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Abstract. We examine the spectral stability of travelling waves of the haptotaxis model studied5
in [16]. In the process we apply Liénard coordinates to the linearised stability problem and use a6
Riccati-transform/Grassmanian spectral shooting method à la [18, 25, 26] in order to numerically7
compute the Evans function and point spectrum of a linearised operator associated with a travelling8
wave. We numerically show the instability of non-monotone waves (type IV) and the stability of the9
monotone ones (types I-III) to perturbations in an appropriately weighted space.10
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1. Introduction. We study the system of partial differential equations (PDEs)13

introduced in [33] to describe haptotactic cell invasion in a model for melanoma. Hap-14

totaxis, similar to chemotaxis, describes the preferred motion of cells towards, or away15

from, the gradient of a chemical concentration. This chemical is bound to a surface for16

haptotaxis, while it is suspended in a fluid for chemotaxis [16]. The original proposed17

model in [33] considered three densities: the extracellular matrix (ECM) concentra-18

tion, the invasive tumour cell population, and the density of protease. However, as19

the protease reaction was assumed to happen on a (super-)fast time scale [33], a quasi-20

steady state approximation was used to reduce to a simplified model considering only21

the densities of the ECM and the tumour. Written in the nondimensionalised form of22

[16] that emphasises its advection-reaction-diffusion structure, the model is given by23 (
u
w

)
t

= ε

(
u
w

)
xx

+

(
0

−wux

)
x

+

(
−u2w

w(1− w)

)
,(1.1)24

where u and w represent nondimensionalised concentrations of the ECM and the25

invasive tumour cell population respectively, and with x ∈ R, t ∈ R+ and ε≥ 0 a26

small parameter1.27

In [16] it was shown in a rigorous fashion that (1.1) supports four types of trav-28

elling wave solutions. The classification of the travelling wave solutions was based on29

distinguishing, qualitative features of the waves in the singular limit ε → 0. Type I30

waves are smooth with a monotone wave profile, type II waves are shock-fronted in w31

(in the singular limit ε→ 0) with a monotone wave profile, type III waves are shock-32

fronted in w with a monotone wave profile whose w-component has semi-compact33

support, and type IV waves are shock-fronted in w with a non-monotone wave profile34

(i.e. w is negative for certain parts of the profile). Figure 1 provides an example of35

the four types of waves found.36

To arrive at this result [16] followed the work of [43] and the model was analysed37

in its singular limit ε → 0 using canard theory and Liénard coordinates. Smooth38
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1Note that the original model in [33] ignored diffusion (ε = 0) as it was assumed that diffusion

only played a minimal role.
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u
<latexit sha1_base64="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB84BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6NkweiiQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4elo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0eh26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gzkB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljOBk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtGSm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZdN0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VOEOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A9jhjNg=</latexit><latexit sha1_base64="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB84BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6NkweiiQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4elo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0eh26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gzkB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljOBk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtGSm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZdN0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VOEOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A9jhjNg=</latexit><latexit sha1_base64="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB84BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6NkweiiQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4elo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0eh26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gzkB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljOBk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtGSm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZdN0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VOEOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A9jhjNg=</latexit><latexit sha1_base64="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB84BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6NkweiiQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4elo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0eh26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gzkB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljOBk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtGSm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZdN0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VOEOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A9jhjNg=</latexit>

x
<latexit sha1_base64="DSjsCZekXLtLzU3VqcKRm9WA2Rk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7USR5HEc7gHC7BgxrU4Q4a0AIGCM/wCm/Og/PivDsfy9aCk8+cwh84nz/b/4za</latexit><latexit sha1_base64="DSjsCZekXLtLzU3VqcKRm9WA2Rk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7USR5HEc7gHC7BgxrU4Q4a0AIGCM/wCm/Og/PivDsfy9aCk8+cwh84nz/b/4za</latexit><latexit sha1_base64="DSjsCZekXLtLzU3VqcKRm9WA2Rk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7USR5HEc7gHC7BgxrU4Q4a0AIGCM/wCm/Og/PivDsfy9aCk8+cwh84nz/b/4za</latexit><latexit sha1_base64="DSjsCZekXLtLzU3VqcKRm9WA2Rk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7USR5HEc7gHC7BgxrU4Q4a0AIGCM/wCm/Og/PivDsfy9aCk8+cwh84nz/b/4za</latexit>

