypn + @2Yn—1 + a3Yn—2 + hbo f (tn+1, Ynt1) -

(a) Give a condition that determines the coefficients ay, as, as, bg. Use this
condition to find aq, as, as, by.

(b) Is the method implicit or explicit 7 Suggest a suitable technique for
implementing this method on stiff problems.

Solution.

The 3-step Gear’s method for solving the initial value problem,

Yo fw. i) =w,

is of the form

Yn+1 = A1Yn + a2Yn—1 + a3lYn—2 + hﬁ()f(tn—i-l: yn—l—l) .

The coefficients a1, as, as and [y are determined by requiring the rule to be
exact for polynomial functions y(t¢) of degree 3 or less. The last term, involving
Bo, is simply hBoy,,,1, where y;,_ | is dy/dt evaluated at t = t,,1. With this
interpretation of the last term, the rule is linear in y(t). This means that the
rule only needs to made exact for y(t) = 1, t, t? and ¢* and it will be exact for
all cubic polynomials. The coefficients are independent of n, which allows us
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to set t,, = 0 in order to simplify the calculation of ay, as, az and 3. Then
thy1 = h, t,—1 = —h and t,_o = —2h. Imposing the conditions gives the
following algebraic equations.

y(t) y'(1) Yntl = Q1Yn + Q@2Yn1 +  @3Yn—2 + hBoyni1
1 0 1 = o + Qi + o 7}
t 1 h = — Oégh — 20&3}1 + hﬂo
t2 2t h2 = (D) h2 —+ 4043 h2 —+ 250 h2
t3 3t2 h? = —  agh®  —  8aszh® +  3[h?

Simplify the equations by dividing the second, third and fourth through by h,
h? and h? respectively.

1 = o1 + a + o3

1 - az — 203 + [
1 == (5] + 4(1/3 + Qﬁo
1 = — ay — 8az + 30

Add the second and the third equations, and the third and the fourth equations
to eliminate «s.

2 = 2003 + 309
2 = — 4(1/3 + 5&0

Add 2 times the first of these equations to the second to eliminate o, By = 6/11
and oz = 2/11, gy = —9/11 and a7 = 18/11. Hence the method is

1
Yn+1 = ﬁ{18yn - gyn—l + 2yn—2 + 6hf(tn—|—17yn+l>} .

(¢) The method is implicit, since the unknown y,, 11 occurs on the right-hand
side of the equation (unless f(¢,y) does not explicitly depend on y). One
way to implement this method is to use the Newton-Raphson root-finding
method to solve for y,11.




