
Spiral
�

wave drift induced by stimulating wave trains
Georg
�

Gottwald, Alain Pumir, and Valentin Krinsky
INLN,
�

1361, Route des Lucioles, F-06560, Valbonne, France�
Received25 January2001;accepted25 June2001;published22 August2001�

W
�

e investigatethe drift of a spiral wave core in a homogeneousexcitablemedium under the
influence
�

of a periodic stimulationby wave trains closeto the core.Two important resultswere
found.First, asopposedto existingtheoriesof spiralwavedrift, we observedrift inducedby wave
trains
�

with periods larger than the period of the freely rotating spiral wave. Second,when
investigating
�

thedrift of meanderingspiralswe found that thepropertyof meanderingof spiralsis
not� robust againstperiodic stimulations.Simple phenomenologicalargumentsare provided to
explain	 theseobservations. © 2001 American Institute of Physics. 
 DOI: 10.1063/1.1395624�

Rotating
�

vortices in cardiac muscle induce numerous car-
diac



disturbances. The most severe, fibrillation, results in
chaotic� contractions see� the Focus Issue ‘‘Fibrillation in
Normal
�

Ventricular Myocardium’’ in Chaos
�

1998
�

.� Ven-
tricular
�

fibrillation induces clinical death in � 1 min. Fi-
brillation
�

can be arrested by a strong electric discharge
called� defibrillation, which kills all propagating waves in
myocardium,� albeit with undesirable side effects. An al-
ternative
�

approach consists in forcing rotating vortices to
drift



and to annihilate at the boundaries of the excitable
tissue.
�

This can be done clinically with trains of electric
pulses.� In this work, we investigate this process with the
help of a simplified mathematical model. Previous works
had found that the rotating wave cannot drift, unless
some� restricting conditions are imposed on i

�
the
�

fre-
quency� of the stimulating fronts and on ii

�
the
�

excitabil-
ity of the medium, imposing important clinical limita-
tions.
�

We show here that these two conditions can be
partially� r� elaxed. We give numerical evidence, and

develop



a phenomenological model to support our
conclusions.�

I. INTRODUCTION

Many
�

chemicalandbiological systemsexhibit excitabil-
ity. In two-dimensionalsystemsexcitable media typically
give� rise to spiral waves.1–3 The study of spiral waves is
particularly� importantfrom a medicalpoint of view as they
are� believedto be responsiblefor pathologicalarrhythmias
of the heart.A dangerousclassof arrhythmiasare the reen-
trant
�

arrhythmias,in which the samewaveof excitationre-
peatedly� reinvadesthe samepieceof tissue;thesereentrant
arrhythmias� arehigh frequency, as theperiodof thereentrant
wave! is less than the normal period of the heartbeat,and
underly" atrial flutter andmonomorphicventriculartachycar-
dia.
#

If reentrantwaves break down, due to their intrinsic
instability, or the effects of anisotropyand the geometryof
the
�

heart,spatio-temporalirregularity in the patternof acti-
vation$ producesa dangerousstimulation,in which different
parts� of the samechamberof the heartare activatedat dif-
ferent times. Global coordinationof the contractionof the
heart is lost, and, instead of pumping rhythmically and

firmly
%

, the heartwrithes and quivers.The circulation is no
longer maintainedand deathcan result if the heart is not
defibrillated.
#

Immenseresearchgoesinto studyingdefibrilla-
tion,
�

which is the medical treatmentto stop lethal fibrilla-
tions
�

of the heart.The mostwidely usedmethodis to apply
a� high-voltagetransthoracicelectric shock & usually" about5
kV
'

, 20 A for a durationof 2–5 ms( to
�

force theheartbackto
its
�

resting stateso that the pacemaker, the sinoatrial node,
maystartagainin a controlledfashion.Althoughsuccessful,
this
�

methodis very damagingto thehearttissue,sothereis a
need� to look for different,lessharmful methods.Oneprom-
ising
�

approachis an implantabledeviceof a newtypewhich
detects
#

arrhythmias similarly to a standard implantable
defibrillator
#

, but insteadof sendinga strongelectricshock,it
shoots) fronts towardsa spiral wave to move its centerof
rotation.* Thewavetrain maysuccessivelyannihilatethespi-
ral wavearms,andpenetrateto thecorewherethepulsescan
now directly interactwith the spiral wavetip.

Spiral
+

wave drift, inducedby periodic wave trains,has
been
,

observedin excitablemedia4 and� hasbeentheoretically
described.
# 4–

-
6 The two existing theoriesfor spiral wavedrift

inducedby periodicwavetrainsfocuson two extremeareas
in
�

the parameterspacein termsof the densityof the spiral.
The
.

density / of a spiral can be definedas the ratio of the
width! of thespiralwavearmandthewavelengthof thespiral
wave.! In otherwords,thedensityis a measureof theratio of
the
�

spacealreadyoccupiedby the spiral to the spacethat
would! still beavailablefor excitations.No theoreticalanaly-
sis) hasbeendonefor the intermediaterange.

