CATALAN NUMBERS

CATALAN Eugene (1814-1894) wrote an article about these numbers in 1838, but

they had been studied by J. von Segner and L. Euler 100 years earlier. They also

occur in the work of the Chinese-Mongolian mathematician AN TU MING (1692-

1763)

First bracketing problem

A string of left and right brackets is said to be balanced if each left bracket has a

matching right bracket.

How many balanced strings of n left and n right brackets are there?

For n = 0, there is clearly only 1 way (of doing nothing!).

For n =1, there is 1 way: ()

For n = 2, there are 2 ways: (()) and ()()

For n = 3, there are 5 ways: ((())), (0()), (0)0, 0(0), 000

there are 14 ways:
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Balancing Strings of L and R

A string of letters L and R in which every L has a matching R is called balanced.

How many balanced strings of n letters L and n letters R are there?

For n = 0, there is clearly only 1 way (of doing nothing!).

For n =1, there is 1 way: LR

For n = 2, there are 2 ways: LLRR and LRLR

For n = 3, there are 5 ways: LLLRRR, LLRLRR, LLRRLR, LRLLRR, LRLRLR

For n = 4, there are 14 ways:

(1) LLLLRRRR  (2) LLLRLRRR
(5) LLRLLRRR  (6) LLRLRLRR
(9) LLRRLRLR  (10) LRLLLRRR

(13) LRLRLLRR (14) LRLRLRLR
For n = 5, there are 42 ways:

(11) LRLLRLRR

(3) LLLRRLRR
(7) LLRLRRLR

(4) LLLRRRLR
(8) LLRRLLRR
(12) LRLLRRLR

(1) LLLLLRRRRR  (2) LLLLRLRRRR  (3) LLLLRRLRRR
(4) LLLLRRRLRR  (5) LLLLRRRRLR  (6) LLLRLLRRRR
(7) LLLRLRLRRR ~ (8) LLLRLRRLRR  (9) LLLRLRRRLR
(10) LLLRRLLRRR  (11) LLLRRLRLRR  (12) LLLRRLRRLR
(13) LLLRRRLLRR  (14) LLLRRRLRLR  (15) LLRLLLRRRR
(16) LLRLLRLRRR  (17) LLRLLRRLRR  (18) LLRLLRRRLR
(19) LLRLRLLRRR  (20) LLRLRLRLRR  (21) LLRLRLRRLR
(22) LLRLRRLLRR  (23) LLRLRRLRLR  (24) LLRRLLLRRR
(25) LLRRLLRLRR  (26) LLRRLLRRLR  (27) LLRRLRLLRR
(28) LLRRLRLRLR  (29) LRLLLLRRRR  (30) LRLLLRLRRR
(31) LRLLLRRLRR  (32) LRLLLRRRLR  (33) LRLLRLLRRR
(34) LRLLRLRLRR  (35) LRLLRLRRLR  (36) LRLLRRLLRR
(37) LRLLRRLRLR  (38) LRLRLLLRRR  (39) LRLRLLRLRR
(40) LRLRLLRRLR  (41) LRLRLRLLRR  (42) LRLRLRLRLR



For n = 6, there are 132 ways:

