Arranging circles on the same line
How many ways to draw n nonintersecting circles with centres on the same line are

there? Any such diagram is refered to as a string of circles.

For n = 0, there is clearly only 1 way (of doing nothing!).
For n = 1, there is 1 way: fo)
For n = 2, there are 2 ways: @ 00

For n = 3, there are 5 ways:
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For n = 4, there are 14 ways:

© ©® ® © @ °
©O0 @©oo o’ o’ o@o oo 0000

For n = 5, there are 42 ways:
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For n = 6, there are 132 ways:

@) @) ©-
09 @9 @) ©9 ©9 @
®o @ (0) (6 690

@ @@CC @
6 € @ O~ 60 69
©9-° ©0° ©°© @000
(@ (© (© (© @ @
© @ @ (=9 (= @



0 @ (9 (9 =) &
9 &) &) o - 00

@o o@ ooo @ @
©©@) ©@° ©(E) ®f9) BEI) OO

© @©oo @o @o ©o@©o ©oo(©® (@©ooo0o0

0 0 o o oo o
o o oo o o oo

o@ ooo o o o oo

o o oo o@ ooo o@
o@ 0©@@©o 0©®o© o@©ooo0 oo oo

oo ooo oo oo ooo 00©©

oo(©oo ooo ooo 000(@o0 0000 000000



4

Connecting with the first bracketing problem

Given a balanced string of left and right brackets, to obtain the corresponding string
of circles, we replace a matching pair LR by a circle.

Given a string of circles, to obtain a balanced string of left and right brackets, we
replace a circle by a matching pair LR.

1. For each of the following balanced strings of letters L and R, write down the
corresponding balanced strings of brackets.
(i) LLLRLRRLRR
(i1) LLRRLLRLRRLR
(éi1) LLLRRRLRLLRR
Solution.
The corresponding balanced strings of circles are:
®Cr  ©°®
2. For each of the following strings of circles, write down the corresponding bal-
anced strings of brackets.
OE)°  @@c0 (090eE)
(4) (i) (42i)
Solution.

The corresponding balanced strings of brackets are

(i) LLRRLRLLRLRR
(i) LLRLRRLLRRLRLR
(#4) LLRLRLRRLRLLRRLLRLRR



