
Geometric Mechanics: Problem Sheet 2

Holger Dullin

1. (a) Show that A ∈ Sp(2n) implies AJAt = J . Show that this condition arrises by re-
quiring that a (linear) symplectic transformation preserves the (linear) symplectic form
ω(x, y) = (x, Jy) where (, ) is the Euclidean scalar product.

(b) Show that for a symplectic matrix det A = ±1. (In fact, det A = 1, but this is harder
to show.)

(c) Find a formula for the inverse of a symplectic matrix A ∈ Sp(2n) by writing it in block

form A =
(

a b
c d

)
where a, b, c, d are n × n matrices, and using AtJA = J . Specialise

to n = 1 and compare to the formula for the inverse of a 2× 2 matrix.

=. The next two problems ask you to repeat some of what we did for Sp(2n) for SO(n):

2. Show that the set of orthogonal matrices SO(n) = {R ∈ GL(n) : RtR = I} form a group.

3. (a) Find the property of the matrix B that implies eBt ∈ SO(n).
Thus define the Lie algebra so(n).

(b) Using the fact that1 for a rotation matrix R ∈ SO(n) by definition (Rx,Ry) = (x, y) (or
otherwise), prove that the eigenvalues of orthogonal matrices have modulus 1. What,
in addition, can you say about the spectrum if n is odd, and what does this tell you
about rotation axes?

(c) Show that the eigenvalues of anti-symmetric matrices are pure imaginary.

(d) What is the relation between (b) and (c)?

4. The Hénon-Heiles Hamiltonian is H = 1
2(p2

1 + p2
2) + 1

2(q2
1 + q2

2) + q2
1q2 − 1

3q3
2.

(a) Show that the origin of the Hénon-Heiles Hamiltonian is linearly stable (in lectures we
have already shown that the eigenvalues have zero real part in this case, so you only
need to show that B = J D2H is diagonalisable.)

(b) Show that for H = p2
1 + 4p1q1 + 4q2

1 the eigenvalues have zero real part, but the origin
is not linearly stable.

(c) Comput the stability of the remaining two equilibrium points of the Hénon-Heiles Hamil-
tonian with q2 = −1/2.

5. Prove the spectral theorem for symplectic matrices directly by considering the characteristic
polynomial of A using the defining property AtJA = J (Hint: Consider what we did for
Hamiltonian matrices of the form B = JS, St = S).

1Note that the inner product on a complex vector space is defined by (x, y) = y∗x and that (Ax, y) = (x, A∗y)
where ∗ denotes the conjugate transpose.