W
�

e briefly recall herethe essentialideasput forward in
these
�

papers.
In the extremelysparsecaseit is assumedthat after ev-

ery	 collision of a stimulatingpulsewith the spiral wavetip,
the
�

herebycreatedbrokenendwill immediatelystartcurling
and� the tip will moveon a circle whoseradiusis the oneof
a� freely rotating spiral wave. The resulting drift will be a
cycloid0 consistingof theoriginally freely rotatingspiral.The
explicit	 formulas for the drift velocities in the x1 - and
y2 -components 3 c4 d

5
x6 and� c4 d

5
y7 8 of the total drift velocity

(
9
c4 d
5 ): read

c4 d
5

x6 ;
R cos0 <>= Tc? @BA 1

T
C

c? ,D c4 d
5

y7 E
R sin) F>G Tc? H

T
C

c? ,D I 1J
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where! K is thefrequencyof thespiralwaveandthecollision
time
�

Tc? is implicitly given by

c4 f
L M Tc? N T f

L OBP R sin) Q>R Tc? S ,D T 2U
where! T

C
sV is
�

the rotation period of a freely rotating spiral
wave! andT

C
f
L is
�

the stimulationperiodby which wavetrains
traveling
�

with velocity c4 f
L are� emitted towards the spiral.

Note
W

that a spiral may actually drift towards the periodic
wave! train, ascanbe seenfrom Eq. X 1Y .

In
Z

the extremelydensecaseit is assumedthat the excit-
ability� is so large that one may neglect curvatureeffects.
Hereonehasto takeinto accountrecoveryperiodsdueto the
inhibitor
�

during which the brokenendmovesupwardswith
the
�

front velocity c4 f
L before
,

it cancurl againto meetthenext
planar� pulse.This leadsto

c4 [ c4 f
L 1 \ T

C
f
L

T
C

sV . ] 3^ _
Note
W

that, contrary to Eq. ` 3^ a for densespirals,which de-
pends� only on TsV ,D Eq. b 1c requiresthe knowledgeof one
mored parameter, i.e., theradiusof thecoreR

e f
the
�

velocity of
the
�

spiral wavetip c4 sV is
�

given thenas2 g R
e

/
h
T
C

sV i .
Both theoriesstate that drift is not possiblefor wave

trains
�

with a stimulationperiodT f
L larger than the periodof

the
�

spiral waveT
C

sV .
This
.

result is basedon the following generalcollision
ar� gument.Contraryto manyotherwaves,wavesin anexcit-
able� medium annihilate each other when colliding. If the
period� T

C
sV of a spiral is smallerthan the periodof the wave

train
�

T f
L ,D thecorewill neverbeinfluencedby thestimulation

when! thelocationof thestimulationis far from thecore.The
spiral) wavearmsshieldthecore.For periodssmallerthanT

C
sV

the
�

spiral wavearmsandthe wavetrain will annihilateeach
other until the wave train will have penetratedto the core
where! it will inducedrift.

The
.

maximalstimulationperiodT
C

sV was! consideredto be
a� universallaw and, from a clinical point of view, imposes
limitations of this approachfor an implantabledevice,since
it requiresdamaginghigh frequencies.

In
Z

this work we demonstratethat, contrary to classical
belief,
,

smallerstimulationfrequenciesmaybeusedto induce
drift
#

in an excitablemedium.The reasonfor the differing
observation betweenthe classicalresult and our result ap-
pears� to be twofold. First, we leavethe extremeregionsin
the
�

densityparameterrangeand insteadinvestigatemoder-
ately� sparsespirals.Second,we look at stimulationscloseto
the
�

corewhereas,in previoustheories,thestimulationsource
is
�

assumedto be locatedfar from the core.For stimulation
close0 to the coreit waswell known that a singlestimulating
pulse� may displacethe spiral wave core.But constantnon-
zeroj drift velocities for T

C
f
L /
h
T
C

sV k 1 haveneverbeeninvesti-
gated� andobservedbefore.The apparentcontradictionwith
the
�

collision argumentcanbe explainedby the fact that the
spiral) incr

l
eases its effective period by interactingwith the

wave! train, so the new periodTsV m satisfies) T f
L /
h
TsV npo 1.

Interestingly
Z

, we also find that meanderingof spiralsis
not� robustagainstperiodicstimulationsandthat meandering
spirals) exhibit drift in the same way as nonmeandering
spirals.)

Drift along a straightline was previouslyobservedand
studied) in an inhomogeneousmedium,7,8

q
or undera periodic

modulationd of thepropertiesof themedium r see) for example
Refs.
s

9–11t . In manycasesdrift alonga straightline is not
generic,� but insteadonly occursfor one value of a control
parameter� which leads to a resonanceof the forcing fre-
quencyu andthe spiral waveperiodT

C
sV . This is very different

for
v

stimulationwith wavetrainswhich we will discusshere
where! the drift alonga straightline is the genericcase.

In Sec. II we introducethe model under investigation
and� the numericalmethodsused.In Sec.III we presentour
result* that nonzerodrift velocitiescan actually be obtained
for larger stimulationperiods.In Sec.IV we providea new
general� approachto combinethe two classicaltheories.In
Sec.
+

V we investigatethe seeminglyparadoxicalresult of
nonzerodrift velocities,anda phenomenologicalformulade-
scribing) drift will begiven.In Sec.VI we will studythedrift
of meanderingspirals under the influenceof a stimulation
close0 to the core.The resultsand their clinical implications
are� discussedin Sec.VII.

II.
w

MODEL AND NUMERICAL METHODS

W
�

e briefly presentherethe model studied,and the nu-
mericalmethodsusedin this work.

