THE UNIVERSITY OF SYDNEY

MATH2022 LINEAR AND ABSTRACT ALGEBRA

Semester 1 Week 5 Longer Solutions 2020

1. (a) Since A is lower triangular, the eigenvalues are 2 and 1. To find the eigenspace
corresponding to 2:

00 1 -1 . t
QI—A—{_ll}N{O 0], yielding {{t}‘teR}.

To find the eigenspace corresponding to 1:

-1 0 10 R 0
I—A:[_l O}N{OO]’ yielding {{t]’tER}.

(b) Observe that

det(A\[—B) = ‘ A-t

5 A_4 ': A=1)(A=4)+2= A =5 +6 = (A—-2)(A—3) ,

yielding eigenvalues 2 and 3. To find the eigenspace corresponding to 2:

1 -1 1 -1 I t
2]—32[2 —Z}N{O 0}, yielding {{t}‘tER}.

To find the eigenspace corresponding to 3:

3] — B = 2 —1 L= ieldin 5 teR
2 -1 0o 0| Yeans t '

(c) Observe that

det(/\]—(J):‘ A=l ‘

oy o 22 _ — () _9)2
L 3| m =D+ 1= Nt d = (A —2),

yielding eigenvalue 2 only. To find the eigenspace corresponding to 2:

1 -1 1 -1 — t
2]—0—[1_1}~[0 0], yielding {[t}‘tER}.

2. (a) Since A is upper triangular, the eigenvalues are 1, 2 and 3. To find the eigenspace
corresponding to 1:

0 -1 -1 010 t
I-A=1]10 -1 1|~ 100 1], yielding { 0 te R}.
0 0 =2 000 0




To find the eigenspace corresponding to 2:

1 -1 -1 1 -1 0 t
2I—-A =10 0 1|~ |0 0 1], pyielding { t teR}.
0 0 -1 0 00 0

To find the eigenspace corresponding to 3:

2 -1 -1 1 00 0
3l-A=10 1 1|~]011], yielding{ —t teR}.
0O 0 0 000 t
(b) Observe that
Ao—1 0 N
detO\M —B)=|2 A=3 0 |=(\-2) = (A —2)AA—3)+2)
0 \_2 2 A-3

0
=A=2)(AN=32+2)=(A—-2)*(A—1),

yielding eigenvalues 2 and 1. To find the eigenspace corresponding to 2:

2 -1 0 1 -3 0 L

2-B= |2 -1 0|~ 10 00 yielding { t s,t € R}.
0 00 0 00 S

To find the eigenspace corresponding to 1:

1 -1 0 1 -1 0 t
I-B=12 -2 0| ~1]10 01 yielding { t te R}.
0 0 -1 0 00 0

(c) Observe that
AT 2 —6 A+T7 2 A+1
det(A\I - C) = 2 A—-1 =2 |= 2 A—=1 0
10 2 A-9 10 2 A+1
A—3 0 0
= 2 AX—=1 0 =A=3)(A—-1)(A+1),
10 2 A+1

yielding eigenvalues 3, 1 and —1. To find the eigenspace corresponding to 3:

(10 2 —6 11 -1 10 —3
3[-C =2 2 2|~ |0 -8 4|~ ]01 —5|,
| 10 2 -6 0 0 O 00 O
t
2
yielding { % t e R}. To find the eigenspace corresponding to 1:
t
8 2 —6 1 0 —1 10 —1
I-C = 2 0 2(~1]102 2| ~1/01 1]/,
10 2 =8 02 2 00 O
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t
yielding { —t

t e R}. To find the eigenspace corresponding to —1:

t_
[ 6 2 —6 1 -1 —1 1 0 —1
—I1-C = 2 -2 2| ~1l0 8 0| ~]01 0],
10 2 —10 0 12 0 00 0
t
yielding{ 0 tG]R}.
t

3. We have Av = \v for some nonzero vector v.

(a)

(b)

If A2 = 0, the zero matrix, then, denoting the zero column vector by 0, we have
0 = A*v = A(Av) = AQ\W) = MAv) = \v,

so that A\? = 0, since v is nonzero, so that A = 0.
Suppose that A2 = A. Then

MW o= Av = A’v = A(Av) = AQv) = MAv) = \v.

