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Objectives

e prove that multiplication by an elementary
matrix produces an elementary row operation

e prove that a matrix that is row-equivalent to an
invertible matrix is invertible

e given square matrices A and B, prove that
AB =1 implies BA=1



More about matrix multiplication

Consider the r X n matrix

ailxz ai2 A1in
A — CL_21 CL_22 aon
_arl Qr2 afrn_

and lete; =1[0 ... 010 ... O] be the row vector
of length 7 with 1 in the i-th column and 0 in every
other place.

The next two lemmas are stated without proof but
they follow directly from the definition of matrix
multiplication.

Lemma 1. The product
eZ-A = [ail a;o ... am]
is the i-th row of A,

Lemma 2. If E is an s X r matrix, then the i-th
row of the product /A is obtained by multiplying A
by the i-th row of E.



Elementary matrices of Type 1

In the last lecture we stated that multiplication on
the left by an elementary matrix has the same effect
as carrying out the associated row operation. We
shall now prove this.

The i-th row of the identity matrix is e; and so the
elementary matrix E obtained by applying the
Type 1 row operation R;: = R; + AR; has the same
rows as the identity matrix except that its i-th row
iS €; -+ )\ej.

In this case Lemma 2 shows that the 2-th row of
EA'is (e; + Aej)A and that for k # i, the k-th row
of EFA is e;A.

Now Lemma 1 shows that the rows of £ A are the
same as the rows of A except that row 7 of F'A is
row ¢ of A added to A times row j of A.

That is, E'A is obtained from A by applying the row
operation R;:=R; + AR, to A. This is the same
row operation that was used to produce E.



Elementary matrices of Type 2

The elementary matrix I/ obtained by applying the
Type 2 row operation R;:=uR; (1 # 0) has the
same rows as the identity matrix except that its i-th
row IS [€;.

In this case Lemma 2 shows that the 7-th row of
EAis pne; A and that for k£ # 4, the k-th row of EA
IS ekA.

Now Lemma 1 shows that the rows of £ A are the
same as the rows of A except that row ¢ of F'A is
1t times row 7 of A.

That is, E'A is obtained from A by applying the row
operation R;:=puR; to A. This is the same row
operation that was used to produce F.



Elementary matrices of Type 3

The elementary matrix I/ obtained by applying the
Type 3 row operation R; <~ R; (i # j) has the
same rows as the identity matrix except that its i-th
row is e; and its j-th row is e;.

In this case Lemma 2 shows that the 7-th row of
EAis e;j A, the j-th row of A is e; A and that for
k # 1,7, the k-th row of EFA is e A.

Now Lemma 1 shows that the rows of £ A are the
same as the rows of A except that row ¢ of E'A is
row j of A and row j of EFA is row 7 of A.

That is, E'A is obtained from A by applying the row
operation R; <+ R; to A. This is the same row
operation that was used to produce F.

We have now proved

Theorem. [f E is ther X r elementary matrix
corresponding to a given elementary row operation,
then E'A is the matrix obtained by applying that
same row operation to A.



Row-equivalence

Matrices A and B are row-equivalent if A can be
transformed into B by a sequence of elementary
row operations.

That is, A and B are row-equivalent if we can write
B=F.F,_1---FEE A

where E4, Es, ..., E} are elementary matrices.

We can also write this as
=1 p—1 —1 p—1
A — E]. E2 i .Ek’—lEkﬁ B.

and we know that El_l, E;l, e Ek_1 are also
elementary matrices. It follows from this that we
have proved

Theorem. The matrix A is row equivalent to the
identity matrix if and only if A is a product of
elementary matrices.



Reduced row echelon form

Theorem. Suppose that B is an n X n matrix in
reduced row echelon form. Then either B is the
identity matrix or B has a row of zeros.

Proof. Suppose that B has no row of zeros. Then

each row has a leading 1 and we may suppose that

the leading 1 in row ¢ occurs in column ¢;. Now B

IS an n. X n matrix and because it is in echelon form,
the column numbers ¢; are strictly increasing.

Therefore 1 <cy < < -+ < ¢, <n and it follows
thatcy =1, c0=2, ..., ¢, =n. Thatis, B is the
identity matrix. O

A matrix with a row of zeros cannot be invertible.
This is a consequence of the next lemma.

Lemma 3. [/fA isanr X n matrix with a row of
zeros and if B is an n X m matrix, then AB is an
r X m matrix with a row of zeros.

Proof. Suppose that every element of row 7 of A
iIs 0. Then from Lemma 2 the i-th row of AB is
0,0,...,0]. O



Invertible matrices

Theorem. Given an n X n matrix A the following
are equivalent:

1. A is invertible.
2. A is row equivalent to the identity matrix I,,.
3. A is a product of elementary matrices.

Proof. Suppose that A is invertible and that B is a
reduced row echelon form of A. Then
B=FE.FE;,_1---EyFE; A for some elementary
matrices F;. If B has a row of zeros, then we reach
a contradiction because, on the one hand,
BA-'E'ESY - E M E T =T and yet from
Lemma 3 it has a row of zeros. The previous
Theorem shows that the only possibility is that B is
the identity matrix.

We have now shown that if A is invertible, then A
is row equivalent to I,,. Furthermore, we already
know that if A is row equivalent to I,,, then A is a
product of elementary matrices. Finally, if A is a
product of elementary matrices, then A is invertible
because every elementary matrix is invertible. O



Row equivalent invertible matrices

Theorem. Matrices A and B are row-equivalent if
and only if B = M A for some invertible matrix M .

Proof. If A and B are row equivalent, then
B=FE.FE;,_1---EyFE; A for some elementary
matrices I;. Putting M = E E_1--- Eyl; we see
that M is invertible and B = M A.

Conversely, if B = MA and M is invertible, then by
the previous theorem we can write

M = EpEx_q--- EsFEq for some elementary
matrices ;. Thus A and B are row equivalent. O

Theorem. Suppose that A and B are
row-equivalent n X n matrices. Then A is invertible
if and only if B is invertible.

Proof. Since A and B are row equivalent we can
write B = M A, where M is invertible. If A is
invertible, then the inverse of Bis A='M~1. If B is
invertible, the inverse of Ais B~'M. O



One-sided inverses of square matrices
are two-sided

Theorem. Suppose that A and B aren X n
matrices. If AB =1, then BA = 1.

Proof. The matrix A is row-equivalent to a matrix
D in reduced row echelon form and so we may write
D = M A, where M is invertible. But now

DB = MAB =M andso DBM~'=1.

From Lemma 3 we see that if D has a row of zeros,
then so does I. But this is not possible and so by a
previous Theorem the reduced row echelon matrix
D must be the identity. From the previous
paragraph we have B = M and therefore

BA = MA =1, as required. O
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