A.
x

Theoretical model

W
�

e investigatea two-componenttwo-dimensionalexcit-
able� mediumwith anactivatoruy and� a nondiffusive inhibitorz of the following form:

uy t{ |~} uy � uy � 1 � uy ��� uy ���>��� b
� �

/
h
a� � ,D �

4
� ��

t{ ����� uy ����� ,D
introduced by Barkley.12 Here � represents the two-
dimensional
#

Laplacian,and a� and� b
�

and� � measured the ex-
citability0 andrefractoriness.As a generalrule, increasingof
a� and/or� decreasingof � will! move the parameterrangeto-
wards! denserspirals.We analyzea homogeneousmedium
without! defectsto which a drifting spiral may pin13–15 and�
unpin." 16,17

W
�

e studytheemissionof planarwavetrainsontoa spiral
wave! as depictedin Fig. 1. Here we look at stimulations
close0 to thecoreandmeasurethedrift velocity asa function
of the stimulationperiodT f

L .

B. Numerical method

For the integration schemewe used the method de-
scribed) by Barkley.12 Mostof thenumericalsimulationswere
performed� in a box of lengthL

  ¡
30,
^

grid-sizedx
¢ £

0.2,
¤

and
time
�

steppingdt
¢ ¥

0.1.
¤

The initial condition was constructedby combining a
stationary) travelingfront, anda steadilyrotatingspiralwave,
as� seenin Fig. 1. Onedifficulty in preparingthe initial con-
dition
#

is to avoid multiple brokenends,causedby the inter-
action� of the wave trains with the inhibitor field, ¦ . This
leads to very long transientsand to a waste of computer
resources.* This problem is very severewhen the spiral is
dense;
#

for this reason,we restrictedourselvesto moderately
sparse) spirals.Also, we artificially set initially the inhibitor

488 Chaos, Vol. 11, No. 3, 2001 Gottwald, Pumir, and Krinsky

Downloaded 18 Sep 2001 to 193.48.228.145. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/chaos/chocr.jsp



field
%

of thespiralwaveto zerowherethestimulatingfront is
about� to run into the rotating wave.We havecheckedthat
this
�

somewhatad� hoc way! of preparingthesolutiondoesnot
af� fect thevalueof thedrift velocity, by comparingtheresults
obtained for different preparationsof the initial conditions.
In the absenceof externalstimulation, the artificially trun-
cated0 initial condition evolves into a freely rotating spiral
with! the samespiral wavecore.

Dueto the limited sizeof thecomputationaldomain,the
core0 of thespiralwaveis very quickly pushedawayfrom the
numerical� box, beforea steadyregimecanbeobserved.This
difficulty
#

can be avoided by adding a drift term: § c4 d
5

x6 uy x¨© c4 d
5

y7 uy yª ,D « c4 d
5

x6 ¬ x¨ ­ c4 d
5

y7 ® yª to
�

the left-handsidesof Eqs. ¯ 4° .
This
.

enablesus to investigatethe long-timebehaviorof the
spiral) wave drift. The drift velocitiesc4 d

5
x6 ,± y7 were! determined

during
#

thenumericalintegration,by taking theratio between
the
�

observeddisplacementandthe time it takesbetweentwo
consecutive0 minima of the x1 -coordinateof the trajectoryof
the
�

tip.
In
Z

the problemwe areconsidering,the frequencyof the
stimulation) mustbefixed in the laboratoryframe.Becausea
moving frame is used for numericalpurposes,one has to
properly� takethe Dopplershift into account.This is donein
practice� by adjustingthe stimulation period in the moving
reference* frame,T

C
f
L

,num,D so as to maintainthewavelengthof
the
�

stimulating pulse constant.Note that the stimulation
wave! comesfrom the lower side of the numericalbox ² see)
Fig.
³

1́ .
W
�

e checkedthat the resultwasvery robustwith respect
to
�

the precisechoiceof the parameters.
W
�

e used Neumannno flux boundaryconditions. It is
well! known that in this casethe wavemay exhibit drift due
to
�

its interactionwith its mirror image µ see,) for example,Ref.
18 for resonantdrift ¶ . It hasbeencheckedby comparingthe
numericalresultsfor different initial positionsof the spiral
core0 that the drift is not dueto this boundaryeffect.

III. RESULTS

Figures
³

2· a� ¸ –2¹ c0 º shows) the dependenceof the drift ve-
locity on the nondimensionalizedstimulation period T »¼ T f

L /
h
TsV . It is clearly seenthat nonzerodrift velocitiesexist

for
v

T
C ½¿¾

1, contrary to the existing theories.We give ex-

FIG. 1. Dynamicsof a spiral wave S
À

inducedby a wave train W1,2 . The
activatoru is

Á
shown.Thetime increasesfrom left to right. Â aÃ A

Ä
planarfront

W1 is senttowardsa spiral wavearm S
À

. Å bÆ Ç Shortly after the collision. È cÉ
Broken
Ê

front W1 is
Á

created.Ë dÌ Broken
Ê

end W1 evolvesinto a new spiral
wavearm. Í eÎ The next pulseW2 of the stimulatingwavetrain is launched.
The wavepatternis similar to Ï aÐ , but the spiral waveappearsshifted.

