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Transpose of a matrix
-

:

If M is an mxn matrix then MT
,

the transpose of M
,

is the nxm matrix

obtained by interchanging rows and columns
.

Eg . Working over IR
, put

m -
- CI's's ]

,
I -

- ft ]
.

Then MT = ( ! Ig) ,
IT -

- [ I - I 2)



Eg . Working over IR
, put

m -
- C :'s:]

,
I -

- ft ]
.

Then MT = f ! Is) ,
IT -

- Ci - I 4
,

me -

- I ;::3 = C II
and

IT MT -
- Ci - i 2) (

'

g ÷) = C 5 11 ] = (MEP
.



and products are defined
,

" "

"""^
( AtB)

T
= Att BT

,
CAT )T= A

,

(ABBTA€
÷:::::



Solving systems of equations :

-

All the familiar techniques carry over to matrices

where entries come from any fixed field F
.

A system of m linear equations in n variables

Hi
,

. .  .

, Rw has the form

Al ,
k

,
t a

,z Kat .  - - t a
,  a Un = b

,

Az ,
N

, tazz nut - - . t am Un = be

a n
, tan !seat - - . ta an -

-

Im

where aij , bi are constants from F
.



The system has augmented matrix
-

All Air - - - Ain b
,

i
:

"it:L(
L

-

am
,

ane - - - 9mm bm )
which is an abbreviation for the matrix equation

Msg = bae

" ' '

it :÷÷÷: in . sit:



To solve the system :

- perform Gaussian elimination
-

using

elementary row operations
-

C
'
s )

- to convert the augmented matrix into

row echelon form
#

- and then apply back substitution
-

- assigning parameters to non-teaching variables
.



Three types of e. no
.

's :

( I ) interchanging ith and j the rows
,

denoted by

Ri a Rj ,

f÷÷÷÷÷÷÷÷÷"j
Cs ) adding a multiple of the j th row to the

ith row
,

denoted by

Ri → Rit X Rj .



For a matrix to be in row echelon form
-

:

⇐""°t←""^"**"""X
Cb) first nonzero ( leading ) entries of

consecutive rows appear further to the right
,q.mg#....f..w,a.eeguae+.&,

'

(iupractice,④isottenrek#



For a matrix to be in row echelon form
-

:

⇐""°t←""^"**"""XCb) first nonzero ( leading ) entries of

consecutive rows appear further to the right
,

@uaa.ageam.eg.y.wga.eequaey.y.L

To be in reduced row echelon form
- ,

we also

require
-

Cd ) entries above ( and below ) leading entries are zero .-



For a  matrix to be in row echelon form
-

:

⇐""°t←""^"**"""XCb) first nonzero ( leading ) entries of

consecutive rows appear further to the right
,

f.
:

 

requireCd ) entries above ( and below ) leading entries are zero .-backsubsti-ttiowcaubeap.ph#simplifiesif@7hold



-

TheorewCdifficu : A given matrix ca - be

row reduced to one and only one matrixmreda.eeroweaaeg.wf.mn

C Row echelon forms that are not reduced

need not be unique . )
-

A system is inconsistent ( has no solution ) iff

at some stage during row reduction a row of

Z-erosappeoarsj.f.ol.lowedbnynouz-eroktotheri.gl



Example Solve the following over R and Zz :

-

:

n
,

t me t Nz t my t as = 2

U
,

- un t Nz
- a

,
- = O

x
,

t 5ns t as t3n+t 3ns =3

Solution
-

:

I ! I ! 's
'

:/ ;] n to::-i -

'

f-
'

fairer .

O 40 2 2 I R
,

-7 Rz - R
,

i :÷÷.:L:L :÷:*:
.



Solution
-

:

I ! 's
'

i'
'

it ;] - to- ti-i -

'

f-
'

fairer .

O 4 O 2 2 I R
,

-7 Rz - R
,

i :÷÷.:L:L :÷i:*
.

i :÷÷it.is :::::
'

i :::÷¥ .

an .
. .

.



Solution
-

:

iii. iii. Hi :÷÷¥ .

giving an equivalent system :

-

K
,

t a
,

t trym+±m⇐÷i
The leading variables are hi

,
sea

, Ksn .

The now - leading variables are us
, ay .



Solution -
-

:

a
,

t k
,

t trym+±m⇐÷i
The leading variables are Hi

,
sea

, Ksn .

The now - leading variables are us
, ay .

Back substitution : as = %
, not = t

, Nz -
- S

,

se
,

= - k - hay = - I - the
l

N
,

= I - Us - that = I - S - the
.



Solution
-

:

Back substitution : as = %
,

no,
= t

, Nz -
- S

,

se
,

=  - K - knot =  - I - the
l

N
,

= I - Us - that = I - S - 42
.

Solution over IR :

k
,

= I - S - I
,

k
,

=  - I - I
,

a
,

=s
,

my -_ t
,

Us - =L

where sit C- IR .

Solution set : { ( I - s - th
,

- I - ta
,

sit
,

3h ) Is ,tfR } .



Solution
-

:

Solution over IR :

k
,

= I - S - I
,

K
,

=  - I - I
,

a
,

= s
,

my -_ t
,

Rs - =L

where sit C- IR .

Solution set : { ( I - s - Ha
,

- I - ta
,

sit
,

3h ) Is ,tfR } .

Solution over If : all fractions involved dividing
by 2

,
sensible in 22g ,

so same solution description

holds over 22g ,
but simplifies because in 22g .



Solution :

solutioasetorerlki.sci-s-tq-t-k.at#stfRg

.

Solution over If : all fractions involved dividing
by 2

,
sensible in 22g ,

so same solution description

holds over 22g ,
but simplifies because in 22g .

-
Solution set over Zz :

{Clt6st3t,3t3t,s,t,5)lS,tfZf

The solution set is infinite over IR
,

but has 72=49
solutions over Zz .


