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Objectives

e The determinant of a 2 X 2 matrix

e The minors of a matrix

e The cofactors of a determinant

e The row expansion of a general determinant

e The adjoint matrix
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2 X 2 determinants

In a previous lecture we saw that the inverse of the
2 X 2 matrix

a b
1=l
< 1 d b
Al = -
ad — be [—C a]’

provided ad — bc # 0.

The number ad — be is called the determinant of A
and written det A of |A].

For example,

|45

1 2|:4><2—5><(—1):13.
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Minors

Given a 3 x 3 matrix A, the matrix obtained by
deleting the i-th row and j-th column of A is called
the (7, 7)-th minor of A; this term is also used to
refer the determinants of these smaller matrices.
For example, if

1 -3 7
A=|-2 4 5/,
3 1 -1
the minors of A are
4 5 -2 5 -2 4
—3 7 1 7 1 —3]
-3 7 1 7 1 —3

The determinants of these minors are

‘All‘ = -9 ‘Alg‘ = —13 ‘A13| = —14
’A21’ = —4 ’AQQ’ = —22 ’A23| = 10
’A31’ = —43 ’Agg’ =19 ’A33| = —2
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Cofactors

If A;; is the (¢, 7)-th minor of A, then the number
c;j = (—1)""7 det A;; is called the (i, j)-th cofactor
of A.

If A is an n X n matrix, then in order to calculate
Its cofactor we need to know how to find the
determinant of an n — 1 X n — 1 matrix.

So far all we know how to do is find the
determinant of a 2 x 2 matrix. But this is enough
to find all the cofactors of the previous example:

C11 — —9 C12 — 13 C13 — —14
Co1 — 4 Coo — —22 Co3 — —10
C31 — —43 C32 — —19 C33 — —2
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The definition of a 3 x 3 determinant

We are now in a position to define the determinant
of a 3 X 3 matrix. The idea is to multiply each
element of the first row of A by its cofactor and
then add up the numbers.

Suppose that the (7, 7)-th entry in A is a;;. In the
example above this yields

det A = ajic11 + aiac12 + ai3cis
=1x(=9)+(-3) x13+7x (—14)
— —146.

This is called the first row expansion of the
determinant of A.
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Other row expansions

We get the same result whichever row we use. For
the second row we have:

a21C21 + A22C22 + A23C23
= (—=2) x4+4x(—22)+5 x (—10)
= —146 = det A.

and for the third row:

a31C31 + a32C32 + 433C33
=3x (—43)+1x (—=19) + (—1) x (-2)
= —146 = det A.

On the other hand, if we use the entries in a row of
A with the cofactors of a different row, the result is
always 0. For example, taking the first row with the
cofactor of the second row gives

(11C21 + A12C22 + A13C23
=1x4+4+(-3) x (—22)+ 7 x (—10)
=44 66 —70
= 0.
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Determinants in general

We define the determinant of an n X n matrix
inductively as the first row expansion:

n
detA = Zalj(_1>1+j det Al_]
j=1
= a11€C11 + A12C12 + -+ + A1nCin,

where A;; is the matrix obtained by deleting the
first row and the j-th column from A and
c1j = (—1)'*7 det Ay; is the cofactor of ay;.

If we define the determinant of a 1 x 1 matrix [a ]
to be just the number a itself, then this formula
also works for 2 x 2 matrices. That is,

The cofactors of a b are d  —c
c d —b «a

and so the determinant is ad — bc.
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The adjoint matrix

The transpose of a matrix M is the matrix M*
obtained by swapping the rows and columns of M.
For example,

[1 2 3]T ; _04
—4 0 2 ENy

The adjoint (also called the adjugate) of an n x n
matrix A is the transposed matrix of cofactors of A,
written adj(A). For example, if

1 -3 7
A=1-2 4 5|,
3 1 —1]
then _ _
-9 4  —43
adjA= | 13 —22 —-19].
—14 —-10 -2
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Determinants and adjoints

Theorem. If A is an n X n matrix, then
A(adjA) = (adj A)A = (det A) I,,, where I, is the
n X n identity matrix.

This theorem will be proved in Lecture 21.

a b

Let's check it when n =2 and A = [c J

]. In this
case, we see that

adj A = [d _b]

—C a

and therefore
: a bl [d —b
sy = [2 [0

B ad — be 0
- 0 ad — bc

— (ad — be) [(1) (1)]

= (ad — be) I
= det(A) IQ
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Determinants and permutations

The definition of the determinant of a 3 X 3 matrix
by expanding along the first row leads to the
following general formula:

|
a1 dA22 423

as31 a3z as3

azi1 a2
asip as2

azi1 a3
asp ass

azo2 G23
aszz2 a4ss

= ail — a12 + a13

— a11(a22a33 — a23a32) — a12(a21a33 — CL23CL31)
+ a13(ag1a32 — assasy)
= 110922033 — A11023032 — 12021033 + Q12023031

+ @13021a32 — A13022031

Notice that the terms have the form
+0a15(1)020(2)035(3), Where o is a permutation of
{1,2,3}. Furthermore the terms which occur with a
— sign are precisely those for which the permutation
is odd. We shall explore this phenomenon in great
detail in a later lecture.
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