FIG. 2. Drift velocities. Ñ aÒ total
Ó

drift velocity cd
Ô , Õ bÆ Ö x× -componentcd

Ô
xØ , Ù cÚ

yÛ -componentcd
Ô

yÜ versusT ÝßÞ T f
à /
á
Tsâ . The two continuouslines show the

theoretical
Ó

limits for sparsespirals,Eq. ã 1ä�å here
æ

arbitrarily chosenR
ç è

3é ,
and densespirals,Eq. ê 3ë . The crosses,stars,and trianglesare numerical
simulationsA, B, andC. Thedensityof thespiral increasesfrom A to C. To
the
Ó

right of theverticalline at T ìßí 1 boththeoreticallimits predictthatthere
is
Á

no drift at all. Our numericalresultsshowa nonzerodrift in this region.
Parametersareb î 0.005,D ï 0.02, ð�ñ 0.02,L ò 30, anda ó 0.29for caseA,
a ô 0.32for caseB, anda õ 0.4 for caseC. CaseA is almosta sparsespiral
behaving
Æ

accordingto ö 1÷ , caseB is a moderatelysparsespiral, and the
parametersø of caseC supporta meanderingspiral. The coincidenceof the
yÛ -componentsof the drift velocity in ù cú for casesB andC is accidental.
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amples� for sparsenonmeanderingspirals û case0 A ü ,D moder-
ately� sparsenonmeanderingspirals ý case0 Bþ ,D andmoderately
sparse) meanderingspirals ÿ case0 C� .

Our
�

numericalresultsfaceuswith a paradox:on theone
hand,
�

generalcollision argumentstell us that nonzerodrift
velocities$ cannot be observedfor T f

L /
h
TsV � 1; on the other

hand,we clearly observenonzerodrift velocitiesfor T f
L /
h
TsV�

1. The coreof our argumentto resolvethe paradoxis that
the
�

trajectoryof thespiralwavetip after thecollision results
in
�

aneffectively largerspiralwaveperiodT
C

sV � . To understand
this
�

we will look in the following paragraphinto the actual
dynamics
#

of the spiral wavetrajectoryafter the collision.
As
�

Fig. 3 shows,therearemainly four phasesfor mod-
erately	 sparsespirals,an initial collision phase � phase� 1 in
Fig. 3� ,D a noncurlingphasedueto a strong‘‘dense’’ interac-
tion
�

of the brokenfront with the refractorytail of the spiral	
phase� 2 in Fig. 3
 ,D thena transitorycurling phase� phase� 3 in

Fig.
³

3� and� a forth phasewherethespiralwavetip eventually
hasrelaxedonto the coreof a freely rotatingspiral 
 phase� 4
in Fig. 3� .

During
�

thenoncurlingphase2 thenewly createdbroken
end	 and the next wave train are almost moving without
changing0 their distancedueto the refractorinessand,hence,
the
�

tip velocity is c4 f
L .

Despite
�

the transitorynatureof phase3 wherethe spiral
hasnot yet relaxedon thestationarycore,thenumericsshow
that
�

its velocity hasalreadyreachedthe stationaryvelocity
c4 sV . This is the two-dimensionalanalogof theobservationin
one dimensionthat arbitrary initial conditionsvery quickly
assume� the stationaryvelocity althoughtheir shapehasnot
taken
�

the stationaryshape.This is due to the fact that the
velocity$ is determinedby diffusion andhenceonly the fore-
mostd partof thefront doesmatter. It is this transitoryphase3
which! hasbeenneglectedso far andwhich allows for non-
zero drift velocities for T ��� 1 � in Ref. 5 only phase4 has
been
,

considered,and in Ref. 4 only the noncurlingphase2
has
�

beenconsideredunderthe assumptionof equalgrowing
and� front velocities� . During phase3 the tip moves on a
quasi-circleu with a radiuslarger thanthe radiusof the freely
rotating* spiral, as can be seenin Fig. 3. This effectively
introduces
�

a larger spiral wave period T
C

sV ��� T
C

sV to
�

keep the
velocity$ c4 sV constant.0 This explainstheseeminglyparadoxical

nonzerodrift velocitiesfor T ��� T f
L /
h
TsV � 1 sincetheresultsin

Fig. 2 aredepictedversusthespiralwaveperiodof thefreely
rotating* spiral T

C
sV .

Studying
+

thedependenceof thedrift velocity on the ini-
tial
�

conditionsin termsof positionof the spiral wavetip on
the
�

coreof the freely rotatingspiral, we found the plausible
result* that the actual values of the drift velocities do not
depend
#

on the initial conditions,but that the maximal T ��
1 exhibiting nonzerodrift velocitiesdoesdependon the

initial
�

conditions.This is not surprisingbecausethe initial
position� of the spiral wavetip relativeto the positionof the
wave! train determineshow well the spiral waveis shielded.
Thelongerit takesfor thefirst collision themoreT � tends

�
to

the
�

classical result T
C � �

1 with the important difference,
though,
�

that the drift velocity is nonzero.
W
�

e note that the numericalresultsfor small T f
L /
h
TsV be-

,
come0 unreliablesincethe periodof the wavetrain T f

L is not
big
,

comparedto the minimal period for the existenceof
wave! trainsT

C !
and� theexcitability is not homogeneousalong

the
�

front, but instead the fronts will be wiggly after the
interaction.
�

In
Z

Sec.V we will employ a more quantitativeunder-
standing) of thedrift velocities,but first we briefly reviewthe
classical0 theory.

