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Railway wagon problem or 231-avoiding permutations

C

A B

Problem 1: There are n railway wagons at A on the track above. The wagons are
moved from A to B throught the central track. It is assumed that the central track
can accomodate all n of them and that they travel only from left to right (i.e., they
may not be moved from C back to A.) How many arrangements are possible at B?

Problem 2: How many one-to-one functions f : {1,2,... ,n} — {1,2,...,n} are
there such that there does not exist 1 < j < k with ax < a; < a;7

Problem 3 How many permutations aias...a, of {1,2,...,n} are there such that
there does not exist ¢ < j < k with ay < a; < a;?7 [Such permutation is called
231-avoiding permutation.]

Problem 4: How many n—tuples (a1, as, . .. ,ay) of distinct integers, where 1 < a; <
n, are there such that there does not exist ¢ < j < k with ay < a; < a;?

Let A={1,2,3,--- ,n} For n =1, A = {1}, there is only 1 way, by moving the 1
from A up to the central track C' and then down to B; that is, UD.

For n = 2, A = {1,2}, there are 2 ways given by UUDD and UDUD; the first one
gives 21 at B and the second gives 12 at B.

For n =3, A ={1,2,3}, there are 5 ways given by
UuuUDDD, UUDUDD, UUDDUD, UDUUDD, UDUDUD.
These give rise to the following permutations in B:
321, 312, 132, 213, 123.

For n =4, A ={1,2,3,4}, there are 14 ways given by

vuuuubDDDD, UUUDUDDD, UUUDDUDD, UUUDDDUD, UUDUUDDD,
UUDUDUDD, UUDUDDUD, UUDDUUDD, UUDDUDUD, UDUUUDDD,
UDUUDUDD, UDUUDDUD, UDUDUUDD, UDUDUDUD.

These give rise to the following permutations in B.
4321, 4312, 4132, 1432, 4213, 4123, 1423,

2143, 1243, 3214, 3124, 1324, 2134, 1234.



UUUUUDDDDD,
UUUUDDDDUD,
UUUDUDDDUD,
UUUDDDUUDD,
UUDUUDDUDD,
UUDUDUDDUD,
UUDDUUDUDD,
UDUUUUDDDD,
UDUUDUUDDD,
UDUUDDUDUD,
UDUDUDUUDD,

04321, 54312,

52143,
52134,
12354,
12435,

51243,
51234,
43215,
32145,

UUUUUUDDDDDD,
UUUUUDDDUDDD,
UUUUDUUDDDDD,
UUUUDUDDDUDD,
UUUUDDUDUDDD,
UUUUDDDUUDDD,
UUUUDDDDUUDD,
UUUDUUDUDDDD,
UUUDUUDDDDUD,
UUUDUDUDDUDD,
UUUDUDDUDUDD,
UUUDUDDDUDUD,
UUUDDUUDDUDD,
UUUDDUDUDUDD,

54132,

15243,
15234,
43125,
31245,

For n = 5, there are 42 ways given by

UUUUDUDDDD,
UUUDUUDDDD,
UUUDDUUDDD,
UUUDDDUDUD,
UUDUUDDDUD,
UUDUDDUUDD,
UUDDUUDDUD,
UDUUUDUDDD,
UDUUDUDUDD,
UDUDUUUDDD,
UDUDUDUDUD.

51432,

21543,
21534,
41325,
13245,

For n = 6 , there are 132 ways given by:

15432,

12543,
12534,
14325,
21345,

UUUUUDUDDDDD,
UUUUUDDDDUDD,
UUUUDUDUDDDD,
UUUUDUDDDDUD,
UUUUDDUDDUDD,
UUUUDDDUDUDD,
UUUUDDDDUDUD,
UUUDUUDDUDDD,
UUUDUDUUDDDD,
UUUDUDUDDDUD,
UUUDUDDUDDUD,
UUUDDUUUDDDD,
UUUDDUUDDDUD,
UUUDDUDUDDUD,

UUUUDDUDDD,
UUUDUDUDDD,
UUUDDUDUDD,
UUDUUUDDDD,
UUDUDUUDDD,
UUDUDDUDUD,
UUDDUDUUDD,
UDUUUDDUDD,
UDUUDUDDUD,
UDUDUUDUDD,

These give rise to the following permutations in B.

54213, 54123,

53214,
32154,
42135,
12345.

