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Introducing groups
-

Recall that a field F is an arithmetic with t
,

.

having at least two elements ( in fact I to )

satisfying six axioms :

C ) ( Ha
,
b. eff ) @tbltc = at Cbtc )

,
Cab )c=a(bc )

c associativity )

(2) Cfa,
bff ) atb = bta

,
ab = ba

Ccommutativity)
a ) ( Ha

, b. c tf ) Cat 's) c = ab tac

C distributivity )



(4) ( I 0
,

I
C-f) ( faff ) ato = o ta = a

,
a =Ia=a

( existence of additive oh multiplicative identity elements )
- - -

(5) f-atf) ( Ib EF ) at b =

bta
= 0

( existence of negatives ,

b = - a )

(6) ( Fa E f) { o } ) ( Ib Ef ) ab = ba = I

( existence of multiplicative inverses
-

of nonzero elements
,

b = a
- I )



Subtractiouinf : Define
,

for a
,

bff
,

-a - b = at C - b )
.

-

In

particularsa , a = at Ga ) = 0
.

Division in f : Define for aff
,

bff ){ o }
- ITa :-b = b- = ab

- I

-

In particular
,

b :-b = I = bb
- 1=1

.



Focussing attention on just Ze operation
leads to the notion of a group .

A groupe a is an arithmetic with respect to

a binary operation A satisfying
-

a ) ( Ha
,

b
,

e EG ) C a * b) * c = a * ( btc )

C

associativity
)

Ca) ( IetG) ( Vaea ) ate = e # a = a

C existence of an identity e ).ua#aica.n.!...::::::::..a..I



A groupe G is an arithmetic with respect to

a binary operation * satisfying
-

C) ( Ha
,

b
,

e EG ) C a * b) * c = a * ( bite )

C

associativity
)

Ca) ( Ie EG ) ( Vaea ) ate = e # a = a

C existence of an identity e ).ua#aica.n.!....:::::::--e...a..I

it * is

:i"i=
then a is called abelian C after Abel ( 1802-29 ))



from conditions it
, ,

Cy )
,
(5) listed earlier

t

""€"dF"~↳÷( f
,

t ) is an abelian
group ,

with

| iadejtityegae!
t

.

o
,

and group inverses

-

41
,

41
,

47
,

a I for a field f
,

"

°"°""÷(F){ o 's
,

. ) is an abelian group ,
with

identity element I
,

and group inversesarereciprc.ca



In the case of modular arithmetic
,

where NEXT
,

(Zn,t)isanabeliaugroup,wit| identity
,

t °
,

and group inverses

e-
can reach everything by adding 1 to itself

s÷÷!7÷**±⇒ins
It I t ' It - .  . t 1+1=0

,
and then the cycle

-
n times repeats .



In the case of modular arithmetic
,

where NEXT
,

CZn.tlisanabeliaugroup.mil§!"  

gate!:3?
°

.

and group inverses

-

can reach everything by adding I to  itself

÷÷÷÷÷t÷÷:
We say Can

,
t ) is a cyclicgroup with generator I

.



The invert ibility condition of a

group G

provides flexibility and movement :

If a
,

b E G then we can

"

get from a to b
"

.

.

|a*(a"*b)=@*a")*b=e*b=t
-i

associative :!÷!y



This facilitates solving equations :

a # se = b ⇒ a-
'

* ( a # n ) = a-
'

* b

⇒ @' *a) * a = a-
'

* b

⇒ e * n = a- I
* b

⇒ n = a- '
* b

a⇒÷÷÷÷:÷:i



This facilitates solving equations :

a # se = b ⇒ a-
'

* ( a * n ) = a-
'

* b

⇒ @' *a) * a = a-
'

* b

⇒ e * n =  a-  I
* b

⇒ n = a- I
* b

a⇒÷÷÷÷÷÷s÷
Indeed

, put
a = { invertible nxn matrices over f }

where next and F is a field
,

and let *

be matrix multiplication .



Indeed
, put

a = { invertible nxn matrices over f }
where next and F is a field

,
and let A

be matrix multiplication .

If A
,

B E G then

LAB) ( B
- ' A

" I = A C BB
- I ) A

"
= AI At = A A- '

= I

80 that AB EG with inverse CAB)
- I

= B-
' AT

.



Indeed
, put

a = { invertible nxn matrices over f }
where next and F is a field

,
and let A

be matrix multiplication .

A
- If G

tt@IYaIinIICais-ya-i.ataan.an
.

- he

so that with inverse CAB)
- t

= B-
' AT

.

Hence * is a binary operation on 9 and the

conditions defining a group are satisfied :

✓ i ) * is associative .

✓ eh I is the identity element
.

✓ (3) A C- a ⇒ A-
'

EG and AA
- '

= A- '
A- - I

.



However
,

for n 32
,

it is not commutative
,

e.is
. c :: ]l ::] -

- C : :]
It ( not equal)

[ : in ::3 -

- C ::3

so this G is not abelian
.

=

( In fact
,

most groups are not abelian
. )



Example Consider the group
-

:

a = { symmetries of the rectangle } ,

l

l I 2
•

-

do

I

- - -  -  - -  - -

I
-  - -  - .  .  -  -  - - -

I

I

• • 34 i

:

Operation on G is A
,

which is

composition of symmetries ( following one after

the other )
.



Example
-

:

a = { symmetries of the rectangle }
I

I
•

!
•

Z

I

- - -  - - - - -

I
- - - - . .  - - - - -

I

•  • 34 i

I

I

G = { I
,

A
,

B
,

C } where

I = identity symmetry (
"

do nothing
"

)
A = 1800 rotation

B = reflection in vertical axis
-

c = reflection in horizontal axis
-



I A B C

I I A B C

A A 1 C B

B B C I A

C C B A I

The
group is abelian ( table symmetric

about diagonal )
.


