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Happy birthday Prof. J. Mazón!
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On the p-Dirichlet-to-Neumann operator

Joint work [HaKen2013] with J. B. Kennedy
(University of Ulm, Germany).
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ON THE p-DIRICHLET-TO-NEUMANN OPERATOR.

◦ Ω ⊆ Rd bounded Lipschitz domain, d ≥ 2, p ∈ (1, ∞).

◦ For given ϕ ∈ W1−1/p,p(∂Ω),

Pp(ϕ) := u is the weak solution of the p-Dirichlet problem:{
−∆pu = 0 in Ω,

u = ϕ on ∂Ω.
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ON THE p-DIRICHLET-TO-NEUMANN OPERATOR.

◦ We define "formally ":

DN,p ϕ = |∇Pp(ϕ)|p−2∂νPp(ϕ) on ∂Ω.

◦ By Green’s formula,∫
∂Ω

DN,p ϕ v dH =
∫

Ω
|∇Pp(ϕ)|p−2∇Pp(ϕ)∇Pp(v)dx

for all v ∈ C∞(Ω).
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THE p-DIRICHLET-TO-NEUMANN OPER. ON L2(∂Ω).

Definition.
◦ Let D(DN,p) be the set of all ϕ ∈ W1−1/p,p(∂Ω) ∩ L2(∂Ω) such

that there is a ψ ∈ L2(∂Ω) satisfying∫
Ω
|∇Pp(ϕ)|p−2∇Pp(ϕ)∇Pp(v)dx =

∫
∂Ω

ψ v dH

for all v ∈ C∞(Ω).

◦ Then the p-Dirichlet-to-Neumann operator on L2(∂Ω) is defined by

DN,p ϕ := ψ for every ϕ ∈ D(DN,p).
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DN,p IS A NON-LOCAL OPERATOR.

Suppose:
◦ ∂Ω of classe C2, A ⊆ ∂Ω nonempty relative open in ∂Ω;
◦ Take ϕ ∈ C(∂Ω) ∩W1−1/p,p(∂Ω) such that

ϕ > 0 on ∂Ω and ϕ = 0 on A;

⇒ By SMP ([Vaz84, Thm. 5]), Pp(ϕ) > 0 in Ω.
◦ Since Pp(ϕ) = ϕ = 0 on A,
⇒ by Hopf’s boundary point lemma ([Vaz84, Thm. 5]),

∂νPp(ϕ) > 0 on A.
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DN,p IS A NON-LOCAL OPERATOR.

Suppose:
◦ ∂Ω of classe C2, A ⊆ ∂Ω nonempty relative open in ∂Ω;
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KNOWN RESULTS ABOUT DN,p.

The case p = 2:
◦ γ DN,2 appears in physics,
◦ in the inverse problem of Calderón [Cald80],
◦ Dautrey-Lions [DautLion90, Chapter II, §5.1, p.407] or

Taylor [Tay96],
◦ DN,2 appears in ∆ with Wentzell-Robin bdry conds, cf.

Engel [Engl03],
◦ −DN,2 gen. analytic, positive C0-semigroup on L2(∂Ω), cf.

Arendt-Mazzeo [ArMaz12, ArMaz07],
◦ and in particular on C(∂Ω), cf. Engel or Escher [Esch94, Engl03].

The case p 6= 2:
◦ γ DN,p studied for ∆p-version of Calderón’s inverse problem,

cf.Salo-Zhong [SaZh12].
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SUBGRADIENT STRUCTURE OF DN,p IN L2(∂Ω).

Theorem. (H. & Kennedy, 2013) The p-Dirichlet-to-Neumann
operator DN,p can be realized as the subgradient ∂E in L2(∂Ω) of the
convex, proper, dd., lsc. functional E : L2(∂Ω)→ [0,+∞] defined by

E(ϕ) =

 1
p

∫
Ω
|∇Pp(ϕ)|p dx if ϕ ∈ W1−1/p,p(∂Ω) ∩ L2(∂Ω),

+∞ if otherwise.
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SUBGRADIENT STRUCTURE OF DN,p IN L2(∂Ω).

