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Spiral wave drift induced by stimulating wave trains
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We investigatethe drift of a spiral wave core in a homogeneougxcitable medium under the
influenceof a periodic stimulationby wave trains closeto the core. Two importantresultswere
found. First, asopposedo existingtheoriesof spiralwavedrift, we observedrift inducedby wave
trains with periods larger than the period of the freely rotating spiral wave. Second,when
investigatingthe drift of meanderingpiralswe found thatthe propertyof meanderingf spiralsis
not robust againstperiodic stimulations. Simple phenomenologicahrgumentsare provided to
explaintheseobservations. © 2001 American Ingtitute of Physics. [DOI: 10.1063/1.1395624

Rotating vorticesin cardiac muscle induce numerous car-
diac disturbances. The most severe, fibrillation, resultsin
chaotic contractions [see the Focus Issue “Fibrillation in
Normal Ventricular Myocardium’ in Chaos (1998)]. Ven-
tricular fibrillation induces clinical death in ~1 min. Fi-
brillation can be arrested by a strong electric discharge
called defibrillation, which kills all propagating waves in
myocardium, albeit with undesirable side effects. An al-
ternative approach consistsin forcing rotating vortices to
drift and to annihilate at the boundaries of the excitable
tissue. This can be done clinically with trains of electric
pulses. In this work, we investigate this process with the
help of a ssimplified mathematical model. Previous works
had found that the rotating wave cannot drift, unless
some restricting conditions are imposed on (i) the fre-
guency of the stimulating frontsand on (ii) the excitabil-
ity of the medium, imposing important clinical limita-
tions. We show here that these two conditions can be
(partially) relaxed. We give numerical evidence, and
develop a phenomenological model to support our
conclusions.

I. INTRODUCTION

Many chemicalandbiological systemsexhibit excitabil-
ity. In two-dimensionalsystemsexcitable media typically
give rise to spiral waves' 3 The study of spiral wavesis
particularlyimportantfrom a medicalpoint of view asthey
are believedto be responsiblefor pathologicalarrhythmias
of the heart.A dangerouslassof arrhythmiasare the reen-
trant arrhythmias,in which the samewave of excitationre-
peatedlyreinvadesthe samepiece of tissue;thesereentrant
arrhythmiasarehigh frequencyas the periodof the reentrant
wave is lessthan the normal period of the heartbeatand
underly atrial flutter and monomorphicventriculartachycar
dia. If reentrantwaves break down, due to their intrinsic
instability, or the effects of anisotropyand the geometryof
the heart, spatio-temporalrregularity in the patternof acti-
vation producesa dangerousstimulation,in which different
partsof the samechamberof the heartare activatedat dif-
ferent times. Global coordinationof the contractionof the
heart is lost, and, instead of pumping rhythmically and
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firmly, the heartwrithes and quivers. The circulationis no
longer maintainedand death can result if the heartis not
defibrillated.Immenseresearchgoesinto studyingdefibrilla-
tion, which is the medical treatmentto stop lethal fibrilla-
tions of the heart. The mostwidely usedmethodis to apply
a high-voltagetransthoracicelectric shock (usually about5
kV, 20 A for adurationof 2—-5 my) to force the heartbackto
its resting state so that the pacemakerthe sinoatrial node,
may startagainin a controlledfashion.Although successful,
this methodis very damagingo the hearttissue sothereis a
needto look for different,lessharmful methods One prom-
ising approachis animplantabledeviceof a newtype which
detects arrhythmias similarly to a standard implantable
defibrillator, but insteadof sendinga strongelectricshock,it
shootsfronts towardsa spiral wave to move its center of
rotation. The wavetrain may successivelannihilatethe spi-
ral wavearms,andpenetrateo the corewherethe pulsescan
now directly interactwith the spiral wavetip.

Spiral wave drift, inducedby periodic wave trains, has
beenobservedn excitablemedid andhasbeentheoretically
described™® The two existing theoriesfor spiral wave drift
inducedby periodicwavetrainsfocuson two extremeareas
in the parametespacein termsof the densityof the spiral.
The density § of a spiral can be definedas the ratio of the
width of the spiralwavearmandthe wavelengthof the spiral
wave.In otherwords,the densityis a measureof theratio of
the spacealready occupiedby the spiral to the spacethat
would still be availablefor excitations.No theoreticalanaly-
sis hasbeendonefor the intermediaterange.

We briefly recall herethe essentiaideasput forward in
thesepapers.