Hence 0 = A\?>v — Av = (A2 — A\)v = A\(A — 1)v, so that A(A — 1) = 0, since v is
nonzero. Thus A =0 or A = 1.

Suppose that A%2 = I. Then
v = Iv = A%v = A(Av) = AQv) = MAv) = \v.

Hence 0 = M>v —v = (A2 —1)v = (A —1)(A + 1)v, so that (A —1)(A +1) =0,
since v is nonzero. Thus A =1or A = —1.

We have a® = 2 = 1 and Ba = o~ '8 = o®f, from which it follows quickly, by
moving all a’s to the left and f’s to the right and collapsing, that

G :{17 a? a27 a37 &47 &57 /87 aﬂ? &2/87 a3ﬁ7 a4/87 &5/8}'

If the order in which the generators are written is reversed then powers of a stay
the same (including the identity element 1 vacuously), and § stays the same.
However, rewriting o backwards, for 1 < i < 5 produces

/Bai — a—i/@ — a6—i/8

so that the list of reflections a3, a%8, a3, a3, a’B is duplicated but in reverse
order.

Using the facts that o® = 82 =1 and Ba’3 = a~¢ for all i, we have

ﬂ&555&_3ﬁ_3&85 — /BCYSBO;’/BCYQﬁ — ﬁOéSa—SaQB — 50146 — a—4 — 042.



(c) Put
e cost/3 —sinm/3] [ 1/2 —/3/2
| sinw/3  cosw/3 | | V/3/2 1/2 |’
the rotation matrix that rotates 60 degrees anticlockwise, and

B_ cos( sin0 | |1 0
| sin0 —cosO | |0 —1|"

the reflection matrix that reflects through the horizontal axis (but in fact any
reflection matrix will work). Then A® = B? = [ and

sao- (3 215 1 21-[ s ) -w
so that, as in (a), it follows that

H = {I, A, A> A* A* A5 B, AB, A’B, A’°B, A'B, A°B} .

Because all of these powers of A are distinct (corresponding to multiples of one
sixth rotation), it follows that all elements of H are distinct. The mapping o — A
and 8 — B induces a bijection from G to H that respects the group multiplication
since, on the one hand, for 0 <i,5 < band 0 <k, ¢ <1,

, , i+t if k=0
i ok JRe — o ﬁ 1 ’
(@55 {ai—fﬁ”‘f if k= 1,

whilst, on the other hand,

ATIBt if k=0,

A'B*¥)(ATBY = o
( )( ) {AszlJrZ lf k, — 1’

where addition or subtraction of exponents is taken mod 6 and mod 2.

5. We have o = 2 = 1, since « is a single 6-cycle and 8 is a product of disjoint

transpositions (2-cycles). Further 7! = 3 and
BlaB =paB=(16)(25)(34)(123456)(16)(25)(34)=(165432)=a"".

Thus
Ba = Baff = a™'f = a°F.

Collecting all the a’s to the left and s to the right, and simplifying, it follows that
<a’/8>:{17a’a27a37a47a57/87a/87a2/67 a3/87a4/87a5/8}

= {1,(123456),(135)(246),(14)(25)(36),(153)(264),(165432),
(16)(25)(34),(15)(24),(14)(23)(56),(13)(46),(12)(36)(45),(26)(35)}.

