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F ields£othereommonarithmet
① Recall

IN = { 0,1 ,
2
,
3

,
- . . }

I

the arithmetic of natural numbers
-

with t
,
X

.

- lacks negatives so we can 't always-

subtract
.

Eg . 4 - 2=2 E IN
,

but 2- 4 = - 2 of IN
.



② Deficiencyof IN resolved by forming

27 = { o
,

It
,
I 2

,
I 3

,
. - - }

,

the arithmetic of integers ,
with t

,
X

,

-
.

- lacks reciprocals ( multiplicative inverses )
- -

so we can 't always divide
.

egg
. 4÷2 = ¥ = 2 E 27

,

but 2÷4 = ¥ = I ¢ 72



③ Deficiency of 27 resolved by forming

Q = { I / a
,
be 22

,

b to }
,

the arithmetic of rational numbers
- I

with t
,
X

,
-

,
÷

,
which forms a field

( see below ) .

- but convergent sequences may not converge
to rationals ! !

egg.

FL = I . 41421356237 . . . ¢ Q1

( known to the Greeks )



④ Deficiency of Q resolved by " completion
"

:

IR = { real numbers with decimal expansions }
,

the arithmetic of real numbers
- I

with t
,
×
,

-

,
÷

, again forming a field
C see below ) .

- now complete : all convergent sequences converge .

- but not all polynomial equations have solutions

E'S
.

/Ltf has no solution
,

i.e
.
Fl Cf IR

.

-



⑤ Deficiency of IR resolved by forming

e = { at bi I a
,
be IR }

where i -
- FT ( root of equation of ti = o )

,

which miraculously forms a field ( see below )
,

-in which fallnone constant polynomials have roots
-

/

fgmlame-tal-heorewofAlge.br#:a"s÷÷::i



⑥ Modular arithmetic
-

Let n E It
.

Put In = { o
, 1,2 ,

- . .

,
n - I }

,

the set of remainders after division by n
.

-

Eg
. 22

,
= { o }

,
222=20,1 }

,
22

,
= { 0

, 1,2 } ,

274 = { 0,1 , 2,3 }
,

227 = { 0,112 ,
3
, 4,5 ,

6 }
.

We can perform modular arithmetic on In
-

:

doarithmeticiwZ,butfinishoAbytakingremaindersafterdivisiouby



Eg . Zz = { 0,1 ,
2 } with tables

t 0 I 2 • 0 I 2

O O I 2 O O O O

I I 2 O I O I 2

2 2 O I 2 O 2 I

724 = { 0,1 , 2,3 }

t O I 2 3
' O I 2 3

° 0 I 2 3 O O O 0 O

I I 2 3 O I 0 I 2 3

2 2 3 O I 2 O 2 O Z

3 3 0 I 2 3 O 3 2 I



Eg . Zz = { o
,
,
,

2 } with tables

t 0 I 2 • 0 I 2

O O I 2 O O O O

I I 2 O I O I 2

2 2 O I 2 O 2 I

ay -
- son .ms } n÷÷tir¥u

t O I 2 3
' O I 2 3

o o , z z o o o • o )I I 2 3 O I 0 I 2 3

2 2 3 O I 2÷
3 3 0 I 2 3 O 3 2 I



Example_:TodayisWednesdaywhatdaywillitbeafter3loodayshaue.ee/apsed

Solution !

gioo = ( 3.3)
33

× 3 = ( 27 )
? >

X 3

= C-1)
"
x 3 (

mod7§-

÷÷÷::i::::.÷



Example_:TodayisWednesdaywhatdaywillitbeafter3loodayshaue.ee/apsed

Solution !

gioo = ( 3.3)
33

× 3 = ( 27 )
? >

X 3

= C-1)
"
x 3 ( mod 7)

= - I X 3 = - 3

= 4 C mod 7)
,

so it will be Sunday ( y days after Wednesday) .

-



Example-ipreseutlyitisnearlgs-pmouwednesda-1wi.attime and day will it be after 3
' "

heqraspgeh.eu?e

-

Solution : first work in 2724 :

3
" °

= (33133×3 = @7)
"

x 3 = 333×3 (mod 24)
= (5)

"
x 3 = (A)

"
x 3 =3

"
x 3 C mod 24 )

= 3
"

= (33 )
"

= 4751 = 34 ( mod 24 )

= 81 = 9 ( mod 24 ) .

Hence the time will be nearly 2 am ( 9 hours after 5pm) .

-



The number of days elapsed will be

3100 - q 4 - 2

- = -3
C mod 7)

24

( using earlier calculation )

= 3- = g- C mod 7)

= 3
,

Hence the time and day will be 2 am on a Sunday
-

( 3 days after Wednesday plus 9 hours after 5pm ) .



arithmeticformsaf.ie

wellbehavedalgebraicope.at?



Working towards a definition of a field-

In
all examples so far

,
t and X have been

associative that is
,-

at Cbtc ) = Cat b) tc
,

a Cbc ) = @b) c

bracketingdoesnotaltertheoutc.me
and commutative

- ,

that is
,

atb = bta
,

ab = b. a

orderdoetnotmaH



In all examples there has been a zero element O
,

at O = o t a = a for all a

behavingasauadditiveidentity-e.me

and in all examples ,
except IN

,

there are

negatives that is
,

-
I

at C- a ) = C- a ) t a = O

whichbehareasaddit.ve#
.



In all examples ,
multiplication distributes t

,

( at b ) e = act be

wemayexpaudbracketsasusua.tn
all examples ,

there is a

multiplicativeideatityelemeutI
,

I a = a I a a for all a
.

Notealsothat1-foinallottheseexan.pl



A field is an arithmetic with all of these

properties plus one more :

-all nonzero elements have multiplicative inverses-
that is

,
if a to then a-

'
exists such that

laa-t-a.la#
I - our examples so far

-/ Q
,
IR

,

a are fields
.

-



I - our examples so far

-/ Ok
,
IR

,

a are fields
.

T
i

:÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷:



2 - 3 i

⇒
- I

= ¥µ→ ,
=

2
2+3 i 4+9

2- 3 i

= Ts = Etc - ⇒ i

-

theorem ( not obvious ) :

74isafielliffnisapr.ir
49

. 212
,
223

,
275 ,

277
,
27,3 are fields

,

but 274 ,
726

, 21g ,
12,2

,
223 .

are not
.



Formally , using axioms
-

:

( F
,
t
,

. ) is a field if f has at least

two elements such that

(1) ( Ya
,
b
,

off ) c at b) to = at Cbtc )

/ and @b) c = a Cbc )ee"
(associativity )

(2) Cfa, b tf ) atb = bta and ab -
- ba

( commutativity )



fiithereexists.IT
(3) ( I 0

,
I E f ) C Haff ) a to = a = a 2

( existence ofadditivedmaltiplicativeidentity-e.eeTD
(4) C-a ef) ( Ibf f ) at b = o

( existence of negative and we write b = - a )

(5) ( Fa
,
b
,
c Ef ) ( at b ) c = act be

C distributivity )
(6) d-aef

,
ato ) C Ic EF ) a c = I

( existence of multiplicative inverses
-

and we write

c = a- I )


