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Real inner product spaces-

- abstracts familiar properties of dot products
- listed as axioms for an  inuerproductspace

- applications to important spaces of functions
,

using theory of integration
- general notionsof length R distance

- leading to the celebrated Cauchy - Schwarz inequality
-

- notions of angle h orthogonality

- general explanation of the triangleineguality



Let V be a vector space over the field IR
.

An innerprodt on V is a mapping
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Let V be  a vector space  over the field IR
.

An  innerprodt on V is a  mapping We then call
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Examples
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is an inner product space where
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Cii ) Let V = { continuous functions : [ a
,
b) → IR }

where as b fixed . ( V is a subspace of IR
" ! ? )

Then V is a vector space with respect to addition

R scalar multiplication of functions
.
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Cii ) Let V = { continuous functions : [ a
,
b) → IR }

where as b fixed . ( V is a subspace of crab ? )
Then V is a vector space with respect to addition

of scalar multiplication of functions
. Define
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It is routine to verify the inner product axioms (D - Ce) :

for example ,

< t.gl = fab fcnlgcnldn

✓ = fab guy ten ) da = C g ,
f >

,

so 4 ) holds
,

auf
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,

since the integrand is nonnegative ,
so (4) holds .✓



Axiom (5) is trickier :

Suppose Sf
,

f > = fab Cfb))
-

da = o
.
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Suppose ,

to the contrary ,
that f f I
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so f C no ) I o for some not [ a
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Continuity of f guarantees that there exists some

[ 7 o andsome interval I of positive width S > o

such that
If Cn) I Z E for all af I

 .



T n

y
-

- the)

find - -
- - - .Aff:#E - - - .÷.  - .

÷←areI l I A I 7
a

a no
b

< )

S

Thew jaffee, )
-

du 3 e 'S > o
,

contradicting that Lff ) = o
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Hence f  = Q
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and axiom (5)holds .
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Proofs : Ca) Let I C- V
. By axiom (2)

,
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so CE , I ) = o ( only real number with this property)
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(b) Let I
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Length and the Cauchy - Schwarz inequality :

#

Let L
,

> be an inner product on a vector space V .

Define the length or none of IEV by
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This generalities the definition in R
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Recall
,

for geometric vectors in R
"

or
IRS

,
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It holds in complete generality :

Ca:;sanimerproductsp#)Let I , I E V where VTLew1Lqey/EkIH4I€
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It holds in complete generality :
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Angles and orthogonality-

Rearranging Cauchy - Schwarz for I
, I -4 on yields
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Angles and orthogonality-

Rearranging Cauchy - Schwarz for I
, I -4 on yields
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tfco.17-othewO-tkanhwesayt.hrIandIareorthogoormaypp.

A set of vectors in an inner product space is

called orthogonal if every pair of distinct

vectors in the set are orthogonal .

A set of vectors is called orthonormal if the set is

orthogonal and every rector in the set has length I
.



Exampte : Let V = { continuous functions : fit
,

it ] → IR }
with inner product

< f
, g ) = I

.

! feng Cut du
.

For n > I
, put

false) = sin C an )
,
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