In the extremelysparsecaseit is assumedhat after ev-
ery collision of a stimulatingpulsewith the spiral wavetip,
the herebycreatedbrokenendwill immediatelystartcurling
andthetip will moveon a circle whoseradiusis the one of
a freely rotating spiral wave. The resulting drift will be a
cycloid consistingof the originally freely rotatingspiral. The
explicit formulas for the drift velocities in the x- and
y-components (Cdx and cdy) of the total drift velocity

(cq) read
B R(cog wT;)—1) B Rsin(wT,)

(1)
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wherew is the frequencyof the spiralwaveandthe collision
time T, is implicitly given by

Ci(Te—Tp=Rsin(wT,), (2

where T is the rotation period of a freely rotating spiral
waveandT; is the stimulationperiod by which wavetrains
traveling with velocity c; are emitted towards the spiral.
Note that a spiral may actually drift towardsthe periodic
wavetrain, ascanbe seenfrom Eq. (1).

In the extremelydensecaseit is assumedhat the excit-
ability is so large that one may neglect curvature effects.
Hereonehasto takeinto accountrecoveryperiodsdueto the
inhibitor during which the brokenend movesupwardswith
the front velocity c; beforeit cancurl againto meetthe next
planarpulse.This leadsto

T¢

c=cf(1——

7. )

Note that, contraryto Eq. (3) for densespirals, which de-
pendsonly on T, Eq. (1) requiresthe knowledgeof one
moreparameteri.e., theradiusof the coreR (the velocity of
the spiral wavetip c, is giventhenas2#R/Ty).

Both theoriesstate that drift is not possiblefor wave
trainswith a stimulationperiod T; larger thanthe period of
the spiralwave T.

This resultis basedon the following generalcollision
argument.Contraryto manyotherwaves,wavesin an excit-
able medium annihilate each other when colliding. If the
period T4 of a spiralis smallerthanthe period of the wave
train Ty, the corewill neverbeinfluencedby the stimulation
whenthelocationof the stimulationis far from the core.The
spiralwavearmsshieldthe core.For periodssmallerthan T
the spiral wave armsandthe wavetrain will annihilateeach
other until the wave train will have penetratedo the core
whereit will inducedrift.

The maximalstimulationperiod T wasconsideredo be
a universallaw and, from a clinical point of view, imposes
limitations of this approachor animplantabledevice,since
it requiresdamaginghigh frequencies.

In this work we demonstratehat, contraryto classical
belief, smallerstimulationfrequenciesnaybe usedto induce
drift in an excitable medium. The reasonfor the differing
observationbetweenthe classicalresult and our result ap-
pearsto be twofold. First, we leavethe extremeregionsin
the density parameterrangeand insteadinvestigatemoder
ately sparsespirals.Secondwe look at stimulationscloseto
the corewhereasijn previoustheoriesthe stimulationsource
is assumedo be locatedfar from the core. For stimulation
closeto the coreit waswell known thata single stimulating
pulse may displacethe spiral wave core. But constantnon-
zero drift velocitiesfor T;/Ts>1 have neverbeeninvesti-
gatedand observedbefore.The apparentcontradictionwith
the collision argumentcan be explainedby the fact that the
spiral increases its effective period by interactingwith the
wavetrain, so the new period T satisfiesT;/T;<1.

Interestingly we also find that meanderingof spiralsis
not robustagainstperiodic stimulationsandthat meandering
spirals exhibit drift in the same way as nhonmeandering
spirals.
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Drift alonga straightline was previously observedand
studiedin aninhomogeneousmedium’® or undera periodic
modulationof the propertiesof the medium(seefor example
Refs.9-11). In many caseddrift alonga straightline is not
generic,but insteadonly occursfor one value of a control
parameterwhich leadsto a resonanceof the forcing fre-
quencyandthe spiral wave period T. This is very different
for stimulationwith wavetrainswhich we will discusshere
wherethe drift alonga straightline is the genericcase.

In Sec.ll we introducethe model under investigation
andthe numericalmethodsused.In Sec.lll we presentour
result that nonzerodrift velocities can actually be obtained
for larger stimulationperiods.In Sec.lV we provide a new
generalapproachto combinethe two classicaltheories.In
Sec.V we investigatethe seeminglyparadoxicalresult of
nonzeraodrift velocities,anda phenomenologicdbrmulade-
scribingdrift will be given.In Sec.VI we will studythe drift
of meanderingspirals underthe influenceof a stimulation
closeto the core. The resultsandtheir clinical implications
arediscussedn Sec.VII.

