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TueE UNIVERSITY OF SYDNEY

Facurties or Arts, EcoNomics, EDUCATION,

ENGINEERING AND SCIENCE

MATH2011
TOPICS IN DISCRETE MATHEMATICS

June 2003 Lecturer: David Easdown

Time allowed: two hours

Instructions to candidates

This examination paper comprises eight questions split into two sections.
There are two questions in Section A, each worth 10 marks.
There are six questions in Section B, worth 4, 8, 8, 10, 10 and 15 marks respectively.

The total number of marks available is 75, but full marks may be awarded for
achieving 70 or more marks.

Both sections should be attempted.

Write your answers to Section A in the places indicated on the gold question sheet.
Write your name and student number on that sheet.

Write your answers to Section B in the answer booklet provided.

Place your completed answers for Section A (on the gold sheet) inside the answer
booklet, to be returned together to the examiner.

No notes or books are allowed. A University supplied calculator is permitted.
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Section B
Write your answers to this section in the answer booklet.
B1. Use the Euclidean Algorithm to write 1 as an integer linear combination of 43
and 37. Hence find the inverse of 37 in Zg4s.
[4 marks]
B2. Consider the sets
A = {1,2,3,4,56,7,8} and B = {{1,8},{2,7},{3,6},{4,5}}.
Define the function f: A — B by the rule
f(x) =y whenever z€y.
(a) Find f(3) and f(6). What is |B|?
(b) Is f onto? Is f one-one? Explain very briefly.

(c) Modify f to prove that given any 5 different numbers chosen from A, at
least two of them add up to 9.

[24+2+4 = 8 marks]

B3. This question tests your understanding of truth tables and implication.

(a) Recall that P = @ is an abbreviation for ~ PV @ . Write out a truth
table with columns for P, () and ~ PV Q.

(b) Now write out a truth table with columns for each of
P, Q, R, PA~R, ~(P\~R), (P=Q)AN(Q=R).

(c) Use your table to explain why (P = Q)A(Q = R) implies ~ (PA ~ R),
but that the converse of this implication is false.

[2+4+2 = 8 marks]
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B4.

B5.

Consider the following proof that, for a positive integer n, 2" < n! precisely
when n > 4.

Proof:
Note first that 2! =2>1=1!, 22=4>2=2! and 2°=8>6=3!. (1)
Now observe that 2* = 16 < 24 = 4!, (2)
Suppose that k>4 and 2F < k!. (3)
Then
2k = 2(2%) (4)
< 2(kY (5)
< (B+1)(k! (6)
= (k+1)! (7)
The claim for n > 4 now follows by Mathematical Induction. (8)

Which line starts the induction? In which line does the inductive hypothesis
appear? Which lines comprise the inductive step?

Between which two lines is the inductive hypothesis used? Between which two
lines is the definition of factorial notation being used?

Prove that N! # O(2%).

[3-+2+5=10 marks]

Let k£ be a fixed positive integer. Consider the following divide and conquer
algorithm for multiplying two numbers X and Y, where X and Y each contain
N = 2F digits:

2k—1 2k—1

(1) Write X =100 A+B, Y =100 C+D.
(2) Find AC, BD, (A-B)(D-0C).

(3) Find XY = 10*°AC +10* ' (AC + BD + (A— B)(D - C)) + BD .

(a) Which are the “divide”, “conquer” and “merge” steps? If we wished to apply

this algorithm recursively, in which step would the algorithm call on itself?

(b) Assuming that the algorithm is applied recursively, write down a recurrence

()

formula for the running time 7'(/V) using Big-Oh notation.

Solve the recurrence in (b) to show that T(N) = O(N'°223) .

[2-+2+6=10 marks]
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B6. Consider nonnegative functions f(N) and ¢g(IN) of a natural number N .
(a) Define what is meant by f(IN) = Q(g(N)).

(b) Consider the following conditions, where K is a positive constant:

L () o f(N) o f(N)
(1) Jim oy =00 () Jim e =00 (@) Jim ooy =K

Which of the following (possibly more than one)
(iv) f(N) = O(g(N)) (v) f(N) # O(g(N))
(vi) f(N) =Q(g(N))  (vii) f(N) # Qg(N))
are implied by each of (i), (ii), (iii)? (There is no need to supply proofs.)
(¢) It is a fact that if f(N)=O(N) and g(N)+ f(N) = Q(NlogN) then

g(N) = Q(NlogN).

N N
Use limits to verify this, assuming lim M

e Nlog N exists.

(d) It is a theorem that any sorting algorithm has running time which is
Q(Nlog N). Use this and the result of (c) to sketch a proof that any
algorithm which finds the convex hull of a finite set of N points in the
plane, represented by vertices of a convex polygon in standard form, also
has running time which is Q(N log V).

(Hint: 77 < ... < zy if and only if (z1,23), ..., (xn,2%) are vertices

of a convex polygon in standard form.)

[14+-344+47 = 15 marks]
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