THE UNIVERSITY OF SYDNEY

MATH2069/2969 DisCRETE MATHEMATICS AND GRAPH THEORY

Semester 1 Discrete Maths Tutorial 2 (Week 3) Solutions 2006

1. (a)

The characteristic equation is A2 — 3\ —4 = (A —4)(A + 1) = 0 with roots
4 and —1 so the solution is

an — Cl (4”) + CQ(—l)n

for some constants C'7, Cs.
Observe that

An+B = p, = 3pn_1+4pp_o—12n—2
3(Aln—1)+B)+4(A(n—2)+ B) — 12n — 2
= 7TAn—11A+7B —12n — 2

so that
—6An +11A—-6B = —12n—2.

Equating coefficients yields A = 2 and B = 4, so that the particular
solution is p,, = 2n+4. Adding this to the solution in (a) gives the general
solution

Ay = Cl<4n) + CQ(—l)n +2n+4
for some constants C'7, Cs.
Here 2 = a9 = Cy + C5y + 4 and 3 = a; = 4C7 — C5 + 6. Solving simulta-
neously yields ¢y = —1 = (5, producing the final solution

an = 2n+4 —4" + (1"t

The roots of the characteristic equation are 2 and 3 so the complementary
function is ¢, = C1(2™) + C2(3™). For a particular solution try p, =
An + B, so that

An+ B = 5(A(n—1)+B) —6(A(n—2)+B)+2n+3
= —An+T7A—-B+2n+3

yielding
2An —TA+2B = 2n+3.

Equating coefficients yields A = 1 and B = 5, so that p, = n + 5. The
general solution is

anp =cCn+pn=C1(2") +C2(3")+n+5.

But 2 = a9 = C; +Cy+5 and 5 = a; = 2C; + 3Cy + 6. Solving
simultaneously yields C; = —8, Cs = 5, producing the final solution

an = n+5—2""3 4 5(3").



*(b)

The complementary function is again ¢,, = C1(2") + C2(3"™). For a partic-
ular solution try p, = An + B 4 C(4™), so that

An+ B+ C(4™) = 5(A(n—1)+ B+ C(4" 1Y)
—6(A(n—2)+B+CUA"?)+4"+2n+3
= —An+7A—B+14C(2"2) +16(4"" ) +2n+3

yielding
2An —TA+2B +20(4""2) = 2n+3 +16(4"?).

Equating coefficients yields A =1, B =5, C = 8, so that p, = n+ 5+
2(4"T1). The general solution is

Un = Cp +pn = C1(2") + Co(3™) +n + 5+ 2(4" 1) .

But 5 = a9 = C;y + Cy + 13 and 19 = a; = 2C; + 3C5 + 38. Solving
simultaneously yields C; = —5, Cy = —3, producing the final solution

an = n+5—5(2") — 3" L 9(4ntly
The only root of the characteristic equation is 2 so the complementary

function is ¢, = C1(2") + Can(2™). For a particular solution try p, = A,
so that A =4A —4A + 2, yielding A = 2. The general solution is

Ay — Cp, +pn = Cl(2n) + CQ’II(Q”) + 2.

But —1 = apgp = Cl + 2 and 2 = [ 201 + 202 + 2, yleldlng Cl = —3,
C5 = 3, producing the final solution

anp, = 2"(3n—3)+2.

Again the complementary function is ¢,, = C1(2") + Can(2"). For a par-
ticular solution try p, = An + B + C(3™), so that
An+ B+ C(3") = 4A(n—1)+4B +4C(3" ') —4A(n —2) — 4B
—4C (3" 43" —6n+5
= 8C(3" %) +4A+3" —6n+5
yielding
An+ B+ C(3"%) = 4A4+9(3" %) —6n+5.
Equating coefficients gives A = —6, B = —19 and C' = 9. The general

solution is

Up = Cp +pp = C1(2") + Cyn(2") + 3" —6n — 19..



But 0 = apg = Cl — 10 and —2 = a; = 201 + 202 + 2, yleldlng Cl = 10,
Cy = —12, producing the final solution

an = 2"TH(5—6n) +3"2 —6n—19.

