
MATH 2022 Linear and Abstract Algebra

LECTURE 30 Thursday09/05/2019
-



-Key property of matrix exponentials
-

:
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Linear transformations & matrices
-

.

.

Let T : v → W be a linear transformation where

{ B = { ki , . . , kn } is a basis for V

D = { of , ,
. . .

, dm } . i
'  '

'  '  '  ' W
.

Recall that the matrix of T with respect to
- -

B and D is

[ T ] ! = [ ETCH )
,

. - - [ TCH )
, )

.
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Let  T : V → W be  a linear transformation  where

{ B = { ki , . . , kn } is a basis for V
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Composition & matrix multiplication :

-

Consider linear transformations

S T

u → v → w

÷
with finite ( ordered ) bases A

,
B

,
C for U

,
V

,

W

respectively .

-/ Theorem : [ Tos ] ! = CT] ! Is ]
,
!

-



Proof : Let A  = { an ,
.  - .

, Sq }
.

By definition
, for j -

- i
,

. . .

, q ,
the j th column of

[ Tos ] ! is the column of coordinates

[ Hos ) Can ;) ]
,

= . [ T C scan ; ) ) )
,

= [ T ] ? [ scan ;D
,

= A :[ s ] ! Cada

= A
'

? CSI :L:÷)←ih



Proof : Let A  = { an ,
.  - .

, Eq }
.

By definition
, for j -

- i
,

. . .

, q ,
the j th column of

[ Tos ] ! is the column of coordinates

[ Hos ) Can ;) ]
a

= . [ T C scan ; ) ) )
c

= [ T ] ? [ scan ;D
,

= A ? Is ] ! canola

= A ? CSI :(÷

; )←h
which is the j th column of the matrix FD Bc[ s ) pit
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Proof : Let A  = { an ,
.  - .

, Eq }
.

By definition
, for j -

- i
,

. . .

, q ,
the j th column  of

[ Tos ] ! is the  column of  coordinates

[ C Tos ) Can ;) ]
a

= . [ T C scan ; ) ) )
a

= [ T ] ? [ scan ;D
,

= A ? Is ] ! canola

= A ? CSI :( ; )←im
which is the j th column of the matrix CT] Bc[ s ) pit

.

Since the j th columns match for j =L
,

. . .

, q ,

we have Ceos ] ! = Be Cst
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Change of basis matrices
-

:

Let V be a vector space with bases B
,

D
.

Recall the identity mapping

id : V → V
,

Its I C tofu )
.

We saw that

[ id ) :} = Cid ]? = I

lwhatabout.CI?aadCidJ?3#I
changeofbasismatri



Examples : Let

B = { Chol
,

Coil ) }
,

D= { C 1,17
,

Cl
,

-1 ) }
,

both bases for IR
"

.
Thew

[ id ] i = ( Edam )
,

Cida,
- it ]

⇒ ]
= [ did ]

,
[ Cli - NIB ]

=L i :3
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Example Let
-

:

B = { Chol
,
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Examples : Let

B = { Chol
,
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Proof : Ci ) By an earlier theorem
,

[ id ] BD CE ?
,

= C idea ]D = CI ]
,

. ✓

Cii) By another earlier theorem
,

Cid ] ! [ id ) ? = [ i do id ) :} = C-d) BB = In

and similarly [ id ] ? lid ] DB = Cid ] ! = In
,

so that Cid ) :} and Cid ) I are mutually inverse .
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Application to diagonal isation
-

Let T : V → V be a linear operator with bases

B and D for V
.

Then

[ T ] pg = fido T o id ] ?

= Lid ] ?g [ To id ] }
,

= lid ] ? IT ] :C id ] !
so

#I It ] : = p IT ] I p
- I

-

it we put P = Cid)
,} ,

so that p
- '

= lid )Bg
.
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Find a basis D for which [ T ) DD is diagonal
,u*÷:÷÷

Solution : Let B = { Chol
,

Coil ) }
,

the standard

basis for IR ? Then

⇒ : =L :

:D
.



as : -
- c :

-

II
Easy to check eigenvalues are I

,
2 with

eigenvectors [ ! ) , [ Y ] respectively .

Let D = { Ci
,

, )
,

Cy
,

3) }
,

another basis for IR?
and put

p = [ id ] ? = [ ! I ] .

Then

c.d)
B

,
=p

- '
= f- ?-I ]



Recall
,

Tcn
, y ) = ( 5k - 4g ,

3N - 2g )
,

So
Tci , , ) = ( i

, l ) and TC 4,3 ) = ( 8,6 )
,

giving [ T ] : = [ CTcan ]
,
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,
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,
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, ]
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,
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We have
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