II. MODEL AND NUMERICAL METHODS

We briefly presentherethe model studied,and the nu-
mericalmethodsusedin this work.

A. Theoretical model

We investigatea two-componentwo-dimensionakxcit-
ablemediumwith anactivatoru anda nondiffusive inhibitor
v of the following form:

u=Au+tu(l—u)(u—(v—b)la),
vi=€e(U—v), @
introduced by Barkley!? Here A representsthe two-
dimensionalLaplacian,anda andb and e measurethe ex-
citability andrefractorinessAs a generalrule, increasingof
a and/ordecreasingf e will move the parameterangeto-
wards denserspirals. We analyzea homogeneousnedium
without defectsto which a drifting spiral may pin**~* and
unpin6:7

We studythe emissionof planarwavetrainsontoa spiral
wave as depictedin Fig. 1. Here we look at stimulations
closeto the coreandmeasurehe drift velocity asa function
of the stimulationperiod T; .

B. Numerical method

For the integration schemewe used the method de-
scribedby Barkley? Most of the numericalsimulationswere
performedin a box of lengthL =30, grid-sizedx=0.2, and
time steppingdt=0.1.

The initial condition was constructedby combining a
stationarytravelingfront, anda steadilyrotatingspiralwave,
asseenin Fig. 1. Onedifficulty in preparingthe initial con-
dition is to avoid multiple brokenends,causedy the inter-
action of the wave trains with the inhibitor field, v. This
leadsto very long transientsand to a waste of computer
resourcesThis problemis very severewhen the spiral is
densejfor this reasonwe restrictedourselveso moderately
sparsespirals.Also, we artificially setinitially the inhibitor
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FIG. 1. Dynamicsof a spiral wave S inducedby a wavetrain Wy ,. The

activatoru is shown.Thetime increasedrom left to right. (a) A planarfront

W, is senttowardsa spiralwavearm S. (b) Shortly after the collision. (c)

Broken front W; is created.(d) Brokenend W, evolvesinto a new spiral

wavearm. (e) The nextpulseW, of the stimulatingwavetrain is launched.
The wave patternis similar to (a), but the spiral wave appearsshifted.

field of the spiralwaveto zerowherethe stimulatingfront is
aboutto run into the rotating wave. We have checkedthat
this somewhatd hoc way of preparingthe solutiondoesnot
affectthe valueof thedrift velocity, by comparingtheresults
obtainedfor different preparationf the initial conditions.
In the absenceof externalstimulation,the artificially trun-
catedinitial condition evolvesinto a freely rotating spiral
with the samespiral wave core.

Dueto the limited size of the computationatlomain,the
coreof the spiralwaveis very quickly pushedawayfrom the
numericalbox, beforea steadyregimecanbe observedThis
difficulty can be avoidedby adding a drift term: —Cq Uy
—Cq Uy, —CqUx~Cyly to the left-hand sidesof Egs. (4).
This enablesus to investigatethe long-time behaviorof the
spiral wave drift. The drift velocitiescy , were determined
during the numericalintegration,by takinyg theratio between
the observedlisplacemenandthetime it takesbetweenwo
consecutiveminima of the x-coordinateof the trajectory of
the tip.

In the problemwe are considering the frequencyof the
stimulationmustbe fixed in the laboratoryframe.Becausea
moving frame is usedfor numerical purposes,one hasto
properlytakethe Dopplershift into account.This is donein
practiceby adjustingthe stimulation period in the moving
referencerame, T nym, SO 8s to maintainthe wavelengthof
the stimulating pulse constant.Note that the stimulation
wave comesfrom the lower side of the numericalbox (see
Fig. 1).

We checkedthat the resultwas very robustwith respect
to the precisechoiceof the parameters.

We used Neumannno flux boundaryconditions. It is
well known thatin this casethe wave may exhibit drift due
to its interactionwith its mirror image(see for example Ref.
18 for resonantrift). It hasbeencheckedby comparingthe
numericalresultsfor differentinitial positionsof the spiral
corethatthe drift is not dueto this boundaryeffect.