IV
w

. CLASSICAL THEORY REVISED

The idea that spiral wavesmay drift as a result of an
interactionwith a wavetrain hasbeenfirst proposedin two
seminal) papers.4,5 The

.
two limiting casesof very dense

spirals) 4 and� very sparsespirals5
"

were! studiedin detail.
In the following we will presenta simple but general

view$ on themechanismof drift which includestheextremely
sparse) case5

"
as� well astheextremelydensecase.4 Suppose

+
a

spiral) anda planarfront meetat T # 0
¤ $

see) Fig. 4% to
�

form a
broken
,

endW1 & as� in Fig. 1' d# (*) . Thewavetrain far from the
tip
�

will continueits movementwith thevelocity c4 f
L ,D whereas

the
�

tip will have its own individual path with typically a
velocity$ smallerthanc4 f

L . At a laterpoint in time Tc? the
�

wave
front W1 will! havetraveled+ f

L , c4 f
L Tc? and� thespiralwavetip

will! have traveled - S
. /10

0
2Tc3 4

yª dt
¢

,D where 5 yª is the
y2 -componentof the tip velocity during its drift. The two
waves! W1 and� W2

6 havethe constantdistance798;: c4 f
L T f
L . If

we! takeT
C

c? as� the time of collision after which the spiral tip
of W1 and� W2 meetd to form anotherbrokenend,we obtain<>=@?1A

f
L B1C

S
. D see) Fig. 4E and,� therefore,

FIG. 3. Spiral wave tip movementduring stationarydrift F thick
Ó

lineG . Su-
perimposedø is the coreof a freely rotatingspiral H thin

Ó
lineI . Parametersare

the
Ó

sameas in caseB in Fig. 2.

FIG. 4. Sketchof a brokenfront W1 at T J 0. It evolvesinto a spiral W1

at T K TcL . W2 is
Á

the next wave train which collides with the spiral
at T M TcL .
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c4 f
L T f
L N c4 f

L Tc? O
0
2
Tc3 P

yª dt
¢

,D Q 5R S

and� for the drift velocities

c4 d
5

x6 T
U

0
VTcW X

x¨ dt
¢

Tc? ,D c4 d
5

y7 Y
Z

S
[

Tc? \ c4 f
L 1 ] T

C
f
L

Tc? . ^ 6_ `

Generally
a

it is hardto determineb x¨ ,yª and� to obtainanalytical
evaluations	 of theseformulas.But for extremelysparseand
extremely	 densespiralsonecanmakeassumptionsaboutthe
form
v

of c x¨ ,yª and� thecollision time T
C

c? and� obtaintheprevious
results* d 1e ,D f 2g h , oD r i 3^ j ,D respectively.

It is readily seenthat Eqs. k 5R l and� m 6_ n imply the ex-
tremely
�

sparsecaseo 1p and� q 2r if oneassumesthat the path
of the tip will be the one of a freely rotating spiral, i.e.,
assuming� s

x¨ tvu c4 f
L sin() w T

C
),
: x

yª y c4 f
L cos(0 z T

C
)
:

andrequiringfor
the
�

velocity of the spiral wavec4 sV { c4 f
L .

In theextremelysparsecasetheunderlyingassumptions
are� that the refractorinessof both spiral andwave train can
be
,

neglected.In particular, thereis no interactionof thefront
and� the spiral wave arm with the refractory tails of each
other , implying thattheperiodof thewavetrain T

C
f
L as� well as

the
�

spiral wave period T
C

sV are� big comparedto the minimal
period� of a wave train Tmin . Also interactionof the pulse
with! the spiral wavecore is neglectedand,furthermore,the
core0 radiusR

e
of thespiralwaveis assumedto besufficiently

lar
|

ge so that curvatureeffectscanbe neglected,or, in other
words,! the velocity of the spiral at the core c4 sV } 2 ~ R/

h
TsV is

equal	 to the velocity of a planarwavec4 f
L .

The
.

generalapproach� 5R � and� � 6_ � allows� us as well to
recover* Eq. � 3^ � for

v
extremelydensespiral waves.For dense

spirals) we assumeTc? � TsV and� neglect the drift in the
x1 -direction.This essentiallymeansthat the drift causedby
the
�

refractorinessof densespirals is dominating over the
curling0 andthat theexcitability is sohigh that thevelocity of
the
�

spiral is c4 f
L .

Equations
� �

5
R �

and� � 6_ � are� generalequationsand imply
the
�

simplecasesof extremelysparseanddensespirals.But
as� soonasthe dynamicsinvolvesa morecomplicatedstruc-
ture,
�

it is hardto find ananalyticalexpressionfor � x¨ and� �
yª ,D

based
,

on somesimpleassumptions.Therefore,we employa
dif
#

ferent phenomenologicalapproachin the next sectionto
explain	 the nonzerodrift velocitieswe observefor moder-
ately� sparsespirals.

