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Table 1: Estimators and variance estimates from a SRS (Ch.1 & 3)

Par. Ordinary Ratio Regression Hartley-Ross

Ratio R
ȳ

X̄

ȳ

x̄
- r̄′ +

N − 1

NX̄

n(ȳ − r̄′x̄)

n− 1

1

X̄2
(1− n

N
)
s2
y

n

1

X̄2
(1− n

N
)
s2
r

n
- r̄′ =

1

n

n∑
i=1

yi
xi

Mean Ȳ ȳ
ȳ

x̄
X̄ y +

sxy
s2
x

(X − x) X̄r̄′ +
N − 1

N

n(ȳ − r̄′x̄)

n− 1

(1− n

N
)
s2
y

n
(1− n

N
)
s2
r

n
(1− n

N
)
s2
y(1− ρ̂2)

n
-

var( ̂̄Y r) < var( ̂̄Y ) var( ̂̄Y reg) < var( ̂̄Y r)

if ρ̂ >
ȳsx
2x̄sy

equal if b = r =
ȳ

x̄

Total Y Nȳ
ȳ

x̄
X Ny +

sxy
s2
x

(X −Nx) Xr̄′ + (N − 1)
n(ȳ − r̄′x̄)

n− 1

N2(1− n

N
)
s2
y

n
N2(1− n

N
)
s2
r

n
N2(1− n

N
)
s2
y(1− ρ̂2)

n
-

1. s2
y =

1

n− 1
(

n∑
i=1

y2
i − nȳ2),

s2
r =

1

n− 1
(

n∑
i=1

y2
i − 2r

n∑
i=1

xiyi + r2
n∑
i=1

x2
i) = s2

y − 2rρ̂sxsy + r2s2
x, r =

ȳ

x̄
,

2. For count data, replace ȳ by sample proportion p and s2
y by

n

n− 1
p(1− p) or p(1− p) approx.
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Table 2: Estimators and variance estimates for a poststratified SRS (Ch.1)

Par. Estimator Nl Variance Remarks

Ȳl
̂̄Y pst,lm1 =

ȳ′

Wl

X var( ̂̄Y pst,lm1) =
1

W 2
l

(
1− n

N

)
s′2l
n

y′i = yi if i ∈ Cl & 0 otherwise

Yl Ŷpst,lm1 = Nȳ′
√

var(Ŷpst,lm1) = N2
(

1− n

N

)
s′2l
n

ȳ′ =

n∑
i=1

y′i

n
, s′2l =

n∑
i=1

y′i
2 − nȳ′2

n− 1

Ȳl
̂̄Y pst,lm2 =

n

nl
ȳ′ = ȳ

√
var( ̂̄Y pst,lm2) ' 1

Wl

(
1− n

N

)
s2
l

n
ȳ =

1

nl

∑
i∈Cl

yi

Yl Ŷpst,lm2 = Nlȳ X var(Ŷpst,lm2) ' N2Wl

(
1− n

N

)
s2
l

n
s2
l =

1

nl − 1

∑
i∈Cl

yi
2 − nlȳ2

Y Ŷ pst =
L∑
l=1

Wlyl X var(Ŷ pst) '
(

1− n

N

) L∑
l=1

Wl
s2
l

n
Extra =

1

n2

L∑
l=1

(1−Wl)s
2
l

Y Ŷpst =
L∑
l=1

Nlyl X var(Ŷpst) ' N2
(

1− n

N

) L∑
l=1

Wl
s2
l

n
Extra =

N2

n2

L∑
l=1

(1−Wl)s
2
l

1. ‘X’ indicates that the estimate cannot be applied if Nl and hence Wl is unknown.

2. E
(

1

nl

)
=

1

nWl

+
1−Wl

n2W 2
l

' 1

nWl

. The extra var.
1−Wl

n2W 2
l

is ignored in the var. formulae.