c > c̃
<latexit sha1_base64="tE6lmlStqD/TTqzrp0HONAtB5xU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIepKCF48V7Ae0oWw2k3bpZhN3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IBVcG9f9dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAeju5nfHqPSPJGPZpKiH9OB5BFn1FjJZ+SW9AwXIeZs2q9U3Zo7B1klXkGqUKDRr3z1woRlMUrDBNW667mp8XOqDGcCp+VepjGlbEQH2LVU0hi1n8+PnpJzq4QkSpQtachc/T2R01jrSRzYzpiaoV72ZuJ/Xjcz0Y2fc5lmBiVbLIoyQUxCZgmQkCtkRkwsoUxxeythQ6ooMzansg3BW355lbQua55b8x6uqnVSxFGCUziDC/DgGupwDw1oAoMneIZXeHPGzovz7nwsWtecYuYE/sD5/AELyJGE</latexit><latexit sha1_base64="tE6lmlStqD/TTqzrp0HONAtB5xU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIepKCF48V7Ae0oWw2k3bpZhN3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IBVcG9f9dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAeju5nfHqPSPJGPZpKiH9OB5BFn1FjJZ+SW9AwXIeZs2q9U3Zo7B1klXkGqUKDRr3z1woRlMUrDBNW667mp8XOqDGcCp+VepjGlbEQH2LVU0hi1n8+PnpJzq4QkSpQtachc/T2R01jrSRzYzpiaoV72ZuJ/Xjcz0Y2fc5lmBiVbLIoyQUxCZgmQkCtkRkwsoUxxeythQ6ooMzansg3BW355lbQua55b8x6uqnVSxFGCUziDC/DgGupwDw1oAoMneIZXeHPGzovz7nwsWtecYuYE/sD5/AELyJGE</latexit><latexit sha1_base64="tE6lmlStqD/TTqzrp0HONAtB5xU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIepKCF48V7Ae0oWw2k3bpZhN3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IBVcG9f9dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAeju5nfHqPSPJGPZpKiH9OB5BFn1FjJZ+SW9AwXIeZs2q9U3Zo7B1klXkGqUKDRr3z1woRlMUrDBNW667mp8XOqDGcCp+VepjGlbEQH2LVU0hi1n8+PnpJzq4QkSpQtachc/T2R01jrSRzYzpiaoV72ZuJ/Xjcz0Y2fc5lmBiVbLIoyQUxCZgmQkCtkRkwsoUxxeythQ6ooMzansg3BW355lbQua55b8x6uqnVSxFGCUziDC/DgGupwDw1oAoMneIZXeHPGzovz7nwsWtecYuYE/sD5/AELyJGE</latexit><latexit sha1_base64="tE6lmlStqD/TTqzrp0HONAtB5xU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIepKCF48V7Ae0oWw2k3bpZhN3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IBVcG9f9dtbWNza3tks75d29/YPDytFxSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAeju5nfHqPSPJGPZpKiH9OB5BFn1FjJZ+SW9AwXIeZs2q9U3Zo7B1klXkGqUKDRr3z1woRlMUrDBNW667mp8XOqDGcCp+VepjGlbEQH2LVU0hi1n8+PnpJzq4QkSpQtachc/T2R01jrSRzYzpiaoV72ZuJ/Xjcz0Y2fc5lmBiVbLIoyQUxCZgmQkCtkRkwsoUxxeythQ6ooMzansg3BW355lbQua55b8x6uqnVSxFGCUziDC/DgGupwDw1oAoMneIZXeHPGzovz7nwsWtecYuYE/sD5/AELyJGE</latexit>