Spiral wave drift 489

0.04 1 Q. sparse, R=3 :
< ~ :
Q « :
S :
=] ;
(3] :
3 .
£ o0t :
ﬁ .
° :
i :
B4 .
3] :
& :
0.00 } f 3 !
0.4 0.6 0.8 1.0 1.2
(@) Period T'=T,/T,
dense B
X000 = < =
O, * 4 x 7/ 7
g * o
s * &/ N
-8 . p A aa sada A,
0027 CA -
= X Ve o *
E.E X X - d :
= A Rl :
_~"" sparse, R=3
-0.04 - : :
0.4 0.6 0.8 1.0
M " _
(b) Period T'=T;/ T,
0.04 +
&
° 0.02
:‘? X
5]
2
g
pe 0.00 :
E :
sparse, R=3 S~ -
-0.02 : : i
0.4 0.6 0.8 1.0
© Period T'=T;/ T,

FIG. 2. Drift velocities.(a) total drift velocity cy, (b) X-componenty , (©
y-componentcy versusT'=T;/Ts. The two continuouslines show the
theoreticallimits for sparsespirals,Eq. (1) (herearbitrarily chosenR=23),
and densespirals, Eq. (3). The crossesstars,and trianglesare numerical
simulationsA, B, andC. The densityof the spiralincreasesrom A to C. To
theright of theverticalline at T' =1 boththeoreticalimits predictthatthere
is no drift at all. Our numericalresultsshowa nonzerodrift in this region.
Parameterareb=0.005,D=0.02,e=0.02,L =30, anda=0.29for caseA,
a=0.32for caseB, anda=0.4for caseC. CaseA is almosta sparsespiral
behavingaccordingto (1), caseB is a moderatelysparsespiral, and the
parameter®f caseC supporta meanderingspiral. The coincidenceof the
y-componentf the drift velocity in (c) for casesB and C is accidental.

lll. RESULTS

Figures2(a)—2(c) showsthe dependencef the drift ve-
locity on the nondimensionalizedstimulation period T’
=T;/Ts. It is clearly seenthat nonzerodrift velocitiesexist
for T'=1, contrary to the existing theories.We give ex-
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FIG. 3. Spiral wave tip movementduring stationarydrift (thick line). Su-
perimposeds the core of a freely rotatingspiral (thin line). Parametersre
the sameas in caseB in Fig. 2.

amplesfor sparsenonmeanderingspirals (caseA), moder
ately sparsenonmeanderingpirals(caseB), andmoderately
sparsemeanderingspirals(caseC).

Our numericalresultsfaceuswith a paradox:on the one
hand, generalcollision agumentstell us that nonzerodrift
velocities cannotbe observedfor T;/T;=1; on the other
hand,we clearly observenonzerodrift velocitiesfor T; /T,
=1. The core of our agumentto resolvethe paradoxis that
thetrajectoryof the spiralwavetip afterthe collision results
in aneffectively larger spiralwaveperiod T . To understand
this we will look in the following paragraphnto the actual
dynamicsof the spiral wave trajectoryafter the collision.

As Fig. 3 shows,thereare mainly four phasesor mod-
erately sparsespirals, an initial collision phase(phasel in
Fig. 3), a noncurlingphasedueto a strong‘‘dense” interac-
tion of the brokenfront with the refractorytail of the spiral
(phase? in Fig. 3), thenatransitorycurling phasephase3 in
Fig. 3) andaforth phasewvherethe spiralwavetip eventually
hasrelaxedonto the core of a freely rotating spiral (phase4
in Fig. 3).

During the noncurlingphase2 the newly createdoroken
end and the next wave train are almost moving without
changingtheir distancedueto the refractorinessand, hence,
thetip velocity is c; .

Despitethe transitorynatureof phase3 wherethe spiral
hasnot yet relaxedon the stationarycore,the numericsshow
that its velocity hasalreadyreachedthe stationaryvelocity
Cs. Thisis thetwo-dimensionahnalogof the observatiorin
one dimensionthat arbitrary initial conditionsvery quickly
assumethe stationaryvelocity althoughtheir shapehasnot
takenthe stationaryshape.This is due to the fact that the
velocity is determinedby diffusion and henceonly the fore-
mostpartof thefront doesmatter It is this transitoryphase3
which hasbeenneglectedso far and which allows for non-
zero drift velocitiesfor T'>1 (in Ref. 5 only phase4 has
beenconsideredandin Ref. 4 only the noncurlingphase2
hasbeenconsideredunderthe assumptiorof equalgrowing
and front velocitieg. During phase3 the tip moveson a
quasi-circlewith a radiuslargerthanthe radiusof the freely
rotating spiral, as can be seenin Fig. 3. This effectively
introducesa larger spiral wave period T;>T, to keepthe
velocity ¢ constantThis explainsthe seeminglyparadoxical
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FIG. 4. Sketchof a brokenfront W, at T=0. It evolvesinto a spiral W
at T=T.. W, is the next wave train which collides with the spiral
atT=T,.

nonzeraodrift velocitiesfor T'=T;/Ts=1 sincetheresultsin
Fig. 2 aredepictedversusthe spiralwaveperiodof thefreely
rotating spiral Ts.

