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The Gram -
Schmidt process

-

- take any ( finite ) basis for a subspace W

of an  inner product space V

- carefully Imethodically replace vectors in

the basis
,builder

of vectors
,

such that

- vectors in the sequence are pairwise orthogonal
-  e .  -  - -  " have length I

- extend the sequence one vector at a time
,

using a recursive formula
-

and properties
of projections
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The Gram - Schmidt process-

Let B = { I , ,
. . .

, In } be a basis for an inner product

space V
.

We construct an orthonormal basis for V as follows:

Step : Normalise I , by putting

K ,
= I ,

=
I

III. 4

So that H ball = I and { k ,
} is an orthonormal

basis for

w
,

= span of { k
,
} = span of { I , }

.

one-dimensional



Step @ I : Form
-

uh = In - projw
,

In = In - Lee
,

k
, ) k

, ,

which the general theory guarantees is orthogonal to W
, .

Then normalise In by putting

ka -
- I

, =
I E-

- Con
,

kid ,

HEH
= -

H Eu - sea
,

ki ) kill
,

So that 11 Kell = I and { be
, ,

bae } is an orthonormal

basisfor

Wu = span of { bn
,

Ee } = span of { Ii
,

Ee }
.

two-dimensional



Step (3) : Form
-

I ,
= Ez - projw

,
Is = Is - C Is , ki ) by - ons , Kiba

,

which the general theory guarantees is orthogonal to Wz
.

Thew normalise Eg by putting

§ ,
= Fr, = Is-CIs,ki)bi-az,kDb#HESH

=

HE,
- C Is , ki ) by - ons , Kiba H ?

So that Ilk , 11=1 and { k
, ,

ka
,

k
,

} is an orthonormal

basis for

W
,

= span of { ki
,

ku
,

Is } = span of { Ii
,

Ie
,

Is }
.

three-dimensional



The process continues
.

The recursive step
-

is

-

Step Ckti ) : Given an orthonormal basis { bn
,

. .  .

, kn }
-

for the subspace Wh Spanned by { Ii ,
. . .

, In }
,

÷÷÷÷÷÷÷÷÷÷÷÷÷÷
:my= Int ,

- C Inn
,

Ki ) k ,
- - - - - 51ha

,
kn ) Kk

,

which the theory guarantees is orthogonal to Wh .

Note that want ,
to ,

since { Ei ,
. . .

, In
,

Inn } is LI .



The process continues
.

The recursive step is

→
Step Ckti ) : Given an  orthonormal basis { bn

,
. .  .

, kn }
-

for the subspace Wh Spanned by { Ii ,
. . .

, In }
,

÷÷÷÷÷÷:÷÷÷÷÷÷÷
:

"my= Int ,
- C Inti

,
Ki ) k ,

- .  - 61ha
,
Kk) Kk

,

which the theory guarantees is orthogonal to Wh .

Note that want ,
F on ,

since { Ei ,
. . .

, In
,

Inn } is LI .

Thennormalise : bunt ,
= Int ,

= FIFTH
.

Thew{k,,.n,kn,kn+,}isaworthonormalbasisforWm



The process continues
.

The recursive step is

→
StepCk : Given  an  orthonormal basis { bn

,
. . .

, kn }

for the  subspace Wk Spanned by { Ii ,
. . .

, In }
,

÷÷÷÷÷÷÷÷÷÷÷÷÷
:

.my= Int ,
- C Inti

,
Ki ) k ,

- .  - 51ha
,
Kk) Kk

,

which the theory guarantees is  orthogonal to Wh .

Note that want ,
F on ,

since { Ei ,
. . .

, In
,

Inn } is LI .

Then normalise : bunt ,
= Int ,

= FIFTH
.

Thew{k,,.n,kn,kn+,}isaworthonormalbasisforWm

Continue this process until Khan
,

and then

{ ki ,
. - .

, ban } becomes ' an ortho rural basis for V
.