**(e) Once again the complementary function is ¢, = C1(2") + Can(2"™). For a
particular solution try p, = An?(2"), so that

An?(2™) = 4A(n—1)%(2" 1) —4A(n —2)*(2"2) + 2"
= 2"7%(4An? — 8A 4 4)

yielding 0 = —8A + 4 so that A = 1/2. The general solution is
ap = cp +pn = C1(2") + Con(2") + n2on—1

But 1 =a¢p=C7 and 1 = a; = 2C) +2C5 + 1, yielding C; =1, Cy = —1,
producing the final solution

a, = 2" 12— 2n+n?).

B GO == ) Gl = =
o o0 2
(c) G(z) = ZQZ” :222” =1
n=0 n=0
*(d) We have G(z) = Z(—l)”(n + 1)2". Antidifferentiating yields
n=0

H(z) = C+ > ()" = C= > (-1)"2",
n=0 =

1

We may take C' = —1 so that

H(z) = =) ()" = = —(1+2)"
giving .
G:) = H'(:) = (1497 = 3

4. (a) (3+42)% =9+ 242+ 1622 so the sequence is 9,24,16,0,0,. ..
1
1422

=1-2242%22—-2323+ ..., so the sequence is 1,—2,22 —23 ...

1 :z+z2—|—23+...,Sothesequenceis 0,1,1,1,...
—z



**(d) Note that from (d) of the previous question,

=D ICIRCERIES
n=0
so that
% = ) ()" +1)z" = (=) (n+1)2"

n=0 n=0

= 14> (=)™ Bmz™ =) (1) (n+1)2"

= -1+ f:( D" ' (Bn+n+1)2"

= Z(_l)n—1(4n+ 1)2"
n=0

so the sequence is —1,5,—9,13,—17,...

5. Using summation notation
G(z)(1—22) = (1—22) Z anz" = Z anz" — Z 2a, 2"
n=0 n=0 n=0
oo oo oo
— Z apz" — Z 20y,-12™ = ag + Z (@m — 20 —1)2™
n=0 m=1 m=1

o0 o0
= ao—l—z,zm = 5—1—|—sz
m=1 m=0

_ g 1 _5—4z
- 1—2z  1—2z

Using partial fractions

A B
Gl2) = 15+ 1%,

where
A(1—-22)+B(1—2) = 5b—4z.

Putting z = 1 yields —A = 1 so A = —1; putting z = 1/2 yields B/2 = 3 so
B = 6. Hence

— —- _ n QN _ 27 _ 1) "™
G2) = T +1-52 ;Oz +6ﬂ§0 2 ;0(6( )~ 1)z

yielding finally
a, = 6(2")—1.



**6. Advanced assignment question: solution withheld.

**7. Observe that

G(z
1£i = (ap+tarz+...+a2" +..)1+z+...+2"+..))
= a9+ (ap+ar1)z+...+(ap+ar+...+ay)z" +...
= Z(ao—l—al—l—...—l—an)z” = H(z).
n=0

Hence, by the previous exercise,

;(02+1Q+...+n2>2n _ E”{iz 2 '(Zil_t;z-
But differentiating
1 = (n+2)(n+1) ,
1-2)3 T;J 2 :
yields
1 B Z(n+3)(n+2)(n+1)
1-2* nz::O 6 ‘
so that
n=0 n=0
“n+3)(n+2)(n+1 1 “n+3)(n+2)(n+1 nt2
:ZO( )(6)( )Z++ZO( )(6)( ) nt
Z(m+2)(m+1)m . = (m+Dm(m—1)
_ z_:l( )(6 ym +Z:2( )6( ),
B X (mA2)(mA+1)m . = (m+Dm(m—1) .
= mZ:O 6 z +mZ:0 G A
B N (mA2)(m+)m+ (m+Dm(m—1)
— mz_o c p
B > (m+1)mm+2+m-1) .
= mz::O ; P
N mAD)m@m+1) o s+ De@Eet+ 1) o,
BD S AP PR

yielding, finally,

1)(2n + 1
12492 4y = MO )6(n+ ).