We want v € Sym(6) such that v~ 'ay = a™!, so we look exhaustively for permutations

that rewrite the cycle (1234 5 6) as all possible cycles that represent a~!, namely,

(165432), (654321), (543216), (432165), (321654), (216543),

4



producing the following possibilities, in the same order:
¥=026)35)=a’8, y=(16)(25)34) =8, 7=(15)(24)=af,

Y= (192366 =a8, 7=(13)(E6)=a’F, 7=(12)(B6)45)=a's.
These possibilities exhaust precisely all of the reflections of the form a3 for 0 < i < 5.

(a) We have that

2 2 4 2 2 4 4 6 12
M?* = 2 5 8 2 5 8| = 6 13 24 | ,
-1 -2 -3 -1 -2 -3 -3 —6 —11
and
6 6 12 20 0 4 6 12
3M — 21 = 6 15 24| -0 2 0] = 6 13 24 |,
-3 —6 -9 00 —2 -3 —6 —11

which verifies that M? = 3M — 2I. Further

6 A—=95

A—2 2 4 A—2 —2 4
XA = detO—M) = | -2 A-5 -8 | =| -2 A-5 -8
1 2 A+3 A1 0 A-1
A2 -2 4
— | 6 A-5 -8 :(/\—1)‘)‘+2 _2'

0 0 -1
= A=D((A+2)A=5)+12) = A=D1\ =3x1+2) = A-1*(A—2).
(b) By the Cayley-Hamilton Theorem,
x(M) = (M —1)*(M—2I) = 0.
This is consistent with the first part of (a), since M?* = 3M — 21 implies that
(M —1)(M —2I) = M>-3M +2I =0,

which in turn implies x(M) = 0, since (A — 1)(A — 2) divides x(\).

(c¢) The formula holds trivially for k£ = 1, and also for k = 2 by part (a), which starts
an induction. Suppose k > 2 and, as inductive hypothesis, that

MY = (2 DM+ (2211
Then

MF=MMFY =M - )M+ (228N =2 )M+ (2 -2
=2 —1D@BM -2) +(2-2"HYM = (32" — 1) +2 -2 HM + (2 - 2M1
=2"-1)M+(2-251,



which verifies the inductive step, completing the proof for all positive k. The
formula also holds trivially for £ = 0. One can prove the formula for negative k
also by induction. A direct verification is to calculate as follows, for positive k:

M* ((2’c — )M + (2 — zk)f)

((zk — )M + (2 — 2’f)1> <(2—’f — )M + (2 — 2—’f)1>
((2k — )27k - 1) M?* + ((2’“ -DE2-27"+2-2"0e"F- 1))M

+(2-2M@2-2H1

(2-2F—27 " )M> + (2" =342 F 27 —3 42N

+ (5 _ 2k‘+1 _ 2_k+1)_[

(2—2"—27%)(3M —2I) + (3(2") =6+ 3(27")) M + (5 — 2" —27F+ )]

(6 —3(2") —3(27F) +3(2") -6+ 3(2““)) M

+ ( —4 + 2k+1 T 2fk+1 + 5 _— 2k+1 _ 2k+1)]'

=1

which verifies that
M™% = (MR =
so that the formula holds for all integers k.
(d) The formula gives

@F-1)M+(2-2""1,

2 2 4 30 0 0
M = (2-1)M+2-2 =31 2 5 8|—-|0 3 0
-1 -2 -3 0 0 30
32 62 124
=| 62 125 248 | ,
-31 —62 —123
o2 o2 4 300
M-l:(2-1—1)M+(2—2—1)1=—5 2 5 8|+]|0 20
-1 -2 =3 00 2
: -1 =2
= -1 -1 —4 ],
i1 3
and
a ] 2 2 A 20 0
M-5:(2-5—1)M+(2—2—5)I:—3—2 2 5 8|+ 0 8 0
-1 -2 -3 0 0 &
1 —62 —124
=— | —62 —92 —248
201 31 62 156



7. (a) We have

A2 _ cosf) —sinf cosf) —sinf
~ | sinf  cosf sinff  cosf

cos 20 —sin 260
sin 20 cos20 |’

after simplifying, which corresponds to a rotation of the plane 26 radians.
(b) We have

B2 _ cos 2¢ sin 2¢ cos 2¢ sin2¢ | |1 0 7
| sin2¢ —cos2¢ sin2¢ —cos2¢ | |0 1| 7

after simplifying, which corresponds to a rotation of the plane 0 radians (the
identity mapping).

