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1. The store can fulfil an order for 44 pencils by supplying 4 packs of 5 and 2
packs of 12, which starts an induction. Suppose k > 44 and the store can fulfil
the order for k pencils using A packs of 5 and B packs of 12, so 5bA+12B = k.
If B > 2 then the order for

k+1 = 5A+12B+25-24 = 5(A+5)+12(B —2)

pencils is fulfilled using (A + 5) packs of 5 and (B — 2) packs of 12. If B <1
then

bA = k—12B >44—-12 = 32

so that A > 7, in which case the order for
E+1 =5A+12B+36—-35 = 5(A—7)+12(B+3)

pencils is fulfilled using (A — 7) packs of 5 and (B + 3) packs of 12. In either
case the order for k + 1 pencils is fulfilled, establishing the inductive step and
completing the proof.

The order of 43 pencils can’t be filled because all multiples of 12 less than 43,
namely 0, 12, 24 and 36, do not differ from 43 by a multiple of 5.

2. The Fibonacci number b,, =0 (mod 2) iff n =2 (mod 3). Here is a proof:

The induction begins because by = b; =1 # 0 (mod 2) and 0,1 # 2 (mod 3).
Suppose that k > 3 and the claim holds forn =k — 1,k — 2.

If k=2 (mod3)thenk—1=1,k—2=0 (mod3), so by = bg_1 + bx_2 =
1+1=0 (mod 2).

If k=1 (mod3)then k—1=0,k—1=2 (mod3), so b = bg_1 + bx_2 =
1+0=1 (mod 2).

If k=0 (mod3)then k—1=2k—2=1 (mod3), so b = bgp_1 + bx_2 =
04+1=1 (mod?2).

This completes the inductive step, and the claim follows by induction.



3. Put G(z) = Z anz" so
n=0

G(z) = ap+ a1z + Z anz" = ag+ayz+ Z(mn—l + sap_2)2"
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n=1 n=0

= ag+ a1z +712(G(2) — ag) + s2°G(2) ,

giving
G(2)(1 —rz—82%) = ag+ a1z — agrz
so that
G(z) = ap + (a1 — apr)z _ G+ (a1 —apr)z
1—rz—s22 (1= X12)(1 = Aa2)

since 1 —rz —s22 = (271 = A (271 = X2)22 = (1 — A\i2)(1 — A22).
If A1 # A9 then we get the partial fraction decomposition

A B

G<Z) - 1—)\12+1—)\22

for some constants A and B, so that, using the geometric series, we get

G(z) = AY X'2"+ B> Mz" = > (AX] + BA})2"
n=0 n=0 n=0

so that a, = C1\} + C3)\5 for each n where C7 = A and Cy = B.

If A1 = X9 then we get the partial fraction decomposition

A B
G(Z) N 1-— )\12 + (1 — )\12)2

for some constants A and B, so that, using the geometric series and its deriva-

tive,
G(z) = AD N="+BY (n+DAf=" = D ((A+ BN + BnAp) "
n=0 n=0 n—0

so that a, = C1 A} + CanA} for each n where C; = A+ B and Cy = B.
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5. Observe first that

Nl = Nx(N-1)x(N-=2)x...x2x1 < N¥

SO
log N! < logNY = NlogN = O(NlogN).
Now, for N > 2,
N N N
s = 3] = 3
SO
N\ V3 N | V21
- < _
5) =2
N
< NX(N—l)X(N—Z)X...XLEJX...XQXI
= NI
so that N N N N
—log N — —1 = —log— < log N!
3og 30g3 30g3_0g
giving

N N
glogN < log N!+§log3



8.

whence
log 3

N
NlogN = O(ElogN) = O(log N!+

= O(log NI+ N) = O(log N!).

N)

Let the nth element of the sequence be k, so

1+2+...+k-1)+1 < n < 1+42+...+k

giving
(k:—l)k:+1 < n < k(k+1)
2 2
whence
E—k+2 < 2n < K2 +k.
Thus ) )
1 7 1
_ = < -
(k: 2) —1—4 < 2n < (k:—l—2)
SO
1 7 1
_ I < _ -
k 5 = \/2n 1 < V2n < k’+2,
whence

1
kE < \/271—1—5 < k+1.

By definition of the floor function, this proves
1
Using the FEuclidean algorithm we know there are integers z and w such that

mz+nw = 1.

If z > 0 then we are done (taking z = z, y = w). Suppose now z < 0 and let
x be any positive number differing from z by a multiple of n, say x = 2z + kn
for a sufficiently large positive integer k. Put y = w — km .. Then

mz +ny = m(z+ kn)+n(w— km)
= mz + mkn + nw — nkm
= mz+nw = 1.
(a) The encoded message is
0261]2909|0666|2401|1598|3039
(b) 3,763 = 53 x 71

(c) This is straightforward and is a good check on whether you have the
method right in order to tackle part (d).

(d) The message is
YOU_HAVE_FOUND_A_WEAPON_OF_MATHS DECONSTRUCTION_