EI.TT#uti:.;:;iIE;:::.wbasistorthehorermaI
set y t 2- t w = O

,

and use it to find the closest point on W toaam÷::::::←..
Solution : Observe that

W = { C a
, y ,

2-
,

ur ) I ntyt t to = o }
= { C - y - z - w

, y ,
z

,
er ) I y ,

2-
,

WEIR }
= { y C - 1,1 ,

o
,

o ) t t C - I
,

o
, 1,0 ) to C- I

, 0,0 ,
I) I y it ,

VfR }



EIYIE.fi?.;:;iIE:j::.wbasistorthehorernaI
set y t 2- t w = O

,

and use it to find the closest point on W toaam÷:::::¥÷←.*
Solution : Observe that

W = { c a
, y ,

2-
,

w ) I ntytttir =o }
= { C - y - z - w

, y ,
z

,
ur ) I y ,

2-
,

WEIR }
= { y C - 1,110,0 ) t t C - I

,
o

, 1,0 ) to C- 1,010,1 ) I yet ,
VfR }

So that w is spanned by

I ,
= ( - I

, 1,010 )
,

Iz = ( - 1,011,0 )
, Ig = C- 1,010,1 ) .



It is easy to check that B = { Ii , In
,

I ,
} is LI

,

so B forms a basis for W
.

We apply the Gram - Schmidt process :

Step a ) : Put

I
,

= I ,
=

,!÷ ,
= rt C - hi , 0,0 )

and let

W
,

= subspace spanned by E ,
= subspace spanned by I , .

Step
: Put

E ,
= In - projw

,
In = on - C E. kilts ,

= C - I
, 0,1 ,

o ) - ( C -1,0 , 1,0) . tract , 40,0 )) Theft , 1,90 )

= C- home o) - It - hi , 0,01 = C - I
,

- I
, 1,0 ) .



Step
: Put

I ,
= In - projw

,
In = on - Cee . k

.
) ¥,

= C - l
, 0,1 ,

o ) - ( C -1,0 , 1,0) . tract , 40,0 )) Theft , 1,90 )

= C- home o) - I C- let 0,01 = C - I
,

- I
, 1,0 )

,

and ( - I
,

- I
,

2
,

o )
kn -

- I -
- FIT,

=

It ,
= IT t '

, -1,40 ) .

Thew
{ be

, ,
I ,

} is an orthonormal basis for

W
,

= subspace spanned by,
{ by

,
ke} = subspace spanned by

{ Ii ,
In }

.

Step . Put

Is = Is - projwno ,
= I ,

- Ce
,

. bulk
,

- Kike tbh



Step . Put

Is = Is - projwno ,
= I ,

- Ce
,

. bulk
,

- Kike tbh

= C - yo ,
o

,
I ) - ( C - yaoi ) . fetid

,
00 ) ) Fett

, 1,0 ,
o )

- ( C - horn ) . # I - iii. 401 ) To fi
, -1,20 )

= C- you ,
I ) - I C- 1,1 , 0,0 ) - IC - iii. to ) = ( - T

,

- I
,

- I
,

I )
,

( - I
,

- I
,

- I
, 3)" d

k ,
= I ,

= FIT
, ,

=

y
= Is C- ' it i

- ' is )
,

T

#{ ki
, be

,
k , } = { fathead

,
Toti .-1,401

,
# ft

,
-1

,
-1,31 }

-

is an orthonormal basis for W
,



Th

!{ Ki
, Ku

,
k , } = { tattled

,
IT th -1,401

,
# ft

,
-1

,
-1,31 }

-

is an orthonormal basis for W
,

Thus the closest point on W to I = C 1,43 , 4 ) is

projw I = ⇐ok , )k ,
t ( E. ka ) Kat C Io Ks ) Ks

= (Chris , 4) . fi - ii. o.o ) ) '
Etihad

t ( C 1,213,4 ) e # Ct
, -1,401) # th -1,40 )

+ ( c 1,4141 . # Girth ) # Http )
=

KC - lil , ooo ) t Zcta , 2. o) t fact ,
- I

, -1,3 )

= C - Z
,

- I
,

's
,

Z ) .