w
<latexit sha1_base64="YzM8FLEqvVvgxtdaY2lNKbFn6uI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GpK29LEruHHZgn1AO5RMmmljM5khyShl6Be4caGIWz/JnX9j+hBU9MCFwzn3cu89fiy4Ngh9OJmNza3tnexubm//4PAof3zS0VGiKGvTSESq5xPNBJesbbgRrBcrRkJfsK4/vVr43TumNI/kjZnFzAvJWPKAU2Ks1Lof5gvIrdfqRYQhcsu4hCs1S1AJV+sViF20RAGs0Rzm3wejiCYhk4YKonUfo9h4KVGGU8HmuUGiWUzolIxZ31JJQqa9dHnoHF5YZQSDSNmSBi7V7xMpCbWehb7tDImZ6N/eQvzL6ycmqHkpl3FimKSrRUEioIng4ms44opRI2aWEKq4vRXSCVGEGptNzobw9Sn8n3SKLkYubpULDbiOIwvOwDm4BBhUQQNcgyZoAwoYeABP4Nm5dR6dF+d11Zpx1jOn4Aect09LgI0n</latexit><latexit sha1_base64="YzM8FLEqvVvgxtdaY2lNKbFn6uI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GpK29LEruHHZgn1AO5RMmmljM5khyShl6Be4caGIWz/JnX9j+hBU9MCFwzn3cu89fiy4Ngh9OJmNza3tnexubm//4PAof3zS0VGiKGvTSESq5xPNBJesbbgRrBcrRkJfsK4/vVr43TumNI/kjZnFzAvJWPKAU2Ks1Lof5gvIrdfqRYQhcsu4hCs1S1AJV+sViF20RAGs0Rzm3wejiCYhk4YKonUfo9h4KVGGU8HmuUGiWUzolIxZ31JJQqa9dHnoHF5YZQSDSNmSBi7V7xMpCbWehb7tDImZ6N/eQvzL6ycmqHkpl3FimKSrRUEioIng4ms44opRI2aWEKq4vRXSCVGEGptNzobw9Sn8n3SKLkYubpULDbiOIwvOwDm4BBhUQQNcgyZoAwoYeABP4Nm5dR6dF+d11Zpx1jOn4Aect09LgI0n</latexit><latexit sha1_base64="YzM8FLEqvVvgxtdaY2lNKbFn6uI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GpK29LEruHHZgn1AO5RMmmljM5khyShl6Be4caGIWz/JnX9j+hBU9MCFwzn3cu89fiy4Ngh9OJmNza3tnexubm//4PAof3zS0VGiKGvTSESq5xPNBJesbbgRrBcrRkJfsK4/vVr43TumNI/kjZnFzAvJWPKAU2Ks1Lof5gvIrdfqRYQhcsu4hCs1S1AJV+sViF20RAGs0Rzm3wejiCYhk4YKonUfo9h4KVGGU8HmuUGiWUzolIxZ31JJQqa9dHnoHF5YZQSDSNmSBi7V7xMpCbWehb7tDImZ6N/eQvzL6ycmqHkpl3FimKSrRUEioIng4ms44opRI2aWEKq4vRXSCVGEGptNzobw9Sn8n3SKLkYubpULDbiOIwvOwDm4BBhUQQNcgyZoAwoYeABP4Nm5dR6dF+d11Zpx1jOn4Aect09LgI0n</latexit><latexit sha1_base64="YzM8FLEqvVvgxtdaY2lNKbFn6uI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GpK29LEruHHZgn1AO5RMmmljM5khyShl6Be4caGIWz/JnX9j+hBU9MCFwzn3cu89fiy4Ngh9OJmNza3tnexubm//4PAof3zS0VGiKGvTSESq5xPNBJesbbgRrBcrRkJfsK4/vVr43TumNI/kjZnFzAvJWPKAU2Ks1Lof5gvIrdfqRYQhcsu4hCs1S1AJV+sViF20RAGs0Rzm3wejiCYhk4YKonUfo9h4KVGGU8HmuUGiWUzolIxZ31JJQqa9dHnoHF5YZQSDSNmSBi7V7xMpCbWehb7tDImZ6N/eQvzL6ycmqHkpl3FimKSrRUEioIng4ms44opRI2aWEKq4vRXSCVGEGptNzobw9Sn8n3SKLkYubpULDbiOIwvOwDm4BBhUQQNcgyZoAwoYeABP4Nm5dR6dF+d11Zpx1jOn4Aect09LgI0n</latexit>

u
<latexit sha1_base64="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB84BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6NkweiiQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4elo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0eh26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gzkB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljOBk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtGSm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZdN0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VOEOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A9jhjNg=</latexit><latexit sha1_base64="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB84BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6NkweiiQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4elo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0eh26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gzkB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljOBk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtGSm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZdN0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VOEOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A9jhjNg=</latexit><latexit sha1_base64="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB84BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6NkweiiQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4elo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0eh26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gzkB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljOBk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtGSm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZdN0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VOEOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A9jhjNg=</latexit><latexit sha1_base64="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB84BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6NkweiiQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4elo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0eh26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gzkB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljOBk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtGSm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZdN0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VOEOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A9jhjNg=</latexit>

x
<latexit sha1_base64="DSjsCZekXLtLzU3VqcKRm9WA2Rk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7USR5HEc7gHC7BgxrU4Q4a0AIGCM/wCm/Og/PivDsfy9aCk8+cwh84nz/b/4za</latexit><latexit sha1_base64="DSjsCZekXLtLzU3VqcKRm9WA2Rk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7USR5HEc7gHC7BgxrU4Q4a0AIGCM/wCm/Og/PivDsfy9aCk8+cwh84nz/b/4za</latexit><latexit sha1_base64="DSjsCZekXLtLzU3VqcKRm9WA2Rk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7USR5HEc7gHC7BgxrU4Q4a0AIGCM/wCm/Og/PivDsfy9aCk8+cwh84nz/b/4za</latexit><latexit sha1_base64="DSjsCZekXLtLzU3VqcKRm9WA2Rk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7USR5HEc7gHC7BgxrU4Q4a0AIGCM/wCm/Og/PivDsfy9aCk8+cwh84nz/b/4za</latexit>