8.

*10.

*11.

The order of increasing growth is
log(log N), log N, (logN)?, N'/3 /N, NlogN, N2 N2,
N2log N, N3, 1.00001", 2V 10", NV .

The easiest way to get this is to guess a list and then check that the limit of
each successive quotient is co. Then one is sure the order is correct. Most of
the limits are trivial or straightforward. Others are facilitated by L’Hopital’s
Rule.

We have
NP pNP~1
1 = 1 = 1 P —
MmN NN pJim N oo
Observe that
(n—0)! . x . x
lim = lim ——,
n!  z—oo (Inz)n—0 n—oo (Inx)n

which starts the induction. Suppose that 0 < k < n. Then, by an inductive
hypothesis, followed by L’Hopital’s Rule,

) T (n—Fk)! . T

= lim —

xh—>nolo (Inz)™ nl oo (Inz)n—*F
_ (n—Fk)! lim 1
B n!  z—oo (n—k)(Inz)"=F-1(1/x)

(n—k—-1)! . x
= -_— 1 _—
n! e (Inx)n—k-1

 (n=(k+D)) . x
B n! RS (Inz)n—(k+1)

establishing the inductive step. Hence the result is proved. In particular, taking
k=mn,
T 1 . T

xh—>nolo (Inz)m - ﬁxlingo (Inz)0 - ﬁxh—{gox -

The statement means that if a function is eventually bounded by a constant
multiple of a linear combination of functions, then it is eventually bounded by
a constant multiple of their sum. To prove this, suppose C' and Nj are positive
constants and h(NV) a function of N such that

h(N) < C(Kf(n)+ Lg(N))
for all N > Ny. Then

h(N) CK f(n)+ CLg(N)

<
< max{CK,CL}f(n)+ max{CK,CL}g(n)
= max{CK,CL}(f(n)+g(n))



*12.

for all N > Ny. But max{CK,CL} is just another positive constant, so this
verifies h(n) = O(f(n) + g(n)).

For N > 10,

10Y79 % 10°
10x11x...x (N —=1)x N x 10°
10?

— NI
9!

10"V

IA

which verifies that 10V = O(N!). Suppose that N! = O(10"), so there are
positive constants K, Ny such that

N! < K10V for N > Ng .

Choose any N bigger than Ny and K10'°. Then

N! Nx(N—-1)x(N—-2)x...x10x9!
> Nx10x10x...x10x9 = N10N¥N-19!

> K101910M 710 = K107,

which contradicts that N! < K10V. Hence N!# O(10V).

*13. (a) Certainly 1/3 > 0 = [1/2], so the inequality fails when N = 1. If N is

even then N/3 < N/2 =|N/2|. If N > 3 is odd then

N N -1 N N 1 N 3 1 N
2 2 3 6 2 3 6 2 3
and the claim is proved.
N Y
(b) Here N € Z and M € Z*. Observe that o X + i for some
Y €{0,...,M — 1}, so that
M X+1 ifY>o0.
IfY =0 then
N+M-1 N M-1 M-—1 N
e R e e Ea Tl R 1

< 1. IfY > 0 then

since

2482 - ] = [Tt <o [



Y -1

since 0 < < 1.

**14. Advanced assignment question: solution withheld.
**15. (a) Implicit differentiation yields
(1+Iny)y = A1+ Inx)
so that

, )\l-l—lnac
1+Iny

(b) We have, by two applications of L'Hopital’s Rule,

1+1
im ¥ = lim A 27
T—00 T z—oo 1+ Iny
1
= A lim %
a:—>ooy§
= A lim i/
T—00 LY

. y(1+Iny)

— lim - T
)\wglolo Az(1l+Inz)

) y+ylny

= A1 LA S S
wLn;o)\x—l—)\xlnac

_ )\ i Y tyny
z—oo \x + ylny

1
Ll
= A lim lnly

Inx

= A.

**16. Advanced assignment question: solution withheld.