Th

!{ ki
, be

,
k , } = { fathead

,
Toti .-1,401

,
# fi

,-1,431 }
-

is an orthonormal basis for W
,

Thus the closest point on W to I = C 1,43 , 4 ) is

projw I = ⇐ok , )k ,
t ( E. ka ) Kat C Io Ks ) Ks

= C - Z
,

- I
,

't
,

I ) .

The distance from I to W is

HE - ( - Z
. -1,47711 = 11443,41 - ( - I

,
-4431/1

= Ill E. E
,

E
,

E) 11 = EH Chhhllll

= Effie = Eft =
.



Th

!{ ki
, be

,
k , } = { fathead

,
Toti .-1,401

,
# ft

,-1,731 }
-

is an orthonormal basis for W
,

Thus the closest point on W to I = C i. 43,4 ) is

projw I = ⇐ok , )k ,
t ( E. ka ) Kat C Io Ks ) Ks

= C - Z
,

- I
,

I
,

Z ) .

The distance from I to W is

HE - ( - Z
. -1,42711 = 5

-
'

Chevy : I - C- I
, -7,431=02,4 ,

't
,

'Ll

should be orthogonal to be
, ,

ke
, kz .



T

#{ ki
, be

,
k , } = { fathead

,
Toti .-1,401

,
# fi

,-1,431 }
-

is an orthonormal basis for W
,

Chevy : I - C- zit ,
'T

, II = E. 4. it
,
-21 ✓

should be orthogonal to be
, ,

ke
,

Kz .

CE
, E. E. E I . true -1,1 , go ) = ful - ETE ) = o ✓

CE
, E In E) . to C - iii. 2. o) = To C - I - Its ) =o✓

Eh
, kik ,

it ,
th - iii. D= Is c- E- ' 2- It

=q



Quit Practice
-

Qty Let L : IR
'

-7 IR
'

where Lcney) -
-

C - n -2g , 2g - zu) .

find an ordered basis B for IR
"

such that

is :-. to:3
.

(a) B = { Cr
,

- A
, Chu } Cb ) B = { C3,11 ,

Cl
,
-11 }

Cc , B = { Gil
,

C - 1,21 } Cd) B = { C - I
,
-21

,
Ci

,
-4 }

Ce) B = { C - 40 )
,

lo
,

3) }

Solution : Ca) 42
,

- I ) = C- 2+2
,

-2 - 4) = C o
,

-6 )

× t - ace .
- D X



Quit Practice
-

Qty Let L : IR
'

-7 IR
'

where Lcney) -
-

C - n -2g , 2g - zu) .

find an ordered basis B for IR
"

such that

is :-. to:3
.

(a) B = { a
,

- n
, Chu } Cb ) B = { ( 3,11 ,

Cl
,
-11 }

Co , B = { Gil
,

C - 1,21 } Cd) B = { C - I
,
-21

,
Cl

,
-4 }

Ce) B = { C- 40 )
,

lo
,

3) }

Solution (b) L ( 3,17 = (-3-2,2-6) = ( - 5
,

- 4)
-

:

× t - 43,17 X



Quit Practice
-

Qty Let L : IR
'

-7 IR
'

where Lcney) -
-

C - n -2g , 2g - 2n) .

find an ordered basis B for IR
"

such that

is :-. to:3
.

(a) B = { Cr
,

- n
, Chu } Cb ) B = { C3,11 ,

Cl
,
-11 }

¢
, B = { Gil

,
C - 1,21 } Cd) B = { C - I

,
-21

,
Cl

,
-4 }

Ce) B = { C- 40 )
,

lo
,

3) }
Solution : Cc ) L ( 2,1 ) = ( -2-2

,
2 - 4) = ( -4 ,

-2 )

✓ = - 2 ( 2,1 ) ✓
LC -1,4 = ( I -4

, 4th = ( -3,6 ) = 3 C- 1,2 ) /



Qty Let V = . C B > where B = { e- 7 seen
,

n' e
" }

.

find (D)BB where D : V → V
,

ft f
'

( the differential operator )
.Solution

-

:

D C e
- al =  - e-

a
= filet t @ ) net to ) n' eh

D Cue
- a ) = e- n

- me
- a

= it e-
n

t C- Due
- et lo ) sie "

D Cute ) = 2nd
"

- at e-
n

= Co left (2) ninth ) n' e-
"

"

is : .

