THE UNIVERSITY OF SYDNEY

MATH2022 LINEAR AND ABSTRACT ALGEBRA

Semester 1 Week 6 Longer Solutions 2020

1. (a) From Week 5 solutions, we may choose eigenvectors [ (1) and 1 } correspond-

0 1} , so that

ing to eigenvalues 1 and 2 respectively. Put P = [ 11
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(b) From Week 5 solutions, we may choose eigenvectors { i } and [ i } correspond-

Observe that P! = { ] , so that, for all positive k,

1
1
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ing to eigenvalues 2 and 3 respectively. Put P = [ } , so that

s 20 (2074
PMP_[OS and M = P| | P

Observe that P! = { 2 -1 }, so that, for all positive k,
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Mk:P{Q o} Pl {1
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1 % 9k+1 _9k ok+1 _ 31@ _9k 4 3k
B {1 1 } [—2( k) 2(3%) } - [2“1 — 2(3%) —2’f+2(3’f)}
(c) Observe that det(A\] — M) = i\ i ‘ =M -1=(A-1)\+1), yielding

eigenvalues 1 and —1. To find the eigenspace corresponding to 1:

=[] [32] e {[7] )

To find the eigenspace corresponding to —1:

-1 1 1 -1 . t
—I—M—{ 1 _1]~{0 O}’ yielding {{t}’tER}.
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. —1 1 . .
Thus we may choose eigenvectors [ 1 } and [ 1 } corresponding to eigenvalues

1 and —1 respectively. Put P = [ _1 ! } , so that

1

0} and M:P{1 O]P_l.

—1 o
P'MP = 0 1

Observe that P~ =1 { _1 1 ], so that, for all positive k,
p1_ 1 -11 1 0 -1 1
2 11 0 (=1)* 11

[ ] Sy e

M’“:P[

As expected, this simplifies to the following:

M - {I if k£ is even

M if k is odd.
1 1 0
From Week 5 solutions, we may choose eigenvectors | O [, | 1 | and | —1
0 0 1
11 0
corresponding to eigenvalues 1, 2 and 3 respectively. Put P= | 0 1 —1 | ,so
00 1
that
100 1 00
P'MP = [0 20 and M =P|0 2 0]|P"!
0 0 3 0 0 3
Observe that
11 0| 100 1 01 1 -1 0 100 1 -1 -1
01 —1 01 0|~]010 0 1 1]~ 10 0 1
00 1 0 01 0 01 0 01 0 01 0
1 -1 -1
sothat P~'= | 0 1 1 |. Hence, for all positive k,
0o 0 1
1 007" 11 0][1 0 0 1 -1 -1
MF=pPlOo20| Pt =01 -1 0 2¢ 0 0o 1 1
0 0 3 00 1 0 0 3* 0o 0 1
1 2F 0 1 -1 -1 1 2F—1 281
= |0 28 -3 0 1 1| =1]0 2 2F_3k
0 0 3* 0o 0 1 | 0 0 3k




(e)

1
s 0
2
From Week 5 solutions, we may choose eigenvectors | 1 |, | 0 [ and
0 1
3 0 1]
corresponding to eigenvalues 2, 2 and 1 respectively. Put P=| 1 0 1
01 0 |
that
200 2 00
P'MP = |0 2 0 and M = P|0 2 Pt
0 01 0 01
Observe that
% 01 1 00 10 2 200 100 -2
1 01 01 0|~]01 0 001 |~]010 0
010 0 01 0 0 —1 -2 10 0 01 2
-2 20
so that P! = 0 0 1 |. Hence, for all positive k,
2 -1 0
2. 007" Lo1]f[200][-2 20
MF=P|l0O 20| P'=|101 0 2F 0 0 01
00 1] 010 0 0 1 2 -1 0
10 1] =22 2(2%) o0 2-2F 21 0
= 1 01 0 0 28| = | 2=21 21 _1 0
010 2 -1 0 0 0 2k
1
2
From Week 5 solutions, we may choose eigenvectors % | — and
1

corresponding to eigenvalues 3, 1 and —1 respectively. Put P =

so that

30 0 30
P7'MP =101 0 and M =P|0 1
00 —1 0 0

Observe that
11100 1 2 2 200
5 -1 0[010|~|0-2-1] =110
1 1 001 0 -1 -1 | -2 0 1
10111 o0 1 00| -2
~|1011]20-1|~]|010] -1
001|371 =2 000 3

