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1. (a) We have

- {y<_27 170) +Z(1707 1) | Y,z € R} - {)‘1(17071) + )‘2(_27 170) | )‘17)‘2 € R}
= {)\1V1 + )\QVQ ‘ )\1,)\2 c R} = <V1,V2> ,

which verifies that v; and vy span W.
(b) First stage: observe that ||vy]| = 1+ 0+ 1 = /2, so that

Second stage:

-2
Wy = Vo — (V2 : bl)bl = (_27 ]-70) - 7(1a07 ]-) - <_17 1a 1) )

. 1
b2 = Wy = —(—1,1,1) .

V3

(1,0,1), L(—1, 1, 1)} .

Thus an orthonormal basis for W is {

1
V2

w

2. (a) We have

W=A{(x,y,z,w) |e—y+z—w=0} = {(y—z+w,y,2,w) |y, zweR}
={y(1,1,0,0) + 2(—1,0,1,0) + w(1,0,0,1) | y, z,w € R}
= {Avi+ Xave + A3vs | AL, Ao, A3 € R} = (v, v, vs)

which verifies that vy, vy and v span W.
(b) First stage: observe that ||vy|| = v/T+ 1+ 0+ 0= +/2, so that

b, = v; = —(1,1,0,0) .

1
V2
Second stage:

-1 1
Wy = Vo — (Vo -by)b; = (—1,0,1,0)—7(1,1,0,0) = 5(—1,1,2,0),

b2 = W2 = (-171,2,0> .

1
NG



Third stage:

W3 — V3-(V3'b1)b1—<V3'b2)b2
1 -1 1

= (1,0,0,1) — =(1,1,0,0) — —(—-1,1,2,0) = =(1,—-1,1,3

(777) 2(777) 6< 777) 3(’ ’7)7

1

g = ——

2v/3

Thus an orthonormal basis for W is

1 1 1
{E(m,o,o), %(—1,1,2,0), 275(17—17173)}-

by = W (1,-1,1,3) .

(c) We have
projyv = (v-bi)by + (v -bs)by + (v - bz)bs

7 14
= =(1,1,0,0) + =(-1,1,2,0) + —(1,-1,1,3
2(’,’)—’_6( 777)+12(7 7?)

_ (3377
- \2'27272 )

. The Generalised Theorem of Pythagoras states that if v, ..., v, are pairwise orthog-
onal vectors in an inner product space, where n > 2, then

Vit val® = Vil . [vall®
(a) We have
13b1 +dbs|| = V/[3by]? + [[4b22 = /9IIbu[|? + 16]bsf? = V25 = 5.
(b) We have

b1 +2by — 2bs|| = /[[bu[[? +[[2b2? + || — 2bs]
= /1+4|by|2 +4|bs]2 = VI+4+4 = V9 = 3.

(c) We have

141 — by + 8bs|| = /[[4b1[[2 + || = baf|? + [|8bs][2 = /16][by || + [[ba][2 + 64]|bs]>
= V16+1+64 = v81 = 9.
. Let vq,...,v, € X be pairwise orthogonal nonzero vectors. Suppose Aq,..., A\, € R

such that \yvy +... 4+ \,v,, = 0. Then, for each i = 1,...,n, we have, by elementary
properties of the inner product and by orthogonality,

0= (0,v;) = (Mvi+...4+ Vv, Vvy)
= MV, vi) + .o F N (v, vi) F N (Vi Vi) F AN (Vi Vi) e A (i, Vi)
= A(0) + ..o+ X1 (0) + N[Vl 4+ A1 (0) + ...+ X, (0)
= Aillvill*
so that \; = 0, since ||v;|| # 0, as v; is nonzero. This shows that \y = ... =\, =0,
and completes the proof that X is linearly independent.
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(a) We have

™ T
| cosx —sinz||* = / (cosw —sinz)?dr = / cos® ¥ — 2cos wsin x + sin® ¥ dx
—T —T
¥ s
. cos 2x
= / 1 —sin2zdr = {x%— 5 ] = 27,
- .

so that the distance from cosz to sinz in V is v/27.
(b) We have || cos 0z||> = ["_1dz = 2, so || cos Oz|| = v2m. For n > 1,

™ T 1 2 . 2 e
| cosnz||? = / cos’nxdr = / SCOSINT g — {f—i—sm nx} -7

x ,ﬂ 2 2 4n

and
™ T 1_ 2 . 2 e

| sinnz|* = / sin®nr do = / ST COSERE e = [E_ St mc] =7,
o o 2 2 dn |

so that || cosnz| = || sinnz|| = /7.

(c) Let m,n > 1,m # n. Then

T sinnz|”
(cos Oz, cosnzr) = cosnxdr = =0,
n
—Tr

—T

and

™ 1 ¥
(cosmx,cosnz) = / cosmx cosnz dr = 5/ cos(m +n)x + cos(m — n)z dx

—T —T

1 sin(m+n)x+sin(m—n)x o 0
2 m-+n m-—n . -

(d) Let m,n >1,m # n. Then
s 1 s
(sinmx,sinnx) = / sinmx sinnz dx = 5 / cos(m — n)x — cos(m + n)x dx

2

1[sin(m —n)z sin(m+n)z]"™ 0
m-—n m-+n 4_ ’

(e) If n >0 and m > 1 then

™
(cosnzx,sinmz) = / cosnrsinmzdr = 0,

—T
since the integrand is an odd function.