◦ E is convex

Take λ ∈ (0, 1), ϕ1, ϕ2 ∈ D(E).

=⇒
∫

Ω
|∇Pp(λϕ1 + (1− λ)ϕ2)|p dx ≤

∫
Ω
|∇v|p dx

for all v ∈ W1,p(Ω) having trace v|∂Ω = λϕ1 + (1− λ)ϕ2.

Thus taking v = λPp(ϕ1) + (1− λ)Pp(ϕ2) ⇒ desired inequality.
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SUBGRADIENT STRUCTURE OF DN,p IN L2(∂Ω).

◦ E is convex;
◦ E is lower semicontinuous in L2(∂Ω);

Lemma. Let (un) be a sequence of p-harmonic functions in Ω and
suppose (un) is bounded in L1(Ω). Then, there is a p-harmonic function
u in Ω satisfying u ∈ L1(Ω) and we can extract a subsequence (ukn) of
(un) such that ukn converges to u locally uniformly in Ω.

Sketch of proof.

◦ Since un solves −∆pun = 0 in Ω, we know ([HKM93, Thm. 3.34
(ii)]) that

ess sup
λB

|un| ≤ cp,q,λ,d

(
−
∫

B
|un|q dx

)1/q
,

where B b Ω is a ball, λ ∈ (0, 1), 0 < q < ∞.
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where B b Ω is a ball, λ ∈ (0, 1), 0 < q < ∞.
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SUBGRADIENT STRUCTURE OF DN,p IN L2(∂Ω).

◦ E is convex;
◦ E is lower semicontinuous in L2(∂Ω);

Proof.
◦ For α ≥ 0, let (ϕn) ⊆ D(E), ϕ ∈ L2(∂Ω) s.t.

E(ϕn) ≤ α and ϕn → ϕ in L2(∂Ω).

⇒ by Maz’ya’s inequality (cf. [Maz85, Cor. 3.6.3]),

‖Pp(ϕn)‖Ld/(d−1)(Ω) ≤ C(d)
(
‖∇Pp(ϕn)‖L1(Ω)d + ‖ϕn‖L1(∂Ω)

)
.

⇒ by Lemma, ∃ p-harmonic u in Ω s.t. Pp(ϕkn)→ u loc. unif. in Ω.

⇒ by Poincaré’s inequality, (Pp(ϕn)) is bdd. in W1,p(Ω).
⇒ u = Pp(ϕ) and E(ϕ) ≤ α.
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L2-MAX. REG. OF DN,p IN L2(∂Ω).

Corollary. For every ϕ0 ∈ L2(∂Ω) and every ψ ∈ L2(0, T; L2(∂Ω))
there is a unique strong solution

ϕ ∈ C([0, T]; L2(∂Ω)) s.t. ∂t ϕ ∈ L2(δ, T; L2(∂Ω)) ∀ δ ∈ (0, T)

of the problem{
∂t ϕ(t) + DN,p ϕ(t) = ψ(t) in ∂Ω× (0, T)

ϕ(0) = ϕ0.
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SEMIGROUP GENERATED BY −DN,p IN L2(∂Ω).

Corollary. The negative p-Dirichlet-to-Neumann operator −DN,p

generates a (nonlinear) strongly continuous semigroup {e−t DN,p}t≥0

of contractions on L2(∂Ω) having the regularizing effect.
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SEMIGROUP GENERATED BY −DN,p IN L2(∂Ω).

Theorem. (H. & K., 2013) The semigroup {e−t DN,p}t≥0 generated by
−DN,p on L2(∂Ω) is order preserving.
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Theorem. (H. & K., 2013) The semigroup {e−t DN,p}t≥0 generated by
−DN,p on L2(∂Ω) is order preserving.

Proof.
◦ We apply Barthélemy’s [Bart96, Corollaire 2.2]) nice

characterization:
»The semigroup {e−t∂E}t≥0 generated by −∂E on L2(Σ) is

order preserving if and only if for all u, v ∈ D(E), we have
u∧ v, u∨ v ∈ D(E) and E(u∧ v) + E(u∨ v) ≤ E(u) + E(v).«

◦ Let ϕ, ψ ∈ D(E) and note:
(Pp(ϕ) ∧ Pp(ψ))|∂Ω = ϕ ∧ ψ and (Pp(ϕ) ∨ Pp(ψ))|∂Ω = ϕ ∨ ψ.

