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Subspaces ,
orthonormal bases I projections

#

- ambient vector space may be " wild "

- a certain subspace may
be

-

' ' tame
"

or

Y ' ' controlled
"

÷÷÷t÷÷÷÷÷÷÷÷
- find or compute aw orthonormal basis for the

- -

subspace I

i÷÷÷±±÷÷"¥;s



Subspaces-

Recall that a subspace W of a vector space V is a

nonempty subset closed under vector space operations .



Subspaces-

Recall that a subspace W of a vector space V is a

nonempty subset closed under vector space operations .

✓

It follows quickly that w contains I , negatives of vectors

and satisfies all of the vector space axioms
,

so is a

vector space in its own right .



"

"*w↳^"""°t^"t"%"The -

c; , dim W S dim V
,⇐,µw,µnu,yw÷

Proof : difficult
, following from general abstract theory ,

and beyond the scope ofthis course
. M

-

Examples
-

:

(a) IR
"

has dimension 2
,

with subspaces
- IR

'

of dimension 2
,

- { C oil } = L of > of dimension o



Examples
-

:

(a) IR
"

has dimension 2
,

with subspaces
- IR

'

of dimension 2
,

- { C oil } = L of > of dimension o

- lines passing through the origin
,

of dimension I
.

a T

>
n



Examples :

-

Cby IRS has dimension 3 and its subspaces are { C go.es }
,

lines and planes. passing through the origin
,

and 1123
,

of dimensions 0
,

I
,

2 and 3 respectively .

(c) { polynomial functions } is an infinite dimensional

subspace of IRK = { functions : IR -7112 }
,

and

{ I
,

n
,

at
,

. . .

,
an

,
. . . } forms a basis

.

(d) A trigonometric polynomial has the form

Ao t a , Cos se t a
,

cos 2kt  - - - t an cos use

+ b
,

Sinn t basin 2n t  . r - t basin an

for some a.
,

as
,

n . .

,
an

,
bi

,
. r  -

,
bw E IR

.



Examples
-

i

(d) A trigonometric polynomial has the form

Ao t a , Cos se t a
,

cos 2kt - - - t an cos use

+ b
,

Sinn t basin 2n t  . r - t basin an

for some a.
,

as
,

n . .

,
an

,
be

,
. r  -

,
bw E IR

.

ED '

feel a Sinn t I sin 3kt ¥ sin 5h

is a trig poly with curve something like

can



ED '

feel a Sinn t I sin sat ¥ sin 5h

is a trig poly with curve something like

car
approximating a step function

-

:
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ED '

feel a Sinn t I sin 3 at ¥ sin 5h

is a trig poly with curve something like

car
approximating a step function

-

:

?
& o  

go?&
. i ! I i

'

; '

! I
; , i

. !

; i i i

.

: i£
• o  

'

•

We can get
" arbitrarily close " to the step function using the

Fourier series
-

f-C n) = sinnt I sins u t ¥ sin Tn t ¥ sin tie t .  - .

( analogous to a power series )
.



The set

W = { trigonometric polynomials }

forms aw infinite dimensional subspace of the vector space

V = { periodic functions : IR -9 R with period 21T } ,

and
{ I ,

cos a
,

Cos 2h
,

.  - -

,
cos un

,
- - .

,

Sinn
,

sin 2h
,

.  - .

,
Siu use

,
. . . }

forms a basis of W ( which turns out to be orthogonal)
-_

.



^

"""b""""^"""°t#inner product space V
. Let If V

.

find the vector YEW that is closest to I ,xutis,whians
7 : a

✓
i

- ! HE - Ill
!

W i

'
-
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^

"""b""""^"""°tinner product space V
. Let If V

.

find the vector if EW that is closest to I ,xutis,whiam
7 : a

I !
HE - Ill

!

W iin

-| Solution:
"

project
"

I onto W
.

-



-| Solution:
"

project
"

I onto W
.

-

|Step1T find an orthonormalbasis B for W :

-

B = { k , ,
.  - .

, kn }

such that

(1) It kill = I for i -
- I

,
. . .

,
k

,

a ) L ki
,

! ; ) = o for all i # j
,

(3) (V-E EW ) C I Xi
,

. . .

, XuER ) I = Xi kit .  - - the bun .



-| Solution:
"

project
"

I onto W
.

-

|Step1T find an orthonormalbasis B for W :

-

B = { be
, ,

- - r

, kn }

Ex-ercie.cz/impliesuch that

(1) It kill = I for i -
- I

,
. . .

,
k

,

(2) L ki
,

E ; ) = o for all i + j
,

/
(3) HEC- W ) C I Xi

,
. . .

, inER ) I = X
, but .  - - t Xu bun .

ie:::÷:÷:÷:÷e÷:



/Step2 Form the projection I onto W

-
def

projw I = CE
,

k , > K ,
t CE

,
ka ) ke t - - .+cE,ku7t

^↳°"P"Jw""t↳"""t"t""to I and

I - projw Igo.w.g.uaey.e.eyuiy.nu
( proof later )



EIITI.io?;7.I;:::::ssmeotmn#ya - y t 2- = O
.