Table 3: Sample size determination for SRS and stratified SRS (Ch.1 & 2)

SRS for mean Ŷ s.t. Pr(|y − Y | ≤ δµ) = 0.95 and S2 = p(1− p) for proportion P̂

Sample n n ≥ NS2

N(δµ)2/z2
α/2 + S2

f=0
≈

z2
α/2S

2

(δµ)2

Stratified SRS for mean Ŷ s.t. Pr(|yst − Y | ≤ δµ) = 0.95 and V =
(δµ)2

z2
α/2

Sizes Optimum Neyman Proportional

Stratum nl nl = n


WlSl√
Cl

L∑
i=1

WiSi√
Ci

 nl = n

 WlSl
L∑
i=1

WiSi

 nl = nWl

Sample n n ≥

(
L∑
l=1

WlSl
√
Cl

)(
L∑
i=1

WiSi/
√
Ci

)

V + 1
N

L∑
l=1

WlS2
l

n ≥

(
L∑
l=1

WlSl

)2

V + 1
N

L∑
l=1

WlS2
l

n ≥

L∑
l=1

WlS
2
l

V + 1
N

L∑
l=1

WlS2
l
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Table 4: Estimators and variance estimates for stratified SRS (Ch.2 & Ch.3)

Parameter Estimator Variance

Ordinary estimator s2
yl = 1

nl−1
(

nl∑
i=1

y2
li − nlȳ2

l ), Wl = Nl

N

Ratio R =
1

X̄

L∑
l=1

WlȲl R̂st =
1

X̄

L∑
l=1

Wlȳl var(R̂st) =
1

X̄2

L∑
l=1

W 2
l

(
1− nl

Nl

) s2
yl

nl

Mean Ȳ =
L∑
l=1

WlȲl
̂̄Y st =

L∑
l=1

Wlȳl var( ̂̄Y st) =
L∑
l=1

W 2
l

(
1− nl

Nl

) s2
yl

nl

Total Y = N
L∑
l=1

WlȲl Ŷst = N
L∑
l=1

Wlȳl var(Ŷst) = N2
L∑
l=1

W 2
l

(
1− nl

Nl

) s2
yl

nl

Separate ratio estimator s2
sr,l = s2

yl − 2 rlρ̂sxlsyl + r2
l s

2
xl, rl =

ȳl
x̄l

Ratio R =
1

X̄

L∑
l=1

WlX̄lRl R̂st,sr =
1

X̄

L∑
l=1

WlX̄lrl var(R̂st,sr) =
1

X̄2

L∑
l=1

W 2
l

(
1− nl

Nl

) s2
sr,l

nl

Mean Ȳ =
L∑
l=1

WlX̄lRl
̂̄Y st,sr =

L∑
l=1

WlX̄lrl var( ̂̄Y st,sr) =
L∑
l=1

W 2
l

(
1− nl

Nl

) s2
sr,l

nl

Total Y = N
L∑
l=1

WlX̄lRl Ŷst,sr = N
L∑
l=1

WlX̄lrl var(Ȳst,sr) = N2
L∑
l=1

W 2
l

(
1− nl

Nl

) s2
sr,l

nl

Combine ratio estimator s2
cr,l = s2

yl − 2 rcρ̂sxlsyl + r2
cs

2
xl, rst,cr =

∑L

l=1
Wlȳl∑L

l=1
Wlx̄l

Ratio Rst,cr =

L∑
l=1

WlȲl

L∑
l=1

WlX̄l

R̂st,cr =

L∑
l=1

Wlȳl

L∑
l=1

Wlx̄l

= rst,cr var(R̂st,cr) =
1

X̄2

L∑
l=1

W 2
l

(
1− nl

Nl

) s2
cr,l

nl

Mean Ȳ = X̄Rst,cr
̂̄Y st,cr = X̄rst,cr var( ̂̄Y st,cr) =

L∑
l=1

W 2
l

(
1− nl

Nl

) s2
cr,l

nl

Total Y = NX̄Rst,cr Ŷst,cr = NX̄rst,cr var(Ȳst,cr) = N2
L∑
l=1

W 2
l

(
1− nl

Nl

) s2
cr,l

nl

Double sampling estimator

Mean Y st =
L∑
l=1

WlY l Ŷ st,ds =
L∑
l=1

wlȳl var(Ŷ st,ds) =
L∑
l=1

w2
l s

2
l

nl
+
wl(ȳl − Ŷ st,ds)