M = = =

[l e 1

— O N

o = O



sothat P~'=| —1 —1 1 |. Hence, for all positive k,
3 1 =2
30 o0]"
Mf=PlO 1T of P
00 —1 |
(2 1 1] [3 0 o0 -2 0 2
=3 —-10 01 0 -1 -1 1
|1 1 1] [0 0 (=1 31 =2
(2 1 1] [ -2 0 2(3%)
= |35 -10 —1 —1 1
|11 1] [ 3(=DF (—=1)F —2(-1)*
3(-1F—3k—1  (=1)F—1 3F4+1-2(-1)*
= 13" 1 3k —1
| 3(—=1)F—2(35F) =1 (=1)F =1 2(3F)+1—2(-1)"

2. The entries of M are all positive and the columns sum to 1, so M is regular stochas-

tic. The unique steady state vector is a probability vector that is also an eigenvector
corresponding to eigenvalue 1. To find the eigenspace corresponding to eigenvalue 1:

RN ]

t
so that t = 5/9, yielding the unique steady state vector

v [ ] .
To diagonalise M, observe that

wor-0 = [51 | (-)6-3) -

1, 1 1
= Mo a+— = (A-1) (A==,
1077 10 10

yielding eigenvalues 1 and 1/10. To find the eigenspace corresponding to 1/10:

U i R P

yielding { [ 4/5 } t e ]R}. Thus, we want nonnegative ¢ such that 1 = % +t= %,

O|Ut O~

yielding { [ _i } ‘ t e ]R}. Taking ¢ = 1 we may use the eigenvector { _1 } and put

—1
1 Y

P =

OlUT Ol




3.

so that

P'MP = {1 9} and M:P[l ?}P‘l.
0 1% 0 1%
Observe that P! = [ _é i ], so that, for all positive k,
9 9
1 01" 41771 o0 11
ko -1 _ | g —
w=rly a =18 Lo ][
[§ —w0t { | 1] [ s+s107t 55107
- 5 — 5 4 - 5 5 — 5 4 -
o 07 L=5 5 5= 5107 5107t
4 4
9 9
9 9

as k — oo. This confirms the original calculation of the steady state vector, because,

for any probability vector v = { :; } where x + y = 1, we have

4 4 4 4
. 505 | [a s@ty 5
JiToMkX:[“Hy]:[%wy) :[é]:‘"
9 9 9 9
(a) We have

9 13 80 493 3038
Vi= gl V27 qg | V3T 1|0 YA T [ esa |0 VBT | 4215 |

(b) The characteristic polynomial of A is

() = det(A\[ — 4) = 'A_z -3 ‘

3 4| =020 =49 = A —6X—1,
with roots A = %‘E = 34 +/10. Thus the eigenvalues of A are

M o= 3+V10 = 6.16228 and A, = 3—V10 = —0.16228

to 5 decimal places.
(c) Put

1 1
Vv = .
3038 ° 1215

[ 243(2) 7 [ 6.16228
Av = {3+4(%) ~ | 854970

Then

oo
Utco

to 5 decimal places. Also

B+Viy = [<3 i%%é?%)} = [géigiﬂ = Av

to 5 decimal places, so that v is a close approximation to an eigenvector of A
corresponding to its largest eigenvalue \; = 3 4+ 1/10.
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4 925 —154 949 —5848
Wiz g W T g W3 T o111 W T —e’a [P VE T | 4915 |

1 1
W = W = .
e |
Hhen e {_4_3(_;5;}1;)} - [—6.16228] e iemar
3+2(522) 4.44152 ' ’

correct to 5 decimal places. Thus w is a close approximation to an eigenvector
for B corresponding to an eigenvalue of approximately —6.16228.

2 3

(c) PutA:{g 4

} , the matrix from the previous exercise. Then

=[] 2] - 3] -

so that B = A~!. Thus A and B share the same eigenvectors, and the eigenvalues
of B are the reciprocals of the eigenvalues of A, namely,

1 —/1
_3-V10 _ —3+10 = 0.162278

3+v10  9-10

and

1 1
34410 s VT

3 —+10 9—-10
to 5 decimal places. The negative eigenvalue of B is the largest in magnitude and
dominates in the approximation that arises in part (b), just as the largest eigen-
value of A dominated in the approximation in part (c) of the previous exercise.
This illustrates how applying the numerical technique to the inverse of A, namely
B, finds an approximate eigenvector of A corresponding to the eigenvalue of A
that is smaller in magnitude, namely Ay = 3 — v/10.