2 3)
.

find the distance from I to W::÷roiaowwt
Solution : W is 2 - dimensional and spanned by

B -
- { CE

,

o
,

- I )
,

Ct
,

E. to ) }
,

which forms aw orthonormal basis

( and later we explain how to find B )
.

Put bn = ( I
,

o
,

- ful ,
ka -

- Cfo
, E.rt ) .



Thew

projw I = CE . ki ) be
,

t to . ke ) In

= 442,31. ( E
,

o
,

- In )) C I
,

o
,

- try t (ftp.37.ro
,
E. Fol) # E

,
't)

= ⇐- I ) C E. o

,
- In + C 'T + ¥ t E) CE

, ¥ to )

= - ECE
,

o
,

- Ir ) t Fck
,

E
,

E )

= C - I
,

o
,

i ) t ( 8T
,

'T
,

%) = C- yo ,
1) t CF

,
I

,
I )

= l 'T
,

%
,

%)
,

thedosestpoiutowWtoo#



Thew

projw I = CE . ki ) k
,

t CE . ke ) In

= 442,31. ( E
,

o
,

- In )) C to ,

- try t (ftp.37.ro
,
E. Fol) Et )

= ⇐ - In ) C E. o

,
- It + C tr t ¥ t E) C to

,
¥

,

# )

=  - ECE
,

.
,

- Ir ) t Ect
,

E
,

¥ I

= C - I
,

o
,

i ) t ( 8T
,

'T
,

%) = C- yo ,
1) TCF

,
I

,
F)

= l 'T
,

%
,

%)
,

thedosestpoiutowWtoo#
The distance from y to W is

HE - projw Ell = HCl , 2,3 ) - C Ys
, %

,
%) H

= II CE
,

- %
,

43711 = 43 Itch - hill = Ffs = ÷
.

I



The distance from if to W is

HE - projw Ell = HCl , 2,3 ) - C 43,813
,

%) H

= II CE
,

- %
,

43711 = 43 Itch - hill = Ffs = ÷
.

I

Check orthogonality to W :

-

( I - projw I ) . he
,

= ( I
,

- ¥
,

Z ) . ( IT
,

o

,

- the)

= Er - Er = o ✓
( E - projwo ) . In =

' CE - I
,

⇒ . C IT
,

I
,

rt )

= 2T = 0 ✓



Alteruativesolutio# ( only works for hyperplanes) :

W is given by the equation a - y t t  = 0
,

which has normal ( perpendicular ) vector

in = I - I t k = C I
,

-1
i I )

.

.
i

. i

: n : a

.

'

✓
'

; u i

I a i llprojn Ill
!

W i

t v
,

7 •

:
.

projwo
"
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i
'

i stpo



Alteruativesolutio# ( only works for hyperplanes) :

W is given by the  equation  a - y t t  = 0
,

which has normal ( perpendicular ) vector

in =  I - I t I = C I
,

-1
i I )

.

: i
: 7 : a
: y iYai

! Hproj
,

Ill
!

W i

t '
v

:
.

prove
÷ :\

closest point
i

: @
The shortest distance is

11 proinoll = It all = 1%17711=11 =
"
Hall

= I C 1,43 ) . Cli - hill
=

11-21-31

i Ts = I
.

✓



Alteruativesolutio# ( only works for hyperplanes) :

W is given by the  equation  a - y t t  = o
,

which has normal ( perpendicular ) vector
The shortest distance is

in =  I - I t k = C I
,

-1
i I )

.

± .
,

 
:

a

"proiaoH=2
:

11 projn Ill
!

W i

t '
v

; prove
÷ :X

closest
i

i pointy
The closest point on W to I is given by

I - proj
,

I = 4,2×3 ) -

Tinny ,
in = 443 ) - Ill ,

- I it )

= Cl
, 43 ) - CF

,
-3,3 ) = ( I

,
83,75) ✓

as before
.



Third Quiz practice
-

:

QF Which one of the following subsets is not a subspace

of the vector space R? ?

Ca) { C nay ,
't ) EIR

' I a -
- y

-
- t }

(b) { Cng ,
HE IRS I n - y t3z = o }

Cc) { Cny ,
't ) ER

'

I aty +37=2 }

(d) { Cnay ,
HER

'

I n - Ly = 7- z }

Ce) { Cugat ER
.

'

I a
.

-
- Ly , y = t }



Third Quiz practice
-

:

QF Which one of the following subsets is not a subspace
=

of the vector space K? ? solution space of

y
homogeneous system

ca, { Cay ,
HER

' I a -
- a

-
- t }

z-s→=
(b) { Cng ,

HE IRS I n - y t3z = o }

Cc) { Cny ,
't ) ER

'

I aty +37=2 }

(d) { Cnay ,
HER

'

I n - Ly = 7- z }

Ce) { Cugat ER
.

'

I a
.

-
- Ly , y = t }



Third Quiz practice
-

:

QF Which one of the following subsets is not a subspace
=

of the vector space K? ? solution space of
homogeneous system

(a) { c my ,z ) ER
' I a -

- y
-

- 2- } f

Cb) { Cng ,
HE IRS I n - ytzz = o } X n-yt3

Cc) { Cny ,
't ) ER

'

I nty +37=2 }

(d) { Cnay ,
HER

'

I n - Ly = 7 z }

Ce) { Crecy # ER
.

