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Basis and dimension
-

- a basis for a vector space provides a

foundation for accessing all vectors

-

base
( plural of bayi ) of vector spaces

facilitate matrix arithmetic

- choosing the right bases or modifying bases

lead to simplified calculations h solutions

- dimension is the size of a basis of a
-

vector space and captures precisely notions

of ' '

degrees of freedom
"



Let V be a vector space over a field f
.

A subset B of V is called a basis for V if

Ci ) B is a spanning for V
,

that is
,

V = s B > = { all possible linear combinations of

elements of B }

so every IEV can be expressed as a
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Note.thisdefiuitiowallowsBtobeingtiuitu.esthough in most examples R applications ,befit
Two ingredients of a basis :

cilthespauning.pro#tyguaranteesthatoncan reach everything in V by applying vectorspaceoperatioastoeleme-ts.tt

ciDLIofBguarauteesthatuoeleu.ecofBissuperflu.us



Examptes ( standard bases ) :

{ Chol
,

Coil ) } is a basis for ft
,

{ C1,907 , Coil ,
o )

,
C 0,0 , i ) } -  '  '  -  '  '  '  ' FS

.

More generally
,

{ E
, ,

Er
,

. . .

,
En } is a basis for F

"

where
q ,
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. . .

,
o

,
I

,
o

,
- .  .

0 ) for i =L
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. . .

,
w
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-

for F
"
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Note
,

if I = Cx
, ,

Xa
,

. . .

,
Xu ) f f

"

then

I = X
, E ,

t treat - - - t Xu Ew
,

so that the coordinates of I become coefficients of

the basis elements
.



::÷i÷÷÷÷m÷÷yHEEV ) ( I unique Xi
,

. . .

,
in )y,µµ,...,,,€

Proof : That such linear combinations exist follows

from the spanning property of B
.

To prove uniqueness , suppose

I = X
,

be
,

t - - - t ka ka = M , E
,

t - - . tfhbw
for Some Xi ,

. . .

,
Xu

, Me ,
rrr

, Mu E F
.



Thew
q = I - I

= d, kit - - . t tuba ) - Cm , kit - - - tub )

= ( 4
,

-

m ) be
,

t - - - term ) kn .

But B is LI
,

so

X
,

-

a ,
=  .  - - = Xu -

Ma
= O

.

Hence
X

, =p , ,
- - -

,
In = Mw ,

verifying uniqueness . ✓ II



÷÷i÷÷÷÷m÷÷y
we put [ y ]

,
= (

"

÷)
called the coordinator ( or coordinates )
of I with respect to B

.



'÷:::÷::÷÷:÷eiiif×,..,xnDB=(÷

::÷÷::::÷i÷÷:i::÷÷÷÷



÷÷.:÷÷"÷:i:"""yftp.whe-reo-csi-I#
Solution : Certainly B is LI

,
since neither

C lil ) nor C 2
,

- I) is a scalar multiple of the other
.

To see that CBS = IR
"

,
let cry ) f IR

"

and

consider the equation
Cay ) = acid tpce ,

- I) = C atys ,
a - p )

for Some a. p C- IR
.



This is equivalent to the system

IIYI.TT caper ) .

-

so

:c I;] - l ::L
. c :: I
- l :: I



This is equivalent to the system

|at2p ( a ,pfR ) .

x - p = y
-

so

:C i:L;] - I :: I
so that a -

-

n the
, p

= It .

Since solutions for a
, p always exist

,
for all my EIR

,

then SB > = IR
"

, completing the verification

that B is a basis for IR
'

.
✓



Let I = C ?,
- 7) = Cse

, y ) where a =3
, y

= - 7
.

Thew
,

from above
,

a =

a
= Is't =

- I
,

p = II =
3 II = 'S

I

So

I =
- I Chi ) t

'I (4-1)
,

"

H
.

-
- fi!:]

.



Dimension of a vector space
-

:

The dimension of a vector space V is the

size of any basis for V
.

=

This is a sensible definition
,

because of the

following Cdeep ) result :

Theorem_:IfB,andBaarebasesf÷| then I B. I = I But
.

-

lxldeaotesthesizeofo.se#



We denote the dimension of V by
dim C v )

.

egg
. dim ( R

' ) = 2
,

dim ( 1123 ) = 3
,

dim ( Fn ) = wsiteofthestandardbo.si#
dim ( Pn ) = ntl ✓ ✓

since { I
,

se
,

uh
,

. . .

,
a

" } is a basis for Pw
-

÷÷÷÷÷:÷:÷:÷÷:÷TIudssina.ererypolyuomialisunigrelyu.de?mnihey



Rank of a matrix
-

:

Let M be a matrix over a field F
.

The rowrank_ of M is the dimension of the

row space of M

T-spiwoftherowsof-MJThecolumwrauk-c.fm
is the dimension of the

column space of M
,

↳rpanotthecolumuof



-

Theorem ( difficult )
-

:

rowraukotq-columnranko.fr

:÷÷÷÷÷÷÷÷÷÷÷÷t
Define the ranks of M to be this common dimension :

-rank M = row rank of M = column rank of M
-



-

fact : The nonzero rows of
any row echelon form

ofmforwabasisfortherowspacec.fr

- by manipulating MT ( transpose of M ) and

converting back to columns we can get a

basis for the column space of M
.

¥=t"""%°"%'£hb""tthe row and column spaces ofm=c÷:i



"

⇒"#"""%""%'£hb""tthe row and column spaces ofm=c÷:i
"

m . I::::] . l :::! I
So { [ I 0 I I ]

,
[ o I 0 I ]

,

[ d o I o ) }
is a basis for the row space of M

.

rankM



" "

"

i : It :::
So { C I o I o )

,
Lo I o I )

,
( o o I I ) }

is a basis for the row space of MT
,

" 4:11:11:L }
is a basis for the column space of M

.



F-xamptei.worhingoverlR.fiuhtherauh.con=C÷÷÷:
so : m -

C
'

:÷÷¥df :!:! )
so the rank is 2

. ✓

n 't : ÷ i :÷±÷.tl :::L
with 2 nonzero rows

. ✓