Studyingthe dependencef the drift velocity on theini-
tial conditionsin termsof position of the spiral wavetip on
the core of the freely rotating spiral, we found the plausible
result that the actual values of the drift velocities do not
dependon the initial conditions, but that the maximal T’
=1 exhibiting nonzerodrift velocities doesdependon the
initial conditions.This is not surprising becausethe initial
positionof the spiral wavetip relativeto the positionof the
wavetrain determineshow well the spiral waveis shielded.
Thelongerit takesfor thefirst collisionthemoreT’ tendsto
the classicalresult T'=1 with the important difference,
though,that the drift velocity is nonzero.

We note that the numericalresultsfor small T /T be-
comeunreliablesincethe period of the wavetrain T; is not
big comparedto the minimal period for the existenceof
wavetrainsT* andthe excitability is nothomogeneoualong
the front, but insteadthe fronts will be wiggly after the
interaction.

In Sec.V we will employ a more quantitativeunder
standingof the drift velocities,butfirst we briefly reviewthe
classicaltheory

IV. CLASSICAL THEORY REVISED

The idea that spiral wavesmay drift as a result of an
interactionwith a wavetrain hasbeenfirst proposedn two
seminal paperst® The two limiting casesof very dense
spiralé andvery sparsespirals were studiedin detail.

In the following we will presenta simple but general
view on the mechanisnof drift which includesthe extremely
sparsecasé aswell asthe extremelydensecase® Suppose
spiralanda planarfront meetat T=0 (seeFig. 4) to form a
brokenendW; [asin Fig. 1(d)]. The wavetrain far from the
tip will continueits movementwith thevelocity ¢;, whereas
the tip will haveits own individual path with typically a
velocity smallerthanc; . At alaterpointin time T thewave
front W, will havetraveled\;=c;T. andthe spiralwavetip
will have traveled )\Szfg%ydt, where v, is the
y-componentof the tip velocity during its drift. The two
wavesW,; andW, havethe constantdistanceAA=c;T;. If
we take T, asthe time of collision after which the spiral tip
of W; andW, meetto form anotherbrokenend, we obtain
AN=\;—\g (seeFig. 4) and,therefore,
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Te
Cfo:CfTC_ fo Uy dt, (5)

andfor the drift velocities
T
c :M _)\S:C( Tf) (6)
d T. f .

Generallyit is hardto determinev, , andto obtainanalytical
evaluationsof theseformulas.But for extremelysparseand
extremelydensespiralsone canmakeassumptiongboutthe
form of v, , andthecollisiontime T, andobtainthe previous
results(1), (2), or (3), respectively

It is readily seenthat Egs. (5) and (6) imply the ex-
tremely sparsecase(1) and (2) if oneassumeshatthe path
of the tip will be the one of a freely rotating spiral, i.e.,
assuming = — ¢ sin(wT), vy = C¢ COS(T) andrequiringfor
the velocity of the spiralwavec,=c;.

In the extremelysparsecasethe underlyingassumptions
arethat the refractorinesf both spiral and wave train can
be neglectedIn particular thereis no interactionof the front
and the spiral wave arm with the refractory tails of each
other implying thatthe periodof thewavetrain T; aswell as
the spiral wave period T are big comparedto the minimal
period of a wave train T,,,. Also interactionof the pulse
with the spiral wave coreis neglectedand, furthermore the
coreradiusR of the spiralwaveis assumedo be sufficiently
large so that curvatureeffects can be neglectedor, in other
words, the velocity of the spiral at the corec,=27R/T; is
equalto the velocity of a planarwavec; .

The generalapproach(5) and (6) allows us as well to
recoverEg. (3) for extremelydensespiral waves.For dense
spirals we assumeT.=T; and neglect the drift in the
x-direction. This essentiallymeansthat the drift causedby
the refractorinessof densespiralsis dominating over the
curling andthatthe excitability is so high thatthe velocity of
the spiral is c; .

Equations(5) and (6) are generalequationsand imply
the simple casesof extremelysparseand densespirals.But
assoonasthe dynamicsinvolvesa more complicatedstruc-
ture, it is hardto find ananalyticalexpressiorfor v, andvy,
basedon somesimple assumptionsTherefore we employa
different phenomenologicahpproachin the next sectionto
explain the nonzerodrift velocitieswe observefor moder
ately sparsespirals.