'

I a
.

-
- Ly , y = t }



Third Quiz practice
-

:

QF Which one of the following subsets is not a subspace
=

of the vector space R? ? solution space of

(a) { ( my ,
't ) EIR

' I a=y=z }
homogeneous system

(b) { C n 'S # t RS I n - T t It =° } )
Cc) { Cny ,

't ) ER
'

I at .y +37=2 }

(d) { Cnay ,
HER

'

I n - Ly = 7 z } X n-2y-7
Ce) { Crecy # ER

.

'

I a
.

-
- Ly , y = t }



Third Quiz practice
-

:

QF Which one of the following subsets is not a subspace
=

of the vector space R? ? solution space of

(a) { ( my ,
't ) EIR

' I a=y=z }
homogeneous system

÷::÷:::i:÷: I
(d) { Cnay ,

HER
'

I n - Ly = 7 z }

Ce) { Cny # ER
.

'

I a
.

-
- Ly , y = t } X "Y-z



Third Quiz practice
-

:

QF Which one of the following subsets is not a subspace

of the vector space R? ?
=

Ca) { c my ,
't ) ER

' I a -
- y

-
- t }

(b) { C my ,
HE 1133 I n - y t3z = o }④{ any , HER

'

I atytst -
- 23 ✓

!g÷t÷¥
(d) { Cnay ,

HER
'

I n - Ly = 7 z }

Ce) { Crecy # ER
.

'

I a
.

-
- Ly , y = t }



0,81 Which one of the following subsets does not form a

basis for the vector space 273 ?

(a) { Cl
, 1,07

,
Clio ,

17
,

Co
, 2,2 ) }

Cb ) { C 1,2 ,
o )

,
Cl

, 0,11
,

Co
, 2,17 }

Cc) { C ii. till
,

Clio ,
it

,
( 0,42 ) }

(d) { c 1,0127
,

Cl
, 0,1 )

,
10,411

. }

(e) { ( 1,0 , ol
,

( 1,1 ,
2)

,
( o

, 2,1 ) }



0,81 Which one of the following subsets does not form a

basis for the vector space 273 ?

④ { Ch hot
,

Cho ,
17

,
co

, 'M } [ dimension
Cb ) { C 1,2 ,

o )
,

Cl
, 0,11

,
Co

, 2,17 }

a , E chin
,

a. an
,

corn } a÷÷÷÷
(d) { c 1,0127

,
Cl

, 0,1 )
,

10,411
. }

(e) { ( 1,0 , ol
,

( 1,1 ,
2)

,
( o

, 2,1 ) }



0,81 Which one of the following subsets does not form a
=

basis for the vector space 273 ?

ion
l !'sE)

Cb ) { ch 401
,

a. oil
,

co , , n }
~ ( :{I ]

c) { Chill
,

Cho ,
it

,
co

, 2,21 } ~[ !I;]
(d) { c 1,0127

,
Cl

, oil )
,

10,411
. } LI

Ce, { Clio , ol
,

4,1 ,
2)

,
to

, 2,11 } X



0,81 Which one of the following subsets does not form a
=

basis for the vector space 223 ?

(a) { Cl
, 1,07

,
Clio ,

17
,

Co
, 2,2 ) }

nnm."".":l÷÷Cy { C hi in
,

clean ,
Corin } ~ ( I!I ]

(d) { c 1,0127
,

Cl
, oil )

,
10,411

. }
LI

Ce, { Cho , ol
,

4,1 ,
2)

,
lot ,

" } X



0,81 Which one of the following subsets does not form a

=

basis for the vector space 223 ?

(a) { Cl
, 1,07

,
Clio ,

17
,

Co
, 2,2 ) }

,
"

Cb ) { C 1,2 ,
o )

,
Cl

, oil
,

Co
, 2,17 } ~ ( !÷! )

qici.i.n.ci.o.n.com#~f!!I )
(d) { c 1,0127

,
Cl

, oil )
,

10,411
. }

LI

@ , { Clio , ol
,

4,112 )
,

total ) }
X



0,81 Which one of the following subsets does not form a

=

basis for the vector space 273 ?

④ { aim
,

Cho ,
it .co.nz , } [ !!? )

Cb ) { air , ol
,

40,11
, comin } (( !I} )

cc , { civil
,

choir ,
corn } ~ I !?I ]

cdlsrchom.clcoilliloi.it# LI

Ce, { Cho , ol
,

4,1 ,
2)

,
total ) } X



0,81 Which one of the following subsets does not form a

=

basis for the vector space 273 ?

④ { Cilia
,

Cho ,
it

,
co

, my } [ ! )
Cb ) { C 1,2 ,

o )
,

Cl
, 0,11

,
C o

, 2,17 }

a Ecnn.i.a.o.n.co.nz/-l
! I

④ { 4,94
,

Cleo , it
,

corn , }
~ ( !!! )

④{Cl,0,ol,(l,l,2),(o,2,i
LD

✓