LLLLLLRRRRRR, LLLLLRLRRRRR, LLLLLRRLRRRR, LLLLLRRRLRRR,
LLLLLRRRRLRR, LLLLLRRRRRLR, LLLLRLLRRRRR, LLLLRLRLRRRR,
LLLLRLRRLRRR, LLLLRLRRRLRR, LLLLRLRRRRLR, LLLLRRLLRRRR,
LLLLRRLRLRRR, LLLLRRLRRLRR, LLLLRRLRRRLR, LLLLRRRLLRRR,
LLLLRRRLRLRR, LLLLRRRLRRLR, LLLLRRRRLLRR, LLLLRRRRLRLR,
LLLRLLLRRRRR, LLLRLLRLRRRR, LLLRLLRRLRRR, LLLRLLRRRLRR,
LLLRLLRRRRLR, LLLRLRLLRRRR, LLLRLRLRLRRR, LLLRLRLRRLRR,
LLLRLRLRRRLR, LLLRLRRLLRRR, LLLRLRRLRLRR, LLLRLRRLRRLR,
LLLRLRRRLLRR, LLLRLRRRLRLR, LLLRRLLLRRRR, LLLRRLLRLRRR,
LLLRRLLRRLRR, LLLRRLLRRRLR, LLLRRLRLLRRR, LLLRRLRLRLRR,
LLLRRLRLRRLR, LLLRRLRRLLRR, LLLRRLRRLRLR, LLLRRRLLLRRR,
LLLRRRLLRLRR, LLLRRRLLRRLR, LLLRRRLRLLRR, LLLRRRLRLRLR,
LLRLLLLRRRRR, LLRLLLRLRRRR, LLRLLLRRLRRR, LLRLLLRRRLRR,
LLRLLLRRRRLR, LLRLLRLLRRRR, LLRLLRLRLRRR, LLRLLRLRRLRR,
LLRLLRLRRRLR, LLRLLRRLLRRR, LLRLLRRLRLRR, LLRLLRRLRRLR,
LLRLLRRRLLRR, LLRLLRRRLRLR, LLRLRLLLRRRR, LLRLRLLRLRRR,
LLRLRLLRRLRR, LLRLRLLRRRLR, LLRLRLRLLRRR, LLRLRLRLRLRR,
LLRLRLRLRRLR, LLRLRLRRLLRR, LLRLRLRRLRLR, LLRLRRLLLRRR,
LLRLRRLLRLRR, LLRLRRLLRRLR, LLRLRRLRLLRR, LLRLRRLRLRLR,
LLRRLLLLRRRR, LLRRLLLRLRRR, LLRRLLLRRLRR, LLRRLLLRRRLR,
LLRRLLRLLRRR, LLRRLLRLRLRR, LLRRLLRLRRLR, LLRRLLRRLLRR,
LLRRLLRRLRLR, LLRRLRLLLRRR, LLRRLRLLRLRR, LLRRLRLLRRLR,
LLRRLRLRLLRR, LLRRLRLRLRLR, LRLLLLLRRRRR, LRLLLLRLRRRR,
LRLLLLRRLRRR, LRLLLLRRRLRR, LRLLLLRRRRLR, LRLLLRLLRRRR,
LRLLLRLRLRRR, LRLLLRLRRLRR, LRLLLRLRRRLR, LRLLLRRLLRRR,
LRLLLRRLRLRR, LRLLLRRLRRLR, LRLLLRRRLLRR. LRLLLRRRLRLR,
LRLLRLLLRRRR, LRLLRLLRLRRR, LRLLRLLRRLRR, LRLLRLLRRRLR,
LRLLRLRLLRRR, LRLLRLRLRLRR, LRLLRLRLRRLR, LRLLRLRRLLRR,
LRLLRLRRLRLR, LRLLRRLLLRRR, LRLLRRLLRLRR, LRLLRRLLRRLR,
LRLLRRLRLLRR, LRLLRRLRLRLR, LRLRLLLLRRRR, LRLRLLLRLRRR,
LRLRLLLRRLRR, LRLRLLLRRRLR, LRLRLLRLLRRR, LRLRLLRLRLRR,
LRLRLLRLRRLR, LRLRLLRRLLRR, LRLRLLRRLRLR, LRLRLRLLLRRR,
LRLRLRLLRLRR, LRLRLRLLRRLR, LRLRLRLRLLRR, LRLRLRLRLRLR.
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Connecting with the first bracketing problem

Given a balanced string of left and right brackets. To obtain a balanced string of
letters L and R, we replace left bracket ( by L and right bracket ) by R.

Given a balanced string of letters L and R. To obtain a balanced string of left and
right brackets, we replace L by left bracket ( and R by right bracket ).

For each of the following balanced strings of letters L and R, write down the
corresponding balanced strings of brackets.

(i) LLLRLRRLRR
(1) LLRRLLRLRRLR
(i) LLLRRRLRLLRR

Solution.

The corresponding balanced strings of brackets are:

(@) ((00)0)
(@) (OO0
(@) ((0NO0)-

For each of the following balanced strings of brackets, write down the corre-
sponding balanced strings of letters L. and R.

(@) (MO0
(@) (0O)0)00
(@) (O0O)OOIO0)

Solution.

The corresponding balanced strings of letters L and R are
(i) LLRRLRLLRLRR

(ir) LLRLRRLLRRLRLR

(i17) LLRLRLRRLRLLRRLLRLRR






First bracketing problem forn =17

(1) LLLLLLLRRRRRRR

(1) LLLLLLRLRRRRRR
(3) LLLLLLRRRLRRRR
(5) LLLLLLRRRRRLRR

(1) LLLLLRLLRRRRRR
(3) LLLLLRLRRLRRRR
(5) LLLLLRLRRRRLRR
(7) LLLLLRRLLRRRRR
(9) LLLLLRRLRRLRRR
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(43) LLLLRRRLRRLRLR
(45) LLLLRRRRLLRLRR
(47) LLLLRRRRLRLLRR
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