V. PHENOMENOLOGICAL MODEL

W
�

e introduce here a phenomenologicalansatzfor the
drift
#

velocitiesfor moderatelysparsespirals.In Fig. 5� a� � we!
sketch) the basicidea.We replacethe actualtrajectoryof the
tip
� �

continuous0 line� with! anequivalentmotion � dashed
#

line�
with! the sameinitial and final coordinatesA and C. The
reducedmotion consistsof a linear movementAB and a
motiond on the circle BC. Here, � determines

#
the initial po-

sition) of the tip on the core and Tc? � the
�

final position.The
dimensional
#

‘‘angle’’ � determines
#

the positionof the spiral
wave! at the time of collision relative to the incident wave

train,
�

i.e., ��� Tc? ����� . The displacementof the circles is de-
termined
�

by � . The total displacementduring the time be-
tween
�

two collisions is given by � Fig. 5  a� ¡*¢
Dx¨ £ R cos0 ¤¦¥¨§ª©¬« cos0 ­¦®¨¯�° ±1² sin) ³µ´1¶ª· ,D ¸ 7¹ º

D
»

yª ¼ R
e

sin) ½¦¾¨¿ÁÀÃÂ sin) ÄµÅ1Æ�Ç È1É cos0 ÊµË1ÌªÍ . Î 8Ï Ð
The
.

time betweentwo collisions T
C

C consists0 of the time of
the
�

movementalongthecircle BC andalongthestraightline
AB. Sincethetip displacementalongAB is dueto thestimu-
lating front Ñ phase� 2Ò which! propagatein the y2 -directionwe
mayd write for the total collision time

T
C

C Ó T
C

c? Ô�Õ
Ö
c4 f
L cos0 ×¦Ø¨ÙÁÚ . Û 9Ü Ý

Therefore,the drift velocitiesaregiven by c4 d
5

x6 Þ Dx¨ /
h
TC and�

c4 d
5

y7 ß D
»

yª /
h
T
C

C ,D which readsas

FIG. 5. à aá Illustration of the phenomenologicalmodel. â bÆ ã Close-upof the
tip
Ó

motion on the circle CB. S
À

is
Á

a spiral wavearm moving alongthe core
with radiusR. W is a stimulatingwave train. S

À
0
ä is the spiral wave at the

startof its travel time alongthe core.S
À

cå is
Á

the samespiral wavearm at the
time
Ó

of collision.
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c4 d
5

x6 æ
R
e

cos0 çµè¨éÁê¬ë cos0 ìµí1îðï ): ñóò
sin) ô¦õ¨öÁ÷

T
C

c? ø�ùûúýü /
h
c4 f
L þ cos0 ÿ������ ,D

�
10�

c4 d
5

y7 �
R sin) 	�
�����
 sin) ������� ��� cos0 �������

Tc? ���! #" /
h
c4 f
L $ cos0 %�&�'�( .

The
.

extremelysparselimit ) 1* is
�

obtainedfor +-,/.10 0.
¤

Figure 6 shows a comparisonof the numerically ob-
tained
�

drift velocitiesandour formula 2 103 . For large T 4 the
�

phenomenological� model fits the numericaldatavery well.
As
�

alreadymentionedin Sec.III, we observefor small T
C 5

a�

dif
#

ferentdrift behaviordueto the interactionof thestimulat-
ing wave fronts themselves.There we do not expect the
modeld 6 107 to

�
be valid. Moreover, from a clinical point of

view$ the focusis on large T
C 8

.
In the remainderwe motivate the reductionof the tip

movementandthe resultingformulas 9 9Ü : and� ; 10< .
The
.

reducedtrajectoryon the circle BC is motivatedby
the
�

observationthatduringphase3, asmentionedearlier, the
tip
�

moveswith thevelocity c4 sV . Therefore,thefreeparameter=
allows� us to map the real motion during phases3 and 4

onto thecircle.We denotethe travel time of thespiral tip on
this
�

circle from B to C by T
C

c? > . As canbeseenfrom Fig. 5? b, @ ,D
T
C

c? A is
�

implicitly given by

c4 f
L B Tc? C�D T f

L E�F R sin) GIH Tc? JLK/M�N O R sin) P�Q�R�S . T 11U
Note
W

that the extremelysparselimit V 2g W is
�

recoveredfor XY 0
¤ Z

see) Eq. [ 1\^] .
Thedisplacementof thecircle, i.e., themotionalongthe

straight) line AB, is modeledby thesecondfreeparameter_ .
The
.

movementalongthestraightline AB correspondsto the
noncurling� phase2. During this noncurlingphasethe tip ve-
locity in the y2 -directionis c4 f

L ,D as mentionedearlier. Thedis-
placement� AB dependson the initial phase1 and the non-
curling0 phase2. We will lump thesephasestogetherinto a
maind drift. We assumethat themovementof the tip after the
collision0 will, as a lowest-orderapproximation,follow the
initial line of the inhibitor since,asa generalrule,a wavetip
will! moveinto a regionwhereit cando so.We assumethat
the
�

directionof themeandrift is givenby thedirectionof the
inhibitor at the time of collision. Consideringmoderately
dense
#

spirals, this direction is tangentialto the core. From
Fig.
³

5̀ a� a it
�

follows that the x1 -displacementduring the mean
drift
#

is b sin() ced )
:

andthe y2 -displacementis f�g cos(0 hji ).
:

VI.
k

DRIFT OF MEANDERING SPIRALS

Meandering
�

naturally occurs if the density of a spiral
wave! is increased.The core then doesnot move along one
circle0 with a well-definedradius,but insteadmovesalong
petals� whosecentersarelined up on a largecircle with radius
R
e