= —6.16228

5. Observe that

det(\] — M) = ‘

whose roots

A\ = and Ao =

are the eigenvalues of M. To find the eigenspace corresponding to Ai:

-1 -1 1 -\
Al[_M_{ —1 Al}N[O 0}’

yielding { [ At ] ‘ t e R}. To find the eigenspace corresponding to As:

!
S [ho1 -1 1 X
M_M—{ 1 AQ]N{O 0]’



yielding { [ A;t 1 ‘ t e R}. Thus we may take eigenvectors { >il } and [ A2

1
At Ao
11

1 with

respect to A; and Ay respectively. We may put P = [

s A0 A 0]
PMP_[())Q and M = P| P

1 =X
-1 N

k
P I VIV I LR )\1 1 =X
M_P[o v 0)\’“ -1 N

B L )\116—&-1 )\l2f+1 1 =)y B i /\k+1 /\1244-1 )\1>\12€+1 _ /\2>\11€+1
VAR Y -1 X\ V5 AF— \E MAE — A \F

But, for n > 2, we have

)= e] ] =]

Observe that P! = \/Lg { } , so that, for all positive k,

R VRSP Vet D tP L P9 1
VB LT AT AT A } { 1 ]
L AT AT AT = AT
VB LA T AT = A }
LI =) =T - )

VB LA =) = AT - ) }

R S P Y

- % _)\?—I_Ag—lj| )

using the fact that 1 — Ay = Ay, so that, also, 1 — A\; = Ag. Thus, finally,

we B (Y5

(a) Observe that the columns of M add up to 1 and

0 1/2 1/2 0 1/2 1/2 1/2 1/4 1/4
M2 = | 1/2 1/2 0 1/2 12 0 | = | 1/4 1/2 1/4
12 0 1/2|]1/2 0 1/2 1/4 1/4 1/2

has all positive entries, which verifies that M is regular stochastic.

(b) The unique steady state vector is a probability vector that is an eigenvector
corresponding to eigenvalue 1. To find the eigenspace corresponding to 1:

1 —1/2 —1/2 1 —1/2 —1/2 10 —1
I-M = | -1/2 1/2 0 ~ 10 14 —1/4| ~ |01 -1],
~1/2 0 1/2 0 —1/4 1/4 00 0



t
yielding { t
t

t e R}. To get a probability vector, take ¢ = 1/3, yielding

1
3
the unique steady state vector v = %
5
(c¢) To diagonalise M, observe that
A -1/2 —1/2 A —1/2 0
det( A\ [— M) = | =1/2 A—1/2 0 = | —=1/2 X—=1/2 1/2— )
—1/2 0 A—1/2 —1/2 0 A—1/2
A —1/2 0 1 A —1/2
= -1 A=1/2 0 = )\—5 1 oA—1)2
—1/2 0 A—1/2
1 5 1 1 1 1
— —_ — —_ = - - — _ — — _1
=2)0r=23) = (-2)02) )

yielding eigenvalues 1, 1/2 and —1/2. To find the eigenspace corresponding to
1/2:

1 1/2 —-1/2 -1/2 100
5] -M = | —-1/2 0 0 ~ [0 1 1],
—1/2 0 0 0 00
0 0
yielding { —t t e R}. Taking ¢ = 1 we may use the eigenvector | —1
t 1
To find the eigenspace corresponding to —1/2:
1 -1/2 —1/2 —1/2 1 1 1 1 0 2
_§]_M = | -1/2 -1 0 ~ |0 =1/2 1/2| ~ |0 1 -1
—1/2 0 -1 0o 1/2 —1/2 00 0
—2t -2
yielding { t te R}. Taking t = 1 we may use the eigenvector 1
t 1
Now we may put
1/3 0 -2
P=|1/3 -1 1],
/3 1 1
so that
1 0 0 1 0 0
P'MP =10 1/2 0 and M =P|0 1/2 0 | P!
0 0 -—1/2 0 0 1/2



Observe that

/3 0 -2 100 1 0 -6 300
/3 -1 1010~ 1|0 -1 3| —-110
/3 1 1,001 0 3] -1 01
1 0 -6 300 100 1 1 1
~10 -1 3| -110|~1]010 0o —1/2 1/2 |,
0 0 -2 11 00 1| —-1/3 1/6 1/6
so that
1 1 1
Pt = 0 -1/2 1/2

