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Objectives

express the area of a triangle in terms of the
vector product

express the area of a parallelogram in terms of
the vector product

calculate the value of the scalar triple product of
three vectors.

express the volume of a parallelepiped in terms of
the scalar triple product.

know the algebraic properties of the scalar triple
product.

calculate the shortest distance from a point to a
line.

calculate the shortest distance between two lines.
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The area of a triangle

The area of a triangle ABC is %]AB x AC|.
C

A B

The height of the triangle is | AC'| sin 0, its base has length
—
| AB| and therefore its area is % base X height

— L|AB||AC|sin6 = 1{|AB x AC)|.

The area of a parallelogram

The area of the parallelogram ABDC' shown below
is |AB x AC|.

A

We see from the diagram that area of the parallelogram is the
same as the area of the rectangle with the same base and the
same height. It is also clear that its area is twice the area of

the triangle ABC.
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The scalar triple product

If we take the scalar product of u X v with w we
get the scalar triple product [u, v, w]| of the
vectors u, v and w. That is,

u,v,wj=(uxv) w

The absolute value of this quantity is the volume
( = base x height) of the parallelepiped with sides
u, v and w.

u X v, ey

To see why this is so, note that the area of the
parallelogram with sides u and v is |u x v| and the
height of the parallelepiped is |w|cos 8, where 6 is
the angle between w and u x v.
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A formula for the scalar triple product

If we write u, v and w in Cartesian form as

u=1ui+ usj+ usk,
v=wv114+vyj+v3k and

w = wii+ wsj+ wsk,
then

uXxXyv =

(U2U3 — Ugvg) 1 — (ulvg — ’LL3’Ul)j -+ (’U,lvg — ’UQUl) k

and therefore

u, v, w| =

(u2v3 — uzvz)wr — (u1vs — uzvi)ws + (U1v2 — U2V1)W3
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Determinant notation

Recall that in the last lecture we introduced the
notation

a b
= ad — bc
C d|
and so the previous formula can be written
u,v,w] =
Uz U3 uir us up U2
wy — 2 + w3

U2 U3 U1 U3 U1 V2

and this can be further abbreviated to

wp W2 Ws
u, v,w| =|u; wu2 us

The formula for [u, v, w] on the previous slide
shows that we have

u,v,w| =|v,w,u] = |vy 9
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Algebraic properties of the scalar triple
product

There are twelve expressions that can be made by combining
u, v and w using a scalar and a vector product. This is
because there are six permutations of u, v and w and then
two ways to place the dot and the cross.

Up to a sign, all twelve expressions represent the volume of
the associated parallelepiped and so all that remains to do is
to determine the correct sign. To do this we repeatedly apply
the facts that the scalar product is symmetric (u-v = v - u),
the vector product is anti-symmetric (u X v = —v X u) and
swapping the dot and the cross does not change the sign.

u,v,wj= (uxv)-w= w-(uxv)
= (wxu)-v= v-(wWXxu)
= (vxw)-u= u-(vxw)
=—(vxu)-w=-w-(vxu)
=—(uxw) - v=-v-(uxw)
=—(wxv)-u=—-u-(w xvV)
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The distance of a point from a line

If ¢ is the line through two distinct points A and B
and if P is any point in space, what is the shortest
distance from P to a point on (7

The shortest distance from P to the line is the
length of the perpendicular PC from P.

We see immediately that PC' is the altitude of the
triangle ABP and from the formula for the area of
a triangle we have

PA x PB
pc| = PAXPBI
|AB]
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The shortest distance between two
skew lines

Given a line £ through the points A and B and a
line m through the points C' and D, what is the
shortest distance between ¢ and m?

We shall suppose that the lines £ and m are skew;
that is, they are not parallel.

Then the vector n = AB x C'D # 0 is perpendicular
to both ¢ and m. If we consider the line h in the
direction n through a point P on ¢ and if we move
P along /¢, then at some point A must cross the line
m. That is, we can choose P so that h meets m at
a point we shall call (). Then the length of P() is
the shortest distance between the lines. Up to a
sign, the length of P() is the component of PC in

the direction n (draw a picture!); i.e. i|1|PC’ n.

We have AC AP+PC and AP -n = 0,
therefore AC -n = PC -1 and so the length of the
shortest line segment joining £ and m is

IAC - (AB x CD)|
AB x CD|
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