2

n′


wl =

n′l
n′

If n′ & N are large and nl

Nl
are all small
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Table 5: Systematic Sampling (Ch.4)

Parameter Point Estimate Variance

One systematic sample

Mean Y y =
1

n

n∑
i=1

yi Var(Ŷ sy) =
1

k

k∑
j=1

(ȳj − ȳ)2

(Sampling interval k =
N

n
) =

N − 1

N
S2 − N − k

N
S2
w

where S2
w=

1

N−k

 n∑
i=1

k∑
j=1

(yij − ȳi)2



S2 =
1

N − 1

 n∑
i=1

k∑
j=1

(yij − ȳ)2


Var( ̂̄Y sy) < Var( ̂̄Y srs) if S2

w > S2

Repeated systematic samples

Mean Y y =
1

ns

ns∑
j=1

yj var(Ŷ sy,rs) =
(

1− n

N

) s2
y

ns

(Sampling interval k′ =
N

n
ns) s2

y =
1

ns − 1

ns∑
j=1

(yj − y)2

=
1

ns − 1

 ns∑
j=1

y2
j − nsy

2



Table 6: Cluster Sampling (Ch.4)

Parameter Ord. est. Ratio est. Var. in stage 1 Additional var. in stage 2

ȳ r = ȳ/m̄ ŷi = Miȳi· =
Mi

mi

mi∑
i=1

yij replace yi

m̄ = 1
n

n∑
i=1

Mi r̂ = ¯̂y/m̄ replace r

s2
y s2

r
¯̂y = 1

n

n∑
i=1

ŷi replace ȳ

Mean/ele. R
ȳ

M̄
X r

√ 1

M̄2

(
1− n

N

)
s2

n

N

nM2

n∑
i=1

M2
i

(
1− mi

Mi

) s2
yi

mi

Mean/clus. Ȳ ȳ
√

M̄r X
(

1− n

N

)
s2

n

1

nN

n∑
i=1

M2
i

(
1− mi

Mi

) s2
yi

mi

Total Y Nȳ
√

Mr X N2
(

1− n

N

)
s2

n

N

n

n∑
i=1

M2
i

(
1− mi

Mi

) s2
yi

mi

Note: 1. ‘X’ indicates that the estimate cannot be applied if M̄ = M/N or M is unknown.

2. Var( ̂̄Y c1) < Var( ̂̄Y srs) if Mi = M̄ and S2
b < S2.
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Table 7: Stratified one-stage cluster sample