V. PHENOMENOLOGICAL MODEL

We introduce here a phenomenologicabnsatzfor the
drift velocitiesfor moderatelysparsespirals.In Fig. 5(a) we
sketchthe basicidea.We replacethe actualtrajectoryof the
tip (continuoudine) with an equivalentmotion (dashedine)
with the sameinitial and final coordinatesA and C. The
reducedmotion consistsof a linear movementAB and a
motion on the circle BC. Here, 9 determineghe initial po-
sition of the tip on the core and T{ the final position. The
dimensional‘angle” ¢ determineghe position of the spiral
wave at the time of collision relative to the incident wave

491
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(b)

FIG. 5. (a) lllustration of the phenomenologicainodel.(b) Close-upof the
tip motion on the circle CB. S is a spiral wave arm moving alongthe core
with radiusR. W is a stimulatingwave train. S, is the spiral wave at the
startof its travel time alongthe core.S; is the samespiral wavearm at the
time of collision.

train, i.e., ¢=T:— 9. The displacemenbf the circlesis de-
terminedby A. The total displacementluring the time be-
tweentwo collisionsis given by [Fig. 5(a)]

D,=R(cofw¢)—cogw?))+\ sinwe), (7)

Dy=R(sin(w¢)—sin(w¥))—\ cof we). (8)

The time betweentwo collisions T consistsof the time of
themovementlongthe circle BC andalongthe straightline
AB. Sincethetip displacemenalongAB is dueto the stimu-
lating front (phase2) which propagaten the y-directionwe
may write for the total collision time

A
Tc:TE—C—fcoiwso)- 9)

Therefore the drift velocitiesare given by Cq = D,/T¢ and
Ca,= Dy/T¢, which readsas
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FIG. 6. Comparisorof numericalresults(points andthe phenomenological
model (10) (lines). In (a)—(c) casesA—C from Fig. 1 are shown, respec-
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=40.0 for caseA, A=7.4 and 9=83.0 for caseB, and A=3.7 and ¢
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B R(cofwe)—cogwd))+ A sifwe)

Ca, = T2 (\cp)cos we) !
__RGsin(og)~sinw )\ coswg) (10
Y T:— (Mcy) cod we) '

The extremelysparsdimit (1) is obtainedfor A =9=0.
Figure 6 showsa comparisonof the numerically ob-
taineddrift velocitiesandour formula (10). Forlarge T’ the
phenomenologicammodel fits the numericaldata very well.
As alreadymentionedn Sec.lll, we observefor small T’ a
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differentdrift behaviordueto the interactionof the stimulat-
ing wave fronts themselves.There we do not expectthe
model (10) to be valid. Moreover from a clinical point of
view the focusis onlarge T'.

In the remainderwe motivate the reductionof the tip
movementandthe resultingformulas(9) and (10).

The reducedtrajectoryon the circle BC is motivatedby
the observatiorthatduring phase3, asmentionedearliet the
tip moveswith the velocity c. Therefore the free parameter
@ allows us to map the real motion during phases3 and 4
ontothe circle. We denotethe travel time of the spiraltip on
this circle from B to C by T¢ . As canbe seenfrom Fig. 5(b),
Ty is implicitly given by

c(Ti=T)=Rsin(w(T;—9))—Rsin(wd). (11
Note that the extremelysparsdimit (2) is recoveredfor ¢
=0 [seeEq. ()]

The displacemenbf thecircle, i.e., the motionalongthe
straightline AB, is modeledby the secondfree parametei.
The movementalongthe straightline AB correspondso the
noncurlingphase2. During this noncurlingphasethe tip ve-
locity in the y-directionis c;, as mentionedearlier The dis-
placementAB dependson the initial phasel and the non-
curling phase2. We will lump thesephasegogetherinto a
main drift. We assumedhatthe movementbf thetip afterthe
collision will, as a lowest-orderapproximation,follow the
initial line of theinhibitor since,asa generalrule, awavetip
will moveinto a regionwhereit cando so. We assumehat
thedirectionof the meandrift is givenby the directionof the
inhibitor at the time of collision. Consideringmoderately
densespirals, this direction is tangentialto the core. From
Fig. 5(a) it follows that the x-displacementluring the mean
drift is \ sin(we) andthe y-displacements —\ cose).

