THE UNIVERSITY OF SYDNEY

MATH2022 LINEAR AND ABSTRACT ALGEBRA

Semester 1 First Quiz Practice Exercises 2020

The First Quiz on 23 March 2020 lasts forty minutes and will consist of fifteen multiple choice
exercises, similar to a selection from the exercises below.

1. Which one of the following forms a field under addition and multiplication?
(a) N (b) Z, (©) Z4 (d) Zg (e) Zs
2. Which one of the following is not a field?
(a) Q (b) R () C (d) Z (e) Zns
3. If today is Thursday, what day of the week will it be after 2018%°*® days have elapsed?

(a) Friday (b) Saturday (¢) Sunday
(d) Monday (e) Tuesday

4. Which one of the following statements is true?

(a) % =51in ZH. (b) % =4in Zlg. (C) % =2in Z7.
(d) % =06 in Zlg. (6) % =T7in ZH.
5. Consider the following matrix
1 3 2
M= 1343
111
with entries from Z;. Working over Zr, which of the following is true?

(a) detM =0 (b) detM =4 (c) detM =5
(d) det M =2 (e) detM =6

6. Consider the following system of equations over Zs:

r + 2y + w =1
2 + Yy + =z 2
r + y + 2z 4+ 2w =1

Working over Zs, how many distinct solutions are there for (z,y, z,w)?

(a) infinitely many (b) no solutions (c) exactly one

(d) exactly five (e) exactly twenty-five



7. Find the unique solution to the following matrix equation

1101 x 0
0111 Y |1
1110 z |0
1 011 w 1
working over Zs.
[z ] 1] [ 2 ] [ 0] x 0
y | _ |1 y | _ |0 y | _ |1
| w | | 1] | w | | 1] w 1
[z ] [0 ] [z ] [ 1]
y | _ |1 y | _ |1
| w | |1 | w | | 0]
8. Find the value of A such that the system
x + 2z = 2
-r + Ay + 2z = -1
r — y — Az = 1
is inconsistent over Zs, but has a unique solution over R.
(a) A=0 (b) A=1 (c) A=2
(d) A=3 (e) N=4
9. Consider the matrix
111111
M=1]10011SH01
110011

with entries from Z,. Which of the following is row equivalent to M and in reduced row
echelon form?

110001 110011
(a) |00 1100 M)y |00 1101
(000010 00000 1,
(1 1.0 0 1 0] (1 1.0 0 0 0]
() |00 1 100 (d]001100
00000 1| 0000T11
1 1.0 0 0 0]
) |00 1110
00000 1|




10.

11.

12.

13.

14.

Consider the following matrices over R, where 6 is a real number:

cosf —sinf cos 6 sin
Ry = [sinG COSH] Ty = [sinG —COSQ:|
Which one of the following statements is true?
(a) Rys=1="1T7, (b) R s =1=T) (c) Rppy=1=T;,

(d) R7r/2T27r/3R7r/2 = T47r/3 (e) TW/2R271'/3T7r/2 = R47r/3

Consider the real matrix

- [aa]~[oa]~[as]~ [a ]~ [0 ]

and elementary matrices

10 30 13 0 1
e U R R R RV R F

Use the chain of equivalences above, or otherwise, to find a correct expression for M as a
product of these elementary matrices.

(a) M = E4E2E3E1 (b) M = E4E2E1E3 (C) M = E3E2E1E4

(d) M = E4E3E2E1 (e) M = E2E1E3E4

Suppose that A, B and P are real square matrices such that P is invertible and A € R

such that
P(A - )J)Pfl = B,

where I denotes the identity matrix. Which of the of the following is a correct expression
for A?

(a) A=P 'BP+Al (b) A= PBP~'+ Al (c) A=P'BP+ )P
(d) A= Pl1B+AP! (€) A= P 'BP+\P!

Suppose that a, b, c,d, g are elements of a group G such that

abge™' = d.
Which one of the following is a correct expression for g7
(a) g=a"tb"ldc (b) g =dca™tb™! (c) g=(ab)~cd
(d) g=>b"ta"tde (e) g=c(ab)~td

Consider the permutations
a=(1234)(567), g = (13)(24), v =(123)(45)(67)
of {1,2,3,4,5,6,7} expressed in cycle notation. Which one of the following is correct?

(a) [ and ~y are even, and « is odd. (b) « and B are even, and -y is odd.
(¢) «a and v are even, and [ is odd. (d) « and g are odd, and + is even.

(e) «a and v are odd, and £ is even.



15. Consider the permutation

a = (123)(632)(54632)

of {1,2,3,4,5,6} expressed in cycle notation where we compose from left to right. Which
one of the following is a correct equivalent expression?

(a) a=(123)(564) (b) a=(13)(2546) () a=(13)(2645)
(d) o= (14)(3652) (6) a=(142)(3506)

16. Consider the permutations

a = (1234567, B =(13)(24), 7= (123)45(67)

of {1,2,3,4,5,6,7} expressed in cycle notation. Simplify the permutation

6 = apy",
composing from left to right:
(a) 6=(157423) (e) 0=(1574) (d) 6d=(132475)
() 6=(1475) (b) 0=(1574)(32)

17. Consider the permutations

a = (13)(2465) and g = (1425)(63)

of {1,2,3,4,5,6} expressed in cycle notation. Which one of the following is a correct
expression for the permutation

v=p""ap
where we compose from left to right?
() 7= (46)(5213)  (b) y=(56)4312) (¢) v=(46)(1523)
(d) v=(46)(5312) () v=(56)(4132)

18. Consider the permutations
a = (13)(4256) and v = (45)(1326)

of {1,2,3,4,5,6} expressed in cycle notation. Which one of the following is a correct
expression for a permutation § with the property

v = BB
where we compose from left to right?
(a) B=(16)23) (b) B=(142365) () B=(146)(235)
(d) B=(14)(26)(35) () B=(142635)



19. Which one of the following configurations is possible to reach from the 8-puzzle

11213
216
718

by moving squares in and out of the space?

A[15 7164 8164
(a) 623 (b) 283 (c) 371(5
718 115 2
2134 418
(d) B (e) 5171
16 306

20. Which one of the following configurations is impossible to reach from the 8-puzzle

11213
516
78

by moving squares in and out of the space?

214 71214 4182
(a) ANE (b) g (c) 316
3167 1153 11715
81314 711
(d) 2 7 (e) 6|4
6151 31958