Parameter Estimate Variance

Ordinary estimator: ȳl =
1

nl

nl∑
i=1

yli, s2
yl =

1

nl − 1

nl∑
i=1

(yli − yl)2, M̄ =
M

N

Mean/ele. R R̂stc1 =
1

M̄

L∑
l=1

Wlȳl X var(R̂stc1) =
1

M̄2

L∑
l=1

W 2
l

(
1− nl

Nl

) s2
yl

nl

Mean/clus. Ȳ ̂̄Y stc1 =
L∑
l=1

Wlȳl
√

var( ̂̄Y stc1) =
L∑
l=1

W 2
l

(
1− nl

Nl

) s2
yl

nl

Total Y Ŷstc1 =
L∑
l=1

Nl ȳl
√

var(Ŷstc1) =
L∑
l=1

N2
l

(
1− nl

Nl

) s2
yl

nl

Separate ratio estimator: rl =

∑nl
i=1 yli∑nl
i=1Mli

, s2
srl = s2

yl − 2rlsxyl + r2
l s

2
xl, M̄l =

Ml

Nl

Mean/ele. R R̂stc1,sr =
1

M̄

L∑
l=1

Wl rlM̄l X var(R̂stc1,sr) =
1

M̄2

L∑
l=1

W 2
l

(
1− nl

Nl

)
s2
srl

nl

Mean/clus. Ȳ ̂̄Y stc1,sr =
L∑
l=1

Wl rlM̄l X var( ̂̄Y stc1,sr) =
L∑
l=1

W 2
l

(
1− nl

Nl

)
s2
srl

nl

Total Y Ŷstc1,sr =
L∑
l=1

Nl rlM̄l X var(Ŷstc1,sr) =
L∑
l=1

N2
l

(
1− nl

Nl

)
s2
srl

nl

Combine ratio estimator: rc =

∑L
l=1 Wl ȳl∑L
l=1Wl m̄l

, s2
crl = s2

yl − 2rcsxyl + r2
cs

2
xl

Mean/ele. R R̂stc1,cr = rc
√

var(R̂stc1,cr) =
1

M̄2

L∑
l=1

W 2
l

(
1− nl

Nl

)
s2
crl

nl

Mean/clus. Ȳ ̂̄Y stc1,cr = M̄ rc X var( ̂̄Y stc1,cr) =
L∑
l=1

W 2
l

(
1− nl

Nl

)
s2
crl

nl

Total Y Ŷstc1,cr = M rc X var(Ŷstc1,cr) =
L∑
l=1

N2
l

(
1− nl

Nl

)
s2
crl

nl

‘X’ indicates that the estimate cannot be applied if M̄ or M is unknown.
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Table 8: Sampling with unequal probabilities (Ch.5)

Parameter Estimate Variance

Hansen-Hurwitz estimator for WR sample with sel. prob. pi (PPS: pi =
xi
X

) & zi =
yi
pi

Mean Y Ŷ HH =
1

Nn

n∑
i=1

yi
pi

=
z̄

N
var(Ŷ HH) =

1

N2n(n− 1)

(
n∑
i=1

z2
i − nz̄2

)
=

s2
z

N2n

Total Y ŶHH =
1

n

n∑
i=1

yi
pi

= z̄ var(ŶHH) =
1

n(n− 1)

(
n∑
i=1

z2
i − nz̄2

)
=
s2
z

n

Horvitz-Thompson estimator for any sampling with inclusion probabilities πi (
n∑
i=1

πi = n)

Mean Y Ŷ HT =
1

N

n∑
i=1

yi
πi

For any sampling design:

var(Ŷ HT,1) =
1

N2

 n∑
i=1

1− πi
π2
i

y2
i + 2

n∑
i=1

∑
j<i

πij − πiπj
πiπjπij

yiyj


For samping WOR:

var(Ŷ HT,2) =
1

N2

 n∑
i=1

∑
j<i

πiπj − πij
πij

(
yi
πi
− yj
πj

)2


For systematic samping (Hartley & Rao (1962) estimator):

var(Ŷ HR,ipps) =
1

N2

 n∑
i=1

(
1− n− 1

n
πi

)(
yi
πi
− Ŷsys

n

)2


Total Y ŶHT =
n∑
i=1

yi
πi

For any sampling design:

var(ŶHT,1) =
n∑
i=1

1− πi
π2
i

y2
i +

n∑
i=1

∑
j 6=i

πij − πiπj
πiπjπij

yiyj

For samping WOR:

var(ŶHT,2) =
∑
i,j∈S

∑
i<j

πiπj − πij
πij

(
yi
πi
− yj
πj

)2

For systematic samping (Hartley & Rao (1962) estimator):

var(ŶHR,ipps) =
∑
i∈S

(
1− n− 1

n
πi

)(
yi
πi
− Ŷsys

n

)2


