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Second Bracketing Problem — Well-Parenthesized Products

Problem 1: Suppose you have numbers zq, =1, 2, ..., £, and you want to mul-
tiply them together. In how many ways can you insert brackets into the string
Tox1T3 - .. Ty so that the order of multiplication is completely specified? Each pair
of brackets should contain just two terms.

Problem 2: Suppose you have numbers zy, 1, 2, ... , T, and you want to add them
together. In how many ways can you insert brackets into the string xoz12s...2,
so that the order of addition is completely specified? Each pair of brackets should
contain just two terms.

For n = 1, there is clearly only 1 way: (zoz1), and for n = 2, there are two ways:
(zo(z122)) and  ((xox1)x2)-
For n = 3, there are five ways:

(zo(z1(w273))); (To((z172)73)); ((To(w172))73); ((Tox1)(T273)), (((T0T1)T2)T3).

For n = 4, there are 14 ways:

(zo(z1(z2(7374)))), (To(21((7273)74))), (To((T1(7273))74)), (To(T1(2273)))T4),

(wo((w172) (x374))); (To(((z172)23)74)), (wo((z122)73))T4a), ((wo(T172))(T374)),

(((wo(z172))23)w4), ((T0T1)(T2(2374))), (Tox1)((T2x3)T4)), (((w0T1)(T2T3))T4),
)s ( )-

(((wom1)w2)(2374)), (((T0T1)T2)T3)T4

For n = 5, there are 42 ways:

(1) (zo(z1(z2(z3(2425))))) (2)  (zo(z1(z2((374)25))))
(3)  (zo(@1((z2(z374))5))) (4)  (zo((z1(z2(2374)))T5))
(5)  ((wo(z1(z2(2374))))5) (6) (zo(z1((z273)(Ta75))))
(M) (zo(@1(((z2w3)Ta)ws))) (8)  (zo((z1((w2w3)z4))T5))
9)  ((wo(z1((z2w3)®a)))s5) (10) (zo((z1(z273))(7a75)))
(11) (zo(((z1(z2ws3))za)T5)) (12) ((zo((z1(w273))T4))T5)
(13) ((wo(z1(z273)))(Ta5)) (14) (((zo(z1(w273)))T4a)T5)
(15) (zo((z122)(23(2475)))) (16) (zo((z122)((z374)75)))
(17) (zo(((z172)(z324))25)) (18) ((wo((w122)(2374)))25)
(19) (zo(((z172)z3)(245))) (20) (zo((((z122)z3)T4)T5))
(21) ((wo(((z122)73)74))5) (22) ((zo((z172)w3))(T475))
(23) (((xo((z122)3))Ta)T5) (24) ((zo(z122))(23(7475)))
(25) ((wo(z172))((T374)T5)) (26) (((zo(z172))(7374))T5)
(27) (((zo(z172))73)(Ta5)) (28) ((((zo(z122))73)T4)T5)
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In fact, the number of well-parenthesized products of n + 1 variables is the Catalan
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Connection with the first bracketing problem

Let v be a balanced string of n left brackets and n right brackets. Note that v always
starts with a left ‘(’ and ends with a right ‘)’. We put an extra left ‘(" at the start
of the string v and consider the string (v. Then we use the following instructions
to obtain a well-parenthesized products of n 4+ 1 variables.

Reading from left to right, replace the left brackets ‘(" by zg, 1, za,... ,z,. Then
again reading from left to right, each time we encounter a right bracket we place a
left bracket to the left of the preceding two terms.

Given a well-parenthesized products of n + 1 variables zq, z1, 2, ... , Z,, we obatin
a balanced string of n left brackets and n right brackets as follows. We reversed the
above construction by removing all the left brackets, removing xy, then replacing
each of the ,z1,z9,...,z,. by a left bracket ‘(" .

1. For each of the following balanced strings of brackets, construct the correspond-
ing well-parenthesized product.

(@) (OO0
(@) (0O)0)00
(@) (O0O)OOIO0)

Solution.

We use the above instructions to obtain the well-parenthesized products as
follows.

(4) (v =(()O(00) = zoz122))23)Tsw5)T6))
— xo(2122))T3)xT4T5)xs))
= (xo(z122))T3)x425)T6))

20(%1%2))%3)24%5)T6))

= ((xo(z122))z3)(T425)X6))
= ((zo(z172))73) ((z475)76))
= ((zo(z122))73) ((z425)T6))

(i) (v =000 = zoz122)73))24%5)) 6 ) 27)

— xo(21%2)T3))TaTs))X6)T7)

— xo((z122)T3))T4T5))x6)T7)

— (2o((7172)23))r4w5))T6) T7)
o((z122)23)) (T475))T6)T7)

(zo((z122)23)) (T475))T6)T7)

(zo((z172)73)) (T4w5))T6) T7)

(

(((wo((w172)w3)) (T475))T6)T7)

— (z
(
(
(
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(ig) (v =(000)0(O0) = zoz122)T3)T4))T5)T6T7))T3T9)T10))

— xo(21%2)T3)T4))T5)TeT7))T8T9)T10))

— xo((1%2)T3)x4))T5)T6T7))T8T9)X10))

— 2o(((2172)23)24))T5)T627))T829)T10))

— (2o (((z122)23)74))T5)T627))T8T9) T 10))

= ((zo(((z1272)73)74))T5)T627))T8T9)T10))

= ((zo(((z122)73)74))25) (T627)) T3T9) T10))
zo(((z172)@3)74))25)(T627))T3T9) T 10))
(((z122)23)74))75) (T627) ) (T8T9) 10))
(((z122)23)74))75) (T627)) ((2879) 2 10))
( ) )

(zo(((z172)73)74))T5)(T677)) (T8T9)T10))

_)

2. Construct balanced strings of brackets corresponding to the following well-
parenthesized products

(1) (@o((z1((z273)74))25))

(i) (((zo(2122))((z324)25))26)
(i) (((zo(21(z223)))24)(2576))
() ((wo((z172)(w324)))T5)T6)
(v)  ((woz1)w2)((w3(475))76))
(vi) (((zo((z172)23))24) (25 (2627)))
(vit) (((zoz1)(z2(z374)))(25(2627)))
Solution.
We use the above construction to obtain the corresponding strings of brackets
as follows.
(i) (@o((z1((w2w3)4))75)) — T10223)24))Ts5))
= ((00)0)
(id) (((zo(z122)) ((z324)25))T6) = T122))T3%4)25))26)
= (000
(iii) ((wo(z1(w2m3)))2s) (2576)) — 217223)))T4)T576))
— ((0)0O0))
(iv) (((wo((z172) (w324)))5)T6) = T122)T374)))T5)Te)
= (0(0NO0
(v) ((woz1)z2)((23(2475))T6)) — 21)22)T324%5)) %))
— 000)0)
(vi) ((wo((z172)w3))24) (w5 (T627))) = T172)T3))T4)T5T6T7)))
= (00)00))
(vii) ((woz1) (z2(2374))) (25 (2677))) = T1)227324)))T52677)))
— O(ONO))