L
l . With thepetalsonecanassociatea smallerradiusR

e
S
[ , aD s

shown) in Fig. 7m a� n . Whenincreasingthedensity, first inwards
petals� areobservedand,with further increaseof excitability,
outward petals.Theonsetof meanderinghasbeenstudiedin
Refs.
s

19 and20.
Our
�

main result is that a meanderingspiral drifts like a
nonmeanderingspiral, when periodically stimulated. Nu-
merical calculationsdemonstratedthat meanderingspirals
are� exposedto thesamedrift mechanismsasnonmeandering
spirals.) A meanderingspiral, as shown in Fig. 7o a� p ,D drifts
under" influence of periodic stimulation rectilinearly q Fig.
7
¹ r

b
, s^t

. Movement of a freely meanderingspiral along a
straight) line is well knownandhasbeenobserved.But there,
the
�

larger radiusRL is only infinite for onespecialvalueof
the
�

control parameter. In fact, this value of the control pa-
rameter* separatesthephasesof inwardandoutwardgrowing
petals.� The drift we observehereis different from this sce-

FIG. 6. Comparisonof numericalresults u pointsø v andthephenomenological
model w 10xzy lines{ . In | a} – ~ c� casesA–C from Fig. 1 are shown,respec-
tively
Ó

. Parametersfor the phenomenologicalmodel are ��� 0.0 and �� 40.0
�

for caseA, ��� 7.4 and ��� 83.0 for caseB, and ��� 3.7 and �� 57.0 for caseC.
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nario� andis robustin thesensethat it doesnot dependon the
particular� valuesof the control parameters,but is insteada
generic� situation.

For
³

meanderingspirals,againwe arefacedwith nonzero
drift
#

velocities for stimulation periods larger than T
C

sV � see)
Figs.2� a� � –2� c0 � ,D caseC� . If TsV is takento bethetime between
two
�

consecutivepoints of equalphasesof the freely mean-
dering
#

spiral, i.e., T
C

sV is
�

associatedwith the smaller radius
R
e

S
[ ,D and R

e
is
�

taken to be the smaller of the two radii R
e

� RS
[ ,D formulas � 9Ü � and� � 10� are� in goodagreementwith the

numericalsimulation � Fig. 6� .
Free
³

meanderingitself is a strongly nonstationarypro-
cess0 where the spiral wave tip movesperiodically into its
own refractorytail. On the smallercircle the excitability is
high
�

andthe spiral curls. It will meetits own refractorytail
and� movesinto an areawith low excitability whereit con-
tinues
�

to move on a large circle with RL until" an inhibitor-
freeholeopensandthewavetip canfreelycurl againwith its
growing� velocity. Hence,meanderingis basicallydueto the
fact
v

that thespiralwaveperiodicallychangestheexcitability
of the mediumit movesthroughby its own inhibitor. Peri-
odic stimulationssuchasthe emissionof wavetrainsdrasti-
cally0 changethe excitability of the active mediumand dis-

turb
�

this inherentperiodicity of the spiral waveand impose
their
�

own periodicity. This suppressesand transformsthe
meanderingd anda steadydrift will be established.Barkley20

6
has
�

identifiedtheEuclideansymmetrygroupasbeingessen-
tial
�

for the onsetof meandering.The invarianceunder the
action� of theEuclideangroup,rotation,reflection,andtrans-
lation
|

leadsto a reductionof the original systemto a setof
five
%

ordinarydifferentialequations.In this system,the onset
of meanderingis describedby a Hopf bifurcation.The peri-
odic stimulationby wavetrainsdoesbreakthesymmetryand
destroys
#

the meandering.

VII.
k

DISCUSSION

W
�

e haveinvestigateddrift of spiral wavesinducedby a
periodic� wavetrain which is launchedcloseto the core.The
surprising) result of nonzerodrift velocities for stimulating
periods� larger thantheperiodof thefreely rotatingspiralhas
been
,

observed.We note that for stimulationsfar from the
core0 the spiral wavearmsshieldthe coreandwill preventa
drift
#

of the core, but once a drift has been inducedby a
stimulation) closeto thecore,this drift will bestationary. This
seems) to contradictthe conclusionsof former work.4,5

-
We
�

found
v

that a transitoryphasecausedby an interactionof the
wave! train with the refractorytail of the spiral wave is re-
sponsible) for this new phenomenon.Essentiallythis transi-
tory
�

phaseintroducesa larger spiral waveperiodandhence
allows� for stimulatingperiodslarger than the original spiral
wave! periodTsV . A phenomenologicalmodelwasestablished
which! quantitativelydescribesthedrift velocitiesfor moder-
ately� sparsespirals. Initially meanderingspirals were also
stimulated) and we observeda steadydrift along a straight
line asin thenonmeanderingcases.Thestimulationby wave
trains
�

doesdominatethe inherentperiodic natureof mean-
dering
#

spirals.We could again describethe drift with our
phenomenological� formula.

The new result of nonzerodrift for stimulationperiods
lar
|

ger than T
C

sV was! mainly due to two separatefactors:(i
l
),
:

we! leavetheparameterregionof extremedensitiesand(ii
l

),
:

we! stimulatecloseto thecore.In theremainderwe comment
on thesetwo issuesandput them into a perspectivefrom a
clinical0 point of view.