. E. ÷ :3



Qty Let V = LB ) where B = { Sinha
,

cosh n } .

find (D):} where D : V → V
,

ft f
'

( the differential operator )
.

Solution
-

"

D ( sinha ) = cos ha = Co) Sinha ti ) cosh n

D Cunha ! = Sinha = (1)

siuhnt@jcosLnsoc.sB
.

-
- [ : ! ]

.



Only Consider the permutations
a = C 1327146 ) C 58 ) C 79 )

, p = C I 4 2) ( 8 6) C 377159) .

How many permutations 8 of { 1,2 , 3,4 ,
5

, 6,7 , 8,9 }
exist with the property

p = 8-
'

at
.

Solution
- a = Cc 3 2) C 4 6) Cs 8) ( 79 )

position p = Cab c) Cde ) Cfg ) Chi )
where

cab c) = Ci 42 ) in ③ possible ways ,

C de ) C f g) Chi ) = ( 8 6) ( 37 ) ( 59 ) in 3 ! X 2×2×2

= ④ possible ways .



Only Consider the permutations
a = C 132 ) C 46 ) C 58 ) C 79 )

, p = C I 4 2) ( 8 6) C 377159) .

How many permutations 8 of { 1,2 , 3,4 ,
5

, 6,7 , 8,9 }
exist with the property

p = 8-
'

at
.

Solution
a = c , z 2) Cy 6) Cs 8) ( 79 )

position p = Cab c) Cde ) Cfg ) Chi )
where

cab c) = Ci 42 ) in ③ possible ways ,

C de ) C f g) Chi ) = ( 8 6) ( 3 t ) ( 59 ) in 3 ! X 2×2×2

= ⑧ possible ways .

Thus there are

3×48 = 1440 possibilities for 8
.



Quy { a
, be c } = { 1,2 ,

3 } and
,

from the 8- puzzle ,

I 2 3

4 5

678
the following configuration has been reached :

a b c

6 8

7- 5 4



0h24 { a
, be c } = { i. 2,3 } and

,
from the 8- puzzle ,

I 2 3

4 5

678
the following configuration has been reached :

a b c

6 8

7- 54

Which is true ?

(a) a =L ⇒ b =3 Cb) b =L ⇒ c = 2

@ ) a =L ⇒ c =3 Cd) c =3 ⇒ b =/

(e) a = I =) b =L



Quy
a b c

6 8

7- 54

Which is true ?

(a) a=l ⇒ b =3 Cb) b =L ⇒ c=2

@ ) a=2 ⇒ c =3 Cd) c =3 ⇒ 6=1

@ ) a = I =) b =L

Solution I 3 2 3 I 2
-

:

@ ) Cb )
6 8 6 8

75 4 7 54

2 I 3 2 I 3 3 2 I
(c)

g g
(d) 6 8 6 8

7- 5 4 75 4 7 54



Quy
a b c

6 8

7- 5 4

Which is true ?

(a) a =L ⇒ b =3 Cb) b =L ⇒ c = 2

@ ) a =L ⇒ c =3 Cd) c =3 ⇒ b =L

@ ) a = I =) b =L

solution :

@ , j3,2Ga Ye ,7- 5 4 7 54
are all

e) i
'

: ca i
'

: I's
'

7- 5 4 75 4 7 54
from each other



Quy
a b c

6 8

7- 5 4

Which is true ?

(a) a =L ⇒ b =3 Cb) b =L ⇒ c = 2

@ ) a =L ⇒ c =3 Cd) c =3 ⇒ b =L

@ ) c = I =) b =L

Solution : Check : 3 I 2

"Is÷;÷÷ ,
69so

7- 5 4

.÷÷÷÷ iii.torso ,
which is even µ