VI. DRIFT OF MEANDERING SPIRALS

Meanderingnaturally occursif the density of a spiral
wave is increasedThe core then doesnot move along one
circle with a well-definedradius, but insteadmovesalong
petalswhosecentersarelined up on alarge circle with radius
R, . With the petalsonecanassociateé smallerradiusRg, as
shownin Fig. 7(a). Whenincreasinghe density first inwards
petalsare observedand,with furtherincreaseof excitability,
outwardpetals.The onsetof meanderindhasbeenstudiedin
Refs.19 and 20.

Our mainresultis thata meanderingspiral drifts like a
nonmeanderingspiral, when periodically stimulated. Nu-
merical calculationsdemonstratedhat meanderingspirals
areexposedo the samedrift mechanismasnonmeandering
spirals. A meanderingspiral, as shownin Fig. 7(a), drifts
under influence of periodic stimulation rectilinearly [Fig.
7(b)]. Movement of a freely meanderingspiral along a
straightline is well knownandhasbeenobservedBut there,
the larger radiusR, is only infinite for one specialvalue of
the control parameterin fact, this value of the control pa-
rameterseparatethe phase®f inward and outwardgrowing
petals.The drift we observehereis differentfrom this sce-
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FIG. 7. Trajectoriesof thetip of ameanderingspiral.(a) Freelymeandering
spiral with two cleardefinedradii. (b) Sameunderthe influenceof a stimu-
lating periodicwavetrain comingfrom the lower boundary Parametersare
thoseo fc aseCi nFig.2.

narioandis robustin the sensehatit doesnotdependon the
particularvaluesof the control parametersbut is insteada
genericsituation.

For meanderingpirals,againwe arefacedwith nonzero
drift velocities for stimulation periods larger than T [see
Figs.2(a)-2(c), caseC]. If T is takento bethetime between
two consecutivepoints of equal phasesof the freely mean-
dering spiral, i.e., T is associatedvith the smallerradius
Rs, and R is takento be the smaller of the two radii R
=Rg, formulas(9) and(10) arein goodagreemenwith the
numericalsimulation(Fig. 6).

Free meanderingtself is a strongly nonstationarypro-
cesswhere the spiral wave tip movesperiodically into its
own refractorytail. On the smallercircle the excitability is
high andthe spiral curls. It will meetits own refractorytail
and movesinto an areawith low excitability whereit con-
tinuesto move on a large circle with R, until an inhibitor-
free hole opensandthe wavetip canfreely curl againwith its
growing velocity. Hence,meanderings basicallydueto the
fact thatthe spiralwave periodicallychangeghe excitability
of the mediumit movesthroughby its own inhibitor. Peri-
odic stimulationssuchasthe emissionof wavetrainsdrasti-
cally changethe excitability of the active mediumand dis-
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turb this inherentperiodicity of the spiral wave andimpose
their own periodicity This suppressesand transformsthe

meanderingand a steadydrift will be establishedBarkley™®

hasidentifiedthe Euclideansymmetrygroupasbeingessen-
tial for the onsetof meandering.The invarianceunder the

actionof the Euclideangroup, rotation, reflection,andtrans-
lation leadsto a reductionof the original systemto a set of

five ordinarydifferentialequationsin this system the onset
of meanderings describedoy a Hopf bifurcation. The peri-

odic stimulationby wavetrainsdoesbreakthe symmetryand

destroysthe meandering.

VII. DISCUSSION

We haveinvestigateddrift of spiral wavesinducedby a
periodicwavetrain which is launchedcloseto the core.The
surprisingresult of nonzerodrift velocities for stimulating
periodslargerthanthe periodof the freely rotatingspiral has
beenobserved We note that for stimulationsfar from the
corethe spiral wave armsshieldthe coreandwill preventa
drift of the core, but once a drift has beeninducedby a
stimulationcloseto the core,this drift will be stationaryThis
seemsto contradictthe conclusionsof former work.*® We
found that a transitoryphasecausedy an interactionof the
wave train with the refractorytail of the spiral waveis re-
sponsiblefor this new phenomenonEssentiallythis transi-
tory phaseintroducesa larger spiral wave period and hence
allows for stimulatingperiodslarger thanthe original spiral
waveperiodTs. A phenomenologicahodelwasestablished
which quantitativelydescribeghe drift velocitiesfor moder
ately sparsespirals. Initially meanderingspirals were also
stimulatedand we observeda steadydrift along a straight
line asin the nonmeanderingasesThe stimulationby wave
trains doesdominatethe inherentperiodic natureof mean-
dering spirals. We could again describethe drift with our
phenomenologicaiormula.