Considering
�

stimulationsclose to the core is relevant
from a cardiologicalpoint of view. Heretypical waveveloci-
ties
�

areof the order10 cm/sandtypical time scaleis of the
order of 0.2 s, which implies a typical wavelengthof 2 cm,
which! is not too small if comparedwith theheartsize.In this
case0 obviousgeneralcollision arguments,asemployedin the
aforementioned� classicaltheories,do not apply. Neverthe-
less,
|

we saw that for the caseof extremelysparsespirals
there
�

is no drift for T
C

f
L � T

C
sV also� in thecasewherethesource

of stimulationis closeto thecore � case0 A in Figs.2� a�   –2¡ c0 ¢^£ .
After
�

one initial collision and the resultingdisplacementof
the
�

core, the spiral wave arm developsand startsshielding
the
�

core. For moderatelysparsespirals, though,we do ob-
serve) nonzerosteadydrift velocitiesfor T f

L ¤ TsV . This brings
us" to the problemof the densityof spirals.

The
.

density ¥ of a spiral can be definedas the ratio of
the
�

width of the spiral wavearm andthe wavelengthof the

FIG. 7. Trajectoriesof thetip of a meanderingspiral. ¦ a§ Freelymeandering
spiralwith two cleardefinedradii. ¨ bÆ © Sameunderthe influenceof a stimu-
lating periodicwavetrain comingfrom the lower boundary. Parametersare
t
Ó
hoseo fc aseCi nF ig.2 .
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spiral) wave.In otherwords,the densityis a measureof the
ratio of thespacealreadyoccupiedby thespiral to thespace
that
�

would still be availablefor excitations.The density is
particularly� importantfor defibrillation.It determinestheex-
citable0 gap,i.e., theprobabilityof intersectionsof thestimu-
lating front with the spiral wave at the momentof stimula-
tion.
�

Hence it determinesthe number of newly created
broken
,

fronts which eventuallymay evolve into new spiral
wave! arms. As a consequence,the mechanism is one
whereby! spirals drift strongly dependson density. In fact,
excitation	 by wave trains may worsenthe situation by not
annihilating� the existingspiral ª or moving its coreinto non-
excitable	 tissue« but

,
by creatingevenmorespiral waves.In

the
�

Appendixwe deriveanexpressionfor thesuccessrateof
defibrillation
#

dependingon the density.

APPENDIX: DENSITY DEPENDENCE OF SUCCESS
RATE

In this appendixwe employ an argumentbasedon the
conservation0 of the topologicalcharge N

¬
to
�

find an expres-
sion) for the successrate P

­
sV (9 ® )

:
of defibrillation inducedby

stimulating) wave trains. As shown in Fig. 8, we assume
stimulation) with a planar front. The intersection of the
boundary
,

of theexcitablemediumwith thestimulatingfront
can0 lay eitheron freshmediumor on a spiralwavearmor its
refractory* zone.This determinesthe numberof brokenends
created0 by the stimulatingfront, andhencethe overall topo-
logical charge.We definethe topologicalchargeN

¬
to
�

be ¯ 1
for
v

counter-clockwiserotatingspirals, ° 1 for clockwisero-

tating
�

spirals,and0 if no brokenendat all is present.Topo-
logical chargesadd up, so two counter-rotating spiralswith
N
¬ ±

1 and N
¬ ²´³

1, respectively, result in N
¬ µ

0,
¤

which ex-
presses� the fact that they are very likely to annihilateeach
other ¶ only for the caseof equal rotation frequenciesthey
may coexist· . If only one spiral wave is presentwith an
initial
�

chargeN
¬ ¸´¹

1 as depictedin Fig. 8, thesumof topo-
logical
|

chargesmay be either0, º 1, or 2 dependingon the
four possibilities for the location of the boundaries.If N

¬
» 0,
¤

completeannihilation is observed.If N
¬ ¼´½

1, we are
able� to inducespiral wavedrift with stimulatingwavetrains
as� discussedin this article and force the spiral wave with
N
¬ ¾´¿

1 out of the boundary. If N
¬ À´Á

2, the stimulationhas
actually� createdan additional spiral wave with the same
sense) of rotation,so fibrillation is enhanced.

The probability Pr for oneboundarybeinglocatedon a
spiral) wave arm or its refractory zone is Pr Â�Ã /(

h
L Ä�Å )

:
ÆÈÇ . P

­
f
L É 1 ÊÈË is

�
then the probability for an intersectionof

the
�

boundarywith freshmedium.
ThesuccessratePsV is naturallydefinedasthesumof the

probability� for completeannihilationN
¬ Ì

0
¤

andof the prob-
ability� for possibleinduceddrift N

¬ Í´Î
1. Simplecountingof

topological
�

chargesfor all four possibilitiesfor the location
of the boundariesleadsto

P
­

sV ÏÑÐ 1 ÒÈÓÕÔ 2
6 ÖÈ×

. Ø A1
� Ù

In particular, this implies that PsV Ú 0.75
¤

for all Û and� that for
spiral) waveswith Ü�Ý 0.5

¤
the successrate is the worst.
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FIG. 8. Spiral waveanda stimulatingfront � black
Æ

filled� . The shadedarea
depictsthe spaceoccupiedby the spiral andits refractorytail. At the inter-
sectionof the planarfront andthe spiral wavethe topologicalcharge of the
resultingbrokenendis denoted.Thedashedbox showsa possibleboundary
of the medium.
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