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Objectives

e Be able to find the matrix representing a rotation
of the plane about the origin.

e Be able to find the matrix representing a
reflection.



Rotations

Let us see if we can find a matrix whose effect on
the plane is to rotate each vector (at the origin)

through an angle 6. ) [0]
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If Ais a2 X 2 matrix, then A | ] is the first
column of A and A [‘H is its second column. Thus
for A to represent a rotation, the first column of A

must be [glolfg] and i1ts second column must be

[3nP]. Thatis,
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Reflections

What is the effect of the transformation given by
the matrix

sinf cos@

. [—(3089 sin@]?

To find out, we first calculate its eigenvalues and
eigenvectors. That is, we find A such that
det(A — AI) = 0. Now
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and so A =1 or —1. That is, the eigenvalues are 1
and —1.



The 1-eigenspace is obtained by solving the
equations

(—cosf —1)x +sinfy =0
sinf x + (cosf — 1)y = 0.
The second equation is a multiple of the first and we

can obtain a solution by putting ¥ = sin 6 and then
using the second equation to obtain x =1 — cos¥#.

The double angle formulae of trigonometry give
sinf = 2sin %9 cos %9 and cosf = 1 — 2 cos? %9.

Thus 1,
F] = 2COS%9 [C?S? ] .
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Similarly, to find the (—1)-eigenspace we solve

(—cosf@+ 1)x +sinfy =0
sinf x + (cosf + 1)y = 0.

This time we put x = sinf and use the first
equation to obtain y = —1 4 cosf. Thus
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As eigenvectors for A we take the unit vectors
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and v =

4= sin =6 — cos 20
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The vectors u and v are perpendicular, because
their scalar product is 0.

The transformation given by A is the reflection in
the line through the origin in the direction u.