(c¢) From general facts about rotation matrices (see Q4(a)(b) of Week 2 Exercises),

AS:(Al)?’:{ cos Singr’:{ cos 30 sin36’]

—sinf@ cosf —sin30 cos 30

which corresponds to a rotation of the plane —36 radians.
(d) We have

AB — [ cosf —sind } [ cos2¢  sin2¢ } | cos(8+2¢) sin(f + 2¢)

B [ sin( + 2¢) — cos(f + 2¢) ] ’

after simplifying, which corresponds to a reflection of the plane through the line
through the origin making an angle of @ with the positive z-axis.

sinf  cosf@ sin2¢ — cos 2¢

(e) As a special case of the previous calculation, taking ¢ = 6, we have that

AC — |:COS39 811139}’

sin36 — cos 30
which corresponds to a reflection of the plane through the line through the origin
making an angle of % with the positive z-axis.

(f) We have

BA— | 8 20 sin2¢ cosf —sinf | | cos(2¢ —0) sin(2¢ — 6)
"~ | sin2¢ —cos2¢ sinf  cosf | | sin(2¢ —60) —cos(2¢—6) |’

after simplifying, which corresponds to a reflection of the plane through the line
through the origin making an angle of 22=% with the positive z-axis.

2
(g) We have

B — {congb sin2¢] [cos29 sinQG} | cos2(p—6) —sin2(¢p—0)

- { sin2(¢ —0)  cos2(¢ —0) } ’

after simplifying, which corresponds to a rotation of the plane 2(¢ — ) radians.

sin2¢ — cos2¢ sin20 — cos 26



(h) We have, by (d) and (f),

ABA — [ cosf® —sind cos 2¢ sin 2¢ cosf) —sin6
~ | sinf  cosf sin2¢ — cos2¢ sinf  cosf

[ cos(0 + 2¢) sin(f + 2¢) cosf) —sind
| sin(0 +2¢) —cos(f + 2¢) sinf  cosd

[ cos(0+2¢ —0) sin(0 +2¢—0) | | cos2¢  sin2¢ _ B
| sin(@+2¢—0) —cos(0+2¢—0) | | sin2¢ —cos2¢ |

Alternatively, by Q4(a)(d) of Week 2 Exercises,
ABA = ABAI = ABABB = A(BAB)B = AA™'B = IB = B.
(i) By Q4(a)(d) of Week 2 Exercises,
BA’B = (A = A%,

which corresponds to a rotation of the plane —26 radians.

(j) We have, by (f) and (g),

BAC — cos 2¢ Sln2¢] |:COS(9 —sm@] [00829 s1n20}

| sin2¢ —cos2¢ sinf  cosf sin 20 — cos 26
[ cos(29 —60)  sin(2¢ — 0) cos20  sin26

| sin(2¢ —6) —cos(2¢ —0) sin20 — cos 26

[ cos(2¢ —30) —sin(2¢ — 30)

| sin(2¢ —30)  cos(2¢ —30) |’

which corresponds to a rotation of the plane 2¢ — 30 radians.

8. We have
x(\) = det(\— M) = { } =(A—a)A—d)—bc =\ —(a+d)A\+ad—bc,

and

X(M) = M?— (a+d)M + (ad — be)l

- (28] e[ ][5

B [ a? + be ab—l—bd]_{az—i-ad ab+db] [ad—bc 0 }

_ca+dc cb + d? ac+de ad+ d? 0 ad — be
[ a®+bc—a?—ad+ad—be ab + bd — ab — db oo
- ca + dc — ac — dc co+d>—ad—d*+ad—bc| — |0 0|’

the zero matrix, verifying of the Cayley-Hamilton Theorem for 2 x 2 matrices.