53124,
31254,
41235,

UuUUDDDUDD
UuUDUDDUDD
UuUDDUDDUD
UUuDUUDUDDD
UUDUDUDUDD
UUDDUUUDDD
UUDDUDUDUD
UDUUUDDDUD
UDUUDDUUDD
UDUDUUDDUD

51423, 15423,

51324,
13254,
14235,

15324,
21354,
21435,

UUUUUDDUDDDD,
UUUUUDDDDDUD,
UUUUDUDDUDDD,
UUUUDDUUDDDD,
UUUUDDUDDDUD,
UUUUDDDUDDUD,
UUUDUUUDDDDD,
UUUDUUDDDUDD,
UUUDUDUDUDDD,
UUUDUDDUUDDD,
UUUDUDDDUUDD,
UUUDDUUDUDDD,
UUUDDUDUUDDD,
UUUDDUDDUUDD,
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UuUuDDUDDUDUD, UUUDDDUUUDDD, UUUDDDUUDUDD,
UuUDDDUUDDUD, UUUDDDUDUUDD, UUUDDDUDUDUD,
UUuDUUUUDDDDD, UUDUUUDUDDDD, UUDUUUDDUDDD,
UuDUUUDDDUDD, UUDUUUDDDDUD, UUDUUDUUDDDD,
UuDUUDUDUDDD, UUDUUDUDDUDD, UUDUUDUDDDUD,
UUuDUUDDUUDDD, UUDUUDDUDUDD, UUDUUDDUDDUD,
UUuDUUDDDUUDD, UUDUUDDDUDUD, UUDUDUUUDDDD,
UUuDUDUUDUDDD, UUDUDUUDDUDD, UUDUDUUDDDUD,
UUuDUDUDUUDDD, UUDUDUDUDUDD, UUDUDUDUDDUD,
UuuDUDUDDUUDD, UUDUDUDDUDUD, UUDUDDUUUDDD,
UUuDUDDUUDUDD, UUDUDDUUDDUD, UUDUDDUDUUDD,
UUuDUDDUDUDUD, UUDDUUUUDDDD, UUDDUUUDUDDD,
UUuDDUUUDDUDD, UUDDUUUDDDUD, UUDDUUDUUDDD,
UuDDUUDUDUDD, UUDDUUDUDDUD, UUDDUUDDUUDD,
UUuDDUUDDUDUD, UUDDUDUUUDDD, UUDDUDUUDUDD,
UUuDDUDUUDDUD, UUDDUDUDUUDD, UUDDUDUDUDUD,
UDUUUUUDDDDD, UDUUUUDUDDDD, UDUUUUDDUDDD,
UDUUUUDDDUDD, UDUUUUDDDDUD, UDUUUDUUDDDD,
UDUUUDUDUDDD, UDUUUDUDDUDD, UDUUUDUDDDUD,
UDUUUDDUUDDD, UDUUUDDUDUDD, UDUUUDDUDDUD,
UDUUUDDDUUDD, UDUUUDDDUDUD, UDUUDUUUDDDD,
UDUUDUUDUDDD, UDUUDUUDDUDD, UDUUDUUDDDUD,
UDUUDUDUUDDD, UDUUDUDUDUDD, UDUUDUDUDDUD,
UDUUDUDDUUDD, UDUUDUDDUDUD, UDUUDDUUUDDD,
UDUUDDUUDUDD, UDUUDDUUDDUD, UDUUDDUDUUDD,
UDUUDDUDUDUD, UDUDUUUUDDDD, UDUDUUUDUDDD,
UDUDUUUDDUDD, UDUDUUUDDDUD, UDUDUUDUUDDD,
UDUDUUDUDUDD, UDUDUUDUDDUD, UDUDUUDDUUDD,
UDUDUUDDUDUD, UDUDUDUUUDDD, UDUDUDUUDUDD,
UDUDUDUUDDUD, UDUDUDUDUUDD, UDUDUDUDUDUD,
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Connection with the first bracketing problem

Given a balanced string of brackets, we obtain the corresponding arrangement of
wagons as follows. We replace the left bracket ( by U and the right bracket ) by D.

Given an arrangement of wagons, we obtain the corresponding balanced string of
brackets as follows. First convert the arrangement using U and D, and then replace
U by the left bracket and D by the right bracket ).

1. For each of the following arrangements of wagons, write down the corresponding
balanced strings of brackets:

(i) 162534
(i) 142365
(i) 213654

Solution.

The arrangements correspond to
UuuDUDDUDDUD, UUDDUUDUDDUD, UUUDDDUDUUDD

and so the corresponding balanced strings of brackets are:

@ (00)NO
(@) ()OO0
(@) ((O)O0)-

2. For each of the following balanced strings of brackets, write down the corre-
sponding arrangements of wagons:

(@) (OMOW0)
(@) (00000
(@) (O0OOOI00)

Solution.

The arrangements of wagons are given by
UUDDUDUUDUDD, UUDUDDUUDDUDUD

and
UuuDbUDUDDUDUUDDUUDUDD

and so the corresponding arrangements of wagons are:
(@) 312465

(i1) 1243756

(i17)  312546(10)789.