~1/3 1/6 1/6

Hence, for all positive k,

10 0
MF=P|0O 1/2 0O P!
0 0 -—1/2
/3 0 -2 10 0 1 1 1
= | 1/3 — 1 0 2°% 0o -1/2 1/2
/3 1 1 0 0 (— 1 -1/3 1/6 1/6
/3 0 -2 1 00 1 1
- [ 1/3 =1 1 000 -1/2  1/2
/3 1 1 0 00 —1/3 1/6 1/6
/3 0 — 1 11 1/3 1/3 1/3
1/3 -1 0 00 1/3 1/3 1/3
/3 1 0 00 1/3 1/3 1/3
as k — oo. This confirms the original calculation of the steady state vector,
because, for any probability vector v = |: where z + y + z = 1, we have
1/3 1/3 1/3 x 1/3(x+y + 2) 1/3
lim Mfx=|1/3 1/3 1/3 y | =11/3@+y+2) | =]1/3|=v.
o 1/3 1/3 1/3 z 1/3(x+y + 2) 1/3

7. Suppose that A and B are similar and B = Al for some scalar X\. Then there exists an
invertible matrix P such that A = P~'BP, so that

A= P'BP = PY(AXI)P = AP7'IP = AP7'P = M\ = B.

8. Suppose that M is a real matrix with exactly one eigenvalue A € C. Then A is a root
of the characteristic polynomial of M, which is a real polynomial, whose roots come
in complex conjugate pairs. Hence A coincides with its complex conjugate, so A € R.
If A = A\l then A is already diagonal, so trivially diagonalisable. Suppose conversely
that A is diagonalisable, so that A is similar to a diagonal matrix with its eigenvalues
down the diagonal. But A is the only eigenvalue, so that A is similar to AI. By the
previous exercise, A = \I, and we are done.
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9.

10.

11.

12.

We have

A—3 1

det()J—A):‘ o

':(A_3)(,\+1)+4:/\2—2)\+1:(A—l)Q,

with exactly one root, A\ = 1, so that A has exactly one eigenvalue. We also have

A—34 —99 0
det(\ — B) = 11 x+32 0 = (A=1)
4 12 A-1
= A=1)((A=34)(A+32) +1089) = (A —1)(A\* —2X — 1088 + 1089)
= A=\ =22+1) = (A-1)%,

A—34 =99
11 A+ 32

again with exactly one root. If A or B is diagonalisable then at least one of A or B is a
scalar matrix, by the previous exercise, which is obviously not the case. Hence neither
A nor B is diagonalisable.

Suppose first that Av = 0. We show that A is not invertible by contradiction. Suppose
to the contrary that A is invertible. Then

0=A1'0=A1'4v = Iv = v,

which contradicts that v is nonzero. Hence A is not invertible.

Suppose now that A is not invertible and let M be the result of row reducing A to
reduced row echelon form. Then M is not the identity matrix, so has at least one row
of zeros. Hence the associated homogeneous system has a solution involving at least
one parameter, so there exists a nonzero vector v such that Av = 0.

Note that Al is both upper and lower triangular. Hence A\I — M is also triangular, so
its determinant is the product of the diagonal entries, that is,

X = detO — M) = A=M\)...(A=\) -

(a) Suppose that A and B are both n x n matrices, with typical entries a;; and b;;
respectively, where 1 < 4,7 < n. Then the kth elements on the diagonals of AB

and BA are . .
Z a'k:jbjk and Z bkjajk
i=1 i=1

respectively. Hence

n

tr(AB) = Zzakjbjk = Zzbjkakj

k=1 j=1 k=1 j=1
n n n o n
= Zijkakj = Zzbkjajk = tI‘(BA) .
7j=1 k=1 k=1 j=1

(b) If A and B are similar then A = P7'BP for some invertible matrix P, so that,

by part (3)7
tr(A) = tr(P"'BP) = tr(PP'B) = tr(B).
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(¢) Suppose that M is n x n. By the theorem quoted, M is similar to a triangular
matrix 7', so that M and T have the same eigenvalues. But, by the previous
exercise, the eigenvalues of T" are just its diagonal entries A, ..., \,, say. Hence,
by part (b),

tr(M) = tr(T) = M+...+\,

so that tr(M) is the sum of its eigenvalues (recorded with multiplicity).
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