(f) By the Generalised Theorem of Pythagoras, for n > 1, since the functions are
orthogonal,

| cosnz — sinnz||* = | cosnz|?®+ ||sinnz|* = 7+ 7 = 271,

so the distance is /2.



6.

(a) First stage:

b, = v; = —(—1,1,0,0) .

1
V2
Second stage:

2
Wo = V2-(V2'b1>b1 = (—2,0,1,0)—5(—1,1,0,0) = (—1,—1,1,0),

by = Wy = —(—1,-1,1,0) .

5l

Third stage:
W3 = V3 — <V3 : bl)bl - (V3 : bg)bg
-1 -1 1
= (1,0,0,1) = —~(=1,1,0,0) = —(~1,-1,1,0) = =(1,1,2,6),

1
bs = w3 = ——(1,1,2,6) .
3 3 \/4—2( )
Thus an orthonormal basis for W is
1 1 1
—(—-1,1,0,0), —(—1,-1,1,0), —(1,1,2,6) , .
{51100 S ) 1,120

(b) We have

projyyv = (v-by)by + (v - bg)bs + (v - bs)bs
2 —1 —14
= —(-1,1,0,0) + —(—1,—-1,1,0) + —(1,1,2,6
2( Y Y 9 >+ 3 ( Y Y Y )+ 42 ( Y 7 9 )
= (-1,1,-1,-2) .

(¢) Thus the closest point on W to v is (—1,1, —1,—2), and the shortest distance is

||(072>17_3)_(_1717_17_2)” - ||(171727—1)H - \/7

7. Put vi =1, vo = z, v3 = 2% and v4 = 2. Notice that {vy,va}, {vi,vs}, {vo,v3} and

{vs, vy} are orthogonal pairs, since the sum of the exponents as powers of z is odd in
each case. This simplifies the following calculations.

First stage: observe that ||1|| = f_ll 12dx = /2, so that

s~

Second stage:

W2 = Va3 — <V2,b1>b1 = Va2,

3

xr X e
Bl " 7 e Va2

bQZ\/K\’Q: X .



8.

Third stage:
W3 = V3 — <V3,b1>b1 - <V3,b2>b2 = V3 — <V3,b1>b1

1 2 1

1 1 1

:x2—( x—dm)—zxZ——/ wrdr = 2% — = |
V2 V2 2J 3

by — . > —1/3 r?—1/3
’ ’ % —1/3]] \/f_11($2 —1/3)2dx
2 —1/3 % —1/3 NG

= = = (3x

—-1).
\/f_llx4—2x2/3+1/9da: 8/45 2v2 )

Fourth stage:
Wy = Vg4 — <V4,b1>b1 - <V4,b2>b2 - <V4,b3>b3 = Vy — <V4,b2>b2

1 1
= 23— g(/_1x4dx)\/§x = x‘q’—:%x _1x4dx = :c?’—gg,

bo— @ a® —3x/5 x3 — 32/5
! ! |* — 3z/5]] \/f_11(373 — 32/5)2 dx
3 —3z/5 3 —3z/5 VT

B - = (52% — 3x) .
\/f,ll 26 — 62*/5 + 912 /25 dx 8/175 2v2

Thus an orthonormal basis for W is

1 V3z V5 ., VT g
{ﬁ’ 75 ﬁ(&z -1), 2—\/5(51‘ —3:17)}.

(a) Observe first that y = f(x) cosmz is an odd function for x € (—m, ) and m > 0,
so that

ag = a = ... =ap = 0.

Observe next that y = f(z)sinnz is an even function for z € (—m,7) and n > 1,

so that
b, = / f(z)sinnxdr = —/ xsinnx dx
[ xcosnx} 2/ — CcoSNT
= —| — - — dx
T n o T Jo n
2COSTL7T+ 2 [ ]F
= — sin nx
n n2m 0
2
— _1 n—1 .
2(-1)
Thus
k (_ n—1
projy, [ = QZ sin nx
n=1
stx sin3z  sindx (=1)FLsinkz
= 2| sinx — + 5 - +...+ B .



(b)

Letting k — oo gives the Fourier series

sin2r sin3z  sindz )

f(x)z?(sinx— 5 + T T

Putting x = 7/2 gives

so that, finally,

Let h be defined by h(x) = f(x)g(x). Then h is odd, being a product of an odd
and an even function, so that

)= [ swg@ds = [ hwds =0,

so that f and g are orthogonal.
Observe that ag = % f:r r?dr = w%/3, and, for n > 1,

| Y 1 [2%sinnx 2xcosnx 2sinnz|” 4 n
ap, = — r cosnrdr = — + o 3 = —(—=1)",
T n n n .

—Tr

and b, = 0, since f is even and the sine function is odd. Hence

= 4
:% gn—— COSNT .
From part (b), in particular,
oo 2 o0
s _7r 4 o 4
T = —? ;n—— cosmr—g—i-;ﬁ,
iving 21 i4 that, finall
iving — = — , so that, fina
giving — 2 , finally,
G SR R
6 22 32 0 42 T