The new result of nonzerodrift for stimulation periods
larger than T4 was mainly due to two separatdactors: (i),
we leavethe parameteregionof extremedensitiesand(ii),
we stimulatecloseto the core.In the remaindemwe comment
on thesetwo issuesand put theminto a perspectiveérom a
clinical point of view.

Consideringstimulationsclose to the core is relevant
from a cardiologicalpoint of view. Heretypical waveveloci-
ties are of the order 10 cm/sandtypical time scaleis of the
orderof 0.2 s, which implies a typical wavelengthof 2 cm,
whichis nottoo smallif comparedwith the heartsize.In this
caseobviousgeneralkollision agumentsasemployedn the
aforementionedtlassicaltheories,do not apply Neverthe-
less, we saw that for the caseof extremely sparsespirals
thereis no drift for T;>T; alsoin the casewherethe source
of stimulationis closeto the core[caseA in Figs.2(a)—2(c)].
After oneinitial collision and the resultingdisplacemenbf
the core, the spiral wave arm developsand startsshielding
the core. For moderatelysparsespirals,though, we do ob-
servenonzerosteadydrift velocitiesfor T;>Tg. This brings
usto the problemof the densityof spirals.

The density 6 of a spiral can be definedas the ratio of
the width of the spiral wave arm andthe wavelengthof the
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FIG. 8. Spiral wave anda stimulatingfront (black filled). The shadedarea
depictsthe spaceoccupiedby the spiral andits refractorytail. At the inter
sectionof the planarfront andthe spiral wavethe topologicalchage of the
resultingbrokenendis denoted The dashedox showsa possibleboundary
of the medium.

spiral wave.In otherwords, the densityis a measureof the
ratio of the spacealreadyoccupiedby the spiralto the space
that would still be availablefor excitations.The densityis

particularlyimportantfor defibrillation. It determineghe ex-

citablegap,i.e., the probability of intersection®f the stimu-
lating front with the spiral wave at the momentof stimula-
tion. Hence it determinesthe number of newly created
brokenfronts which eventuallymay evolve into new spiral

wave arms. As a consequencethe mechanismis one
whereby spirals drift strongly dependson density In fact,

excitation by wave trains may worsenthe situation by not
annihilatingthe existing spiral (or moving its core into non-
excitabletissug but by creatingevenmore spiral waves.In

the Appendixwe derivean expressiorfor the successate of

defibrillation dependingon the density

APPENDIX: DENSITY DEPENDENCE OF SUCCESS
RATE

In this appendixwe employ an agumentbasedon the
conservatiorof the topologicalchage N to find an expres-
sion for the succesgate P¢(5) of defibrillation inducedby
stimulating wave trains. As shown in Fig. 8, we assume
stimulation with a planar front. The intersectionof the
boundaryof the excitablemediumwith the stimulatingfront
canlay eitheron freshmediumor on a spiralwavearmor its
refractoryzone.This determineghe numberof brokenends
createdby the stimulatingfront, and hencethe overall topo-
logical chage. We definethetopologicalchage N to be +1
for counterclockwiserotating spirals,— 1 for clockwisero-

Gottwald, Pumir, and Krinsky

tating spirals,andO if no brokenendat all is presentTopo-
logical chagesadd up, so two countefrotating spiralswith

N=1 and N=—1, respectively resultin N=0, which ex-

presseghe fact that they are very likely to annihilateeach
other (only for the caseof equalrotation frequenciesthey
may coexis). If only one spiral wave is presentwith an
initial chage N= + 1 as depictedin Fig. 8, the sumof topo-
logical chagesmay be either0, + 1, or 2 dependingon the
four possibilities for the location of the boundaries.If N

=0, completeannihilationis observed.f N=+1, we are
ableto inducespiral wavedrift with stimulatingwavetrains
as discussedn this article and force the spiral wave with

N=+1 out of the boundary If N= + 2, the stimulationhas
actually createdan additional spiral wave with the same
senseof rotation, so fibrillation is enhanced.

The probability P, for one boundarybeinglocatedon a
spiral wave arm or its refractory zone is P,=N/(L+\)
= 4. P;=1—¢ is thenthe probability for an intersectionof
the boundarywith freshmedium.

Thesuccessate Py is naturallydefinedasthe sumof the
probability for completeannihilationN=0 and of the prob-
ability for possibleinduceddrift N= + 1. Simple countingof
topologicalchagesfor all four possibilitiesfor the location
of the boundariedeadsto

Ps=(1-6)2+4. (A1)

In particular this implies that P;>0.75for all 6 andthatfor
spiralwaveswith §= 0.5 the successateis the worst.
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