⇒ Since Pp(ϕ ∧ ψ)|∂Ω = ϕ ∧ ψ,

E(ϕ∧ψ) ≤
∫
{Pp(ϕ)<Pp(ψ)}

|∇Pp(ϕ)|p dx+
∫
{Pp(ϕ)≥Pp(ψ)}

|∇Pp(ψ)|p dx

⇒ Since Pp(ϕ ∨ ψ)|∂Ω = ϕ ∨ ψ,

E(ϕ∨ψ) ≤
∫
{Pp(ϕ)≥Pp(ψ)}

|∇Pp(ϕ)|p dx+
∫
{Pp(ϕ)<Pp(ψ)}

|∇Pp(ψ)|p dx
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SEMIGROUP GENERATED BY −DN,p IN L2(∂Ω).

Theorem. (H. & K., 2013) The semigroup {e−t DN,p}t≥0 generated by
−DN,p on L2(∂Ω) is order preserving.

Theorem. (H. & K., 2013) The p-Dirichlet-to-Neumann operator
DN,p is L∞-accretive on L2(∂Ω)
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SEMIGROUP GENERATED BY −DN,p IN L2(∂Ω).

Theorem. (H. & K., 2013) The semigroup {e−t DN,p}t≥0 generated by
−DN,p on L2(∂Ω) is order preserving.

Theorem. (H. & K., 2013) The p-Dirichlet-to-Neumann operator
DN,p is L∞-accretive on L2(∂Ω) and L1-accretive on L2(∂Ω).

Corollary. The semigroup {e−t DN,p}t≥0 generated by −DN,p is order
preserving, L∞-contractive, and L1-contractive on L2(∂Ω).

Corollary. The semigroup {e−t DN,p}t≥0 generated by −DN,p con
L2(∂Ω) an be extrapolated to an order preserving semigroup {Tq(t)}t≥0
on Lq(∂Ω) of contractions Tq(t) on Lq(∂Ω) for all q ∈ [1,+∞] and
which is strongly continuous for every q ∈ [1,+∞).
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THE p-DIRICHLET-TO-NEUMANN OPER. ON C(∂Ω).

Definition.
◦ Let D(cDN,p) be the set of all ϕ ∈ W1−1/p,p(∂Ω) ∩ C(∂Ω) s.t.

|∇Pp(ϕ)|p−2∂νPp(ϕ) ∈ C(∂Ω).

◦ Then the p-Dirichlet-to-Neumann operator on C(∂Ω) is defined by

cDN,p ϕ = |∇Pp(ϕ)|p−2∂νPp(ϕ) for every ϕ ∈ D(DN,p).
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THE p-DIRICHLET-TO-NEUMANN OPER. ON C(∂Ω).

Theorem. (H. & K., 2013) The p-Dirichlet-to-Neumann operator
cDN,p is a m-accretive operator on C(∂Ω) with dense domain.

Proof.
◦ Note cDN,p ⊆ DN,p and cDN,p is accretive on C(∂Ω).
◦ We need to proof the "rang condition": Rg(I + cDN,p) = C(∂Ω).
◦ Let ψ ∈ C(∂Ω).⇒ ∃ ϕ ∈ D(DN,p) s.t. ϕ + DN,p ϕ = ψ.
⇒ Since DN,p is L∞-accretive, we find ϕ ∈ L∞(∂Ω).
◦ Note Pp(ϕ) solves the Robin boundary-value problem:{

−∆pPp(ϕ) = 0 in Ω,
|∇Pp(ϕ)|p−2∂νPp(ϕ) + Pp(ϕ) = ψ on ∂Ω.

⇒ By Nittka ([Nit13, Thm 4.4]), Pp(ϕ) ∈ C0,α(Ω).⇒ ϕ ∈ C(∂Ω).
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