9. (a) We have that Mv = Av for some nonzero column vector v. We claim that
M*v = Mev for all positive integers k, and verify this by induction. This is



clearly true if k = 1. Suppose that £ > 1 and assume as inductive hypothesis
that M*v = A*v. Then

MMy = (MM*)v = M(M*v) = M(\*v) = N (Mv) = A (\v) = Vv |

which establishes the inductive step, and completes the proof of our claim. Thus,
for all positive integers k, we have that A\* is an eigenvalue of M* (and further
that v is always a corresponding eigenvector).

(b) Again, we have that Mv = A\v for some nonzero column vector v. If A\ = 0 then
Mv = 0v =0, so that

v=1Iv=(M'Mv=M"Mv)=M"'"0=0,
which contradicts that v is a nonzero column vector. Hence ) is nonzero. Further,
v = %(/\V) = A 'Mv,
so that
M™'v = M'(A'Mv) = X (M'M)v = X 'Iv = Al

This proves that that A™! is an eigenvalue of M~! (and further that v is a corre-
sponding eigenvector).

cosf) —sind

10. Let M = [ sin 6 cos 6

} where # € R be a rotation matrix. Working over C, we
have

A —cosf sin @

X(A) = det(A — M) = —sinf@ M\ —cos0

= (A —cosf)? + sin?0

= A —2X\cosf 4 cos’f +sin*0 = A2 —2\cosf + 1,

with roots
2cosf ++/4cos? — 4 ,
A= 28 5 cos = cosf+isind = =¥
where ¢ = v/—1. If 8 is an even multiple of 7 then M = [ and A = 1 is the unique
eigenvalue. If 6 is an odd multiple of 7 then M = —I and A = —1 is the unique

eigenvalue. In both these cases, the eigenspace comprises all column vectors with
entries from C. Suppose then that 6 is not a multiple of 7, so that sinf # 0. Finding
the eigenspace corresponding to A = e = cos @ + isin 6:

isinf sind i 1 1 —j
—sinf isinf —1 1 0o 0]’

z € C} . Finding the eigenspace corresponding to A = ¢ % =
—isin 6 sin 0 — 1 1 4

—sinf —isinf -1 —i 001"

yielding { [ _Zj } z € (C}.

yielding { [ zz }

cosf — isin0:




11. The (i, ¢)-entry of A(adjA) is

n

Z(—l)”ja@-j det Agj .

j=1

If i = ¢ then this is the expansion along the ¢th row of A, yielding det A. If ¢ # ¢ then
this is the expansion along the fth row of the matrix obtained by replacing the ¢th
row of A by the ith row, yielding the determinant of a matrix with two identical rows,
which is zero. This proves A(adjA) = (det A)I, and then the rest follows quickly.

12. Given Mx = ¢, we have

so that, for each 4,

det Mz
det M’

IR »
T detMZ(_l)j+ det(M;i)e; =

J=1

since det M; = 77| (—1)7*"c; det Mj;, expanding down the ith column. In the given

system,
2 3 4 —4
M= |5 56 and ¢ = | =3 |,
31 2 —1
so that
2 3 4
detM = |5 5 6 :2’56‘—3‘56’+4‘55‘:_8,
1 2 3 2 3 1
31 2
-4 3 4
detM; = | -3 5 6 :—4'56‘—3‘ 36’+4’ 35’:_8,
1 2 1 2 11
-1 1 2
2 —4 4
det My = |5 =3 6 —2_36+456+45_3 = —16,
-1 2 3 2 3 —1
3 —1 2
2 3 —4
detM; = |5 5 —3 :2‘5_3‘—3’5 3‘ 4'55‘:24,
1 -1 3 —1 3 1
3 1 —1
yielding
-8 —16 24
et vs e r T s
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