TheColumn Spacand theNull Spaceof a Matrix

e Suppose thatl is am x n matrix. Then
dim Null(A) + dim Col(A) = n.
Why:

— dim Null(A) = number offreevariables in
row reduced form ofd.

— a basis foiCol( A) is given by the columns
corresponding to the leadings in the row
reduced form ofA.

e The dimension of the Null Space of a matrix is
called the'nullity” of the matrix.

e The dimension of the Column Space of a matrix is
called the'rank” of the matrix.
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Linear transformationand matrices

Suppose thal” andV are two vector spaces.
A linear transformatiois a functionf : V. — W
such that

flre +sy) =rf(x)+sf(y),

forall x,y € V andr, s € R.

Let A be ann x m matrix.

Then A determines a linear transformation
fa:R™—R™which is given by:

falz)= Ax,forx € R™,

To check this is is enough to observe that ify € R™
andr, s € R then

falrz+sy) = A(rz+sy) =rAz+sAy =rfa(x)+sfaly),

by the usual rules for matrix multiplication.

Hence,f 4 Is a linear transformation as claimed.



Linear transformationdR — R

When is 6.1 map : R — R a linear transformation?
Write f(1) = a, for somea € R.
Thenf(2) = f(1+1) = f(1)+ f(1) =a+a =2a
Alternatively, f(2) = f(2-1) =2f(1) = 2a.
More generallyf(u) = uf(1) = ua, for anyr € R.

Thus, the linear transformations frokto R are the
mapsf(u) = ua, for somea € R.

. What does this correspond to geometrically?



Linear transformationsR — R?2

When is a magf : R — R? a linear transformation?

AsR? = { [;j] cx,y € R}if f:R—R?isamap then

we can writef (1) = [z] , for somea, b € R.

As f is a linear transformation

) = fu-1) =uf() =l

[x] [}

Notice that the last equality expressgs terms of
matrix multiplication.



Linear transformation®? — R

When is a magf : R? — R a linear transformation?

Recall that{ [(1)] , [(1’] } is a basis ofR?.

Write f [(1)

:aandf[‘f] =

Then,f[?j] = uf[(l)] —H)f[(l’] = ua+vc= (ua+wvc)l

Again, the last equality expressgm terms of matrix
multiplication.



Linear transformationR? — R?
What are the linear transformations frdd to R2?

) = [i] anar 8] = [i] o
somea, c € R.

then 1] = ur[s] +or[t] =[] o[ 3]

=[] + [ua] = [s4]

Once again, the last equality expresgas terms of
matrix multiplication.

As before, writef

This shows that every linear map froRY to R? is
given by left multiplication by & x 2 matrix.



Linear transformations

Let’s summarise the last four examples:

Linear transformations Description Matrix

R — R f(u) = au u_ — _a_ _u
R — R? f(u):u[%] u | %L— u
R? - R f-;‘f_:au+bv o H_ab][’ﬁ
R? B2 Fl]=uls|sola] E| o [sa] e

In each of the cases above, the linear transformations

R™ — R" above are given by: x m matrices, for

n,m € {1,2}.

This is true in general.
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Linear transformations from™ to R™

Let f: R™ —R" be a linear transformation.

1 aiil 0 a1
_ 0 aiz 1 a22
ertef[. — [] f[] — []
0 a1n 0 asn
0 am1
]._ afn.@n
(751 1 0 0
U2 0 1 0
Thenf[ :]—ulf N tuaf ||t f :]
U 0 0 1
a1l a21 am1
aio a2 aAm?2
= U1 U2 Tt U,
CL1.n a/2.n Amn
aii az1 ... ami Ul
[am azz ... am2] [’LLQ ]
a1n azn o amnd Lup,
Thatis, ifr € R™ thenf(x) = fa(z), where
ail a21 ... Ami
ai2 a2 ... am2
A ]
alln a2.n an.zn
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Some properties of linear transformations
Let f: V — W be a linear transformation.
Then

e f(0)=0.
o f(—z)=—f(x), forallz e V.

Note that the first statement says that
f(0y) = Ow. Thatis,f has to map the zero vector &t
to the zero vector ofl’.

e f(0)=f(0-0)=0f(0)=0.
o f(=x)=f(-1-2)=—f(z).
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More properties of a linear transformation

Suppose thaf : V — IV is a linear transformation and
set
X={f(z):xeV}CW

X Is a vector subspace of .
(1) X # () since0 = f(0) € X.

(2)If z',y" € X thenz' = f(z)andy’ = f(y).
Sothatr’ +y' = f(x)+ fly) = f(z +y) € X.

3)If " € X andr € R thenz’ = f(z) for some
xeV.
Sorx’ =rf(x)= f(rz) € X.

So X is a non-empty subset d#” which is closed
under vector addition and scalar multiplication.

Hence X is a vector subspace oF .
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More examples of linear transformations
D is the vector space of differentiable functions.
. Differentiation is a linear transformation dh
This isthe map) :D—D give by D(f) = f.

Check:D(rf+sg) = L(rf+sg)=rLf+siyg
= Tf’ + Sg’ That iS,D(Tf —+ sg) — TD(f) + SD(g)

Similarly, integration defines a linear transformation:
— f; f(x)dx
We have,

Ly(rf +sg) = [J(rf(z)+sg(z )) dx

rf f d:z:+sf g(x)) dz
=1rlwp(f) + slap(g).

Hence,l,;, IS a linear transformation.
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