
MATH 2022 Linear and Abstract Algebra

LECTURE 04Tuesday03/03/2020
-



Matrix arithmetic over a field F :

#

-  in first Year
,

matrix entries

typically come from IR or ①
.

"
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t÷÷÷÷::÷ii÷::from any given field F
.

e.gg
. Working over Zz :

[ :::] + C :::3 -
- at:¥::

=L :::]



e.g
. Working over 223 = { e. 1,2 } :

c :::3 + C :::3 -
- a ::*.:

=L :::3
.

[
'

. ::S - c :::3 -
- E.:::

=L :: :]
,

al :::3 =L Ii , I -

- fi::]
.



Eg . Working over 222 = { oil }
, put

a -

- C ::::3 . By !! ) .

c- - I :::3

" "

a. =L ::::] f !! ) -

- C i: )



%g . Working over 222
, put

a -

- C ::::3 . By !! ) .

c -

- I :::3

" e-

a. =L :::'ll !! ) -

-

.

a-  =L!:p :::D - f!:!:]



egg. Working over 222
, put

a -

- C ::::3 . By !! ) .

c -

- I :::3

" e-

a. =L :::ill !! ) -

-

.

a-  =L!:p :::D - f!!!:]
Note:ABfBACnotereuotthesamesiz



%g . Working over 222
, put

a -

- C ::::3 . By !! ) .

a -

- I :::3

" "

a. =L ::::3 f !! ) -

- C i: )
.

Further

* Ii-
- C i ill :::3 -

- C :::]
,

"

dausa
-

- Aff ! l ::! )) -

- af !!! )



gg . Working over 222
, put

a -

- C ::::3 . By !! ) .

c -

- I :::3

"

Ya .io.
. a in :::3 -

- c :::3
,

" he

!!
-

. all ! l :::3 ) -

- af !!! )
.

. i :::iy÷÷:p .

. c :::3
.

so CABlc=ACB#←iaYT÷,



%g . Working over 222
, put

a -

- C ::::3 . By !! ) .

c -

- I :::3

" "

I .io.
. I :is a::3 -

- c :::]
,

"

dausa
-

- Aff ! l ::! ]) -

- af !!! )
.

. i :::iy÷÷:) .

. c :::3
.



In general ,
let

A be mxn B be n xp .

I

Then
,

the matrix product
AB is

map then'sdisapp€

"""""""¥°t"t""±i⇐^""±k±dot of the ith row of A÷÷:i..



i.tt#l:l...:i....t..

A BCC = A B

m x n n xp
m xp



i.tt#I:t.::......t.

A B C = A B

m x n n xp
m xp



k k

1M¥. 't
"

:/i  

x i . - - - - - - - .

A B C = AB

mxn nxp mxp

Let aij be the Ci
, ;) - entry of A

,

bjh "  '  ' Cj ,k) - entry ' I B
,

Cik a . ' C i
,

k) - entry a C = AB
.



k k

1M¥. It::/i  

x i - - -

I
- - - - - .

A B C = AB

mxn nxp mxp

Let aij be the Ci
, ;) - entry of A

,

bjh "  '  i Cj ,k) - entry ' I B
,

Cik . i  . ' C i
,

k) - entry a C = AB
.

Then
#

Cik = ai , b. at aia but - - - t

ainbnk-E.s.aijbjkcusingsigmanotat.io



Associative.la#:CtB)c--ACB| when all matrix products aredefined .

-

Proof : Let A = Cai ;] be mxn ( Isis m
,

iejen )

B = [ bjn ] be nxp ( is jen ,
lek Ep )

C = [che ] be
pxq ( ie Kep ,

I Ekg ) .

Then
,

the Ci
,

e ) - entry of C AB ) c is

( for IE i Em
,

let sq )



Then
,

the Ci
,

e ) - entry of C AB ) c is

( for IE i Em
,

1st sq )

n€
,

( Sj
,

aijbjk ) cue = at
,

( II
,

Caijbjn) one)
-

Ci
,

k) - entry of AB by distributivity in F

=

a

( :{
,

aijcbjnene ) )
by associativity of . in F



£3
,

( Sj
,

aijbjk ) cue = at
,

( II
,

Caijbjn) one)
-

Ci
,

k) - entry of AB by distributivity in F

= & ( EE
,

aijcbjnene ) )
by associativity of . in F

= II ( §
,

aijcbjnene ))
by commutativity of t in f

( and associativity also implicitly )



P

E ( E.
,

aijbjk ) cue = at
,

( £7
,

Caijbjn) one)
k = I

-

Ci
,

k) - entry of AB by distributivity in F

= & ( :{
,

aijcbjnene ) )
by associativity of  .  in F

= Ii ( §
,

aijcbjnene ))
by commutativity of t in f

( and associativity also  implicitly )

= II,

aij ( §
,

bin Cne )
by distributivity in f



£3
,

( Sj
,

aijbjk ) cue = at
,

( II
,

Caijbjn) one)
-

Ci
,

k) - entry of AB by distributivity in F

= £ ( EE
,

aijcbjnene ) )
by associativity of  .  in F

= is ( §
,

aijcbjnene ))
by commutativity of t in f

( and associativity also  implicitly )

= II,

aij ( §
,

bin Cne )
by distributivity

n

n f
-

l

which is the Cia ) - entry of A ( BC )
, proving CAB) C -

- ACBC)
.

I



IE
,

( Ea aiibjn ) cue = II ( Ea caiibinlcne) ) p
-

Ci
,

n) - entry of AB by distributivity in F ¢
I

= ( :{
,

aiicbjnene ) ) so

⇐

.
.F) ' ÷①

by commutativity of t in f j
( and associativity also  implicitly )

-
- Ei

.

aii c E. bincne ) ] p
- I i

by distributivity in f

which is the Cia ) - entry of A ( BC )
, proving CAB) C -

- ACBC)
.

I



Note : the only properties relied on were

- associativity of t and .

- and commutativity of t
.

Thus
, associativity of matrix multiplication

:::::::÷:÷:::::
class of fields .



Matrix inverses
-

: Let ne It and put

I = In =

,

the identitymat ( i down the diagonal
and o elsewhere )

Then I is the multiplicative identity element

for the arithmetic

Mata C f ) = { nxn matrices over f }
.



If A
,

B E Mata C f ) such that

AB = B A = I

their we say that B is the inverse of A
-

and write

B = A
- "

.

Note that B is unique with this property :

if also AC = CA = I for some CE Matu Cf)

then
C = CI = CCAB ) = ( CA ) B = IB = B

astsociativ.IQ
'



egg
. Working over Zz = { 011,2 } :

Ii in ::3 -
. Costa :X :D

so wat

[ :;]
- '

=L ?:]
a '

f ::3
"

-
- I ::3

.



egg
. Working over Zz :

Ii in :is -
- c :it .

. a:X :D
so wat

[ :;]
- '

=L ?:)
a- .

g ::3
"

-
- I ::3

.

In fact
,

one only has to check half of the definition :

-

Theorem ( difficult ) : If A. BE Mata Cf ) and

AT=IthewBA=I,sothatA"=B



for 2×2 matrices
,

one can check that

a it .
. .÷c :

provided ad - be fo in F
.

E.g
. over Is = { oil ,2 ) :

C.it . # E.

-it -
. H ::3

-
- al :: I -

- Li:]
as before ✓