w
<latexit sha1_base64="YzM8FLEqvVvgxtdaY2lNKbFn6uI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GpK29LEruHHZgn1AO5RMmmljM5khyShl6Be4caGIWz/JnX9j+hBU9MCFwzn3cu89fiy4Ngh9OJmNza3tnexubm//4PAof3zS0VGiKGvTSESq5xPNBJesbbgRrBcrRkJfsK4/vVr43TumNI/kjZnFzAvJWPKAU2Ks1Lof5gvIrdfqRYQhcsu4hCs1S1AJV+sViF20RAGs0Rzm3wejiCYhk4YKonUfo9h4KVGGU8HmuUGiWUzolIxZ31JJQqa9dHnoHF5YZQSDSNmSBi7V7xMpCbWehb7tDImZ6N/eQvzL6ycmqHkpl3FimKSrRUEioIng4ms44opRI2aWEKq4vRXSCVGEGptNzobw9Sn8n3SKLkYubpULDbiOIwvOwDm4BBhUQQNcgyZoAwoYeABP4Nm5dR6dF+d11Zpx1jOn4Aect09LgI0n</latexit><latexit sha1_base64="YzM8FLEqvVvgxtdaY2lNKbFn6uI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GpK29LEruHHZgn1AO5RMmmljM5khyShl6Be4caGIWz/JnX9j+hBU9MCFwzn3cu89fiy4Ngh9OJmNza3tnexubm//4PAof3zS0VGiKGvTSESq5xPNBJesbbgRrBcrRkJfsK4/vVr43TumNI/kjZnFzAvJWPKAU2Ks1Lof5gvIrdfqRYQhcsu4hCs1S1AJV+sViF20RAGs0Rzm3wejiCYhk4YKonUfo9h4KVGGU8HmuUGiWUzolIxZ31JJQqa9dHnoHF5YZQSDSNmSBi7V7xMpCbWehb7tDImZ6N/eQvzL6ycmqHkpl3FimKSrRUEioIng4ms44opRI2aWEKq4vRXSCVGEGptNzobw9Sn8n3SKLkYubpULDbiOIwvOwDm4BBhUQQNcgyZoAwoYeABP4Nm5dR6dF+d11Zpx1jOn4Aect09LgI0n</latexit><latexit sha1_base64="YzM8FLEqvVvgxtdaY2lNKbFn6uI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GpK29LEruHHZgn1AO5RMmmljM5khyShl6Be4caGIWz/JnX9j+hBU9MCFwzn3cu89fiy4Ngh9OJmNza3tnexubm//4PAof3zS0VGiKGvTSESq5xPNBJesbbgRrBcrRkJfsK4/vVr43TumNI/kjZnFzAvJWPKAU2Ks1Lof5gvIrdfqRYQhcsu4hCs1S1AJV+sViF20RAGs0Rzm3wejiCYhk4YKonUfo9h4KVGGU8HmuUGiWUzolIxZ31JJQqa9dHnoHF5YZQSDSNmSBi7V7xMpCbWehb7tDImZ6N/eQvzL6ycmqHkpl3FimKSrRUEioIng4ms44opRI2aWEKq4vRXSCVGEGptNzobw9Sn8n3SKLkYubpULDbiOIwvOwDm4BBhUQQNcgyZoAwoYeABP4Nm5dR6dF+d11Zpx1jOn4Aect09LgI0n</latexit><latexit sha1_base64="YzM8FLEqvVvgxtdaY2lNKbFn6uI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GpK29LEruHHZgn1AO5RMmmljM5khyShl6Be4caGIWz/JnX9j+hBU9MCFwzn3cu89fiy4Ngh9OJmNza3tnexubm//4PAof3zS0VGiKGvTSESq5xPNBJesbbgRrBcrRkJfsK4/vVr43TumNI/kjZnFzAvJWPKAU2Ks1Lof5gvIrdfqRYQhcsu4hCs1S1AJV+sViF20RAGs0Rzm3wejiCYhk4YKonUfo9h4KVGGU8HmuUGiWUzolIxZ31JJQqa9dHnoHF5YZQSDSNmSBi7V7xMpCbWehb7tDImZ6N/eQvzL6ycmqHkpl3FimKSrRUEioIng4ms44opRI2aWEKq4vRXSCVGEGptNzobw9Sn8n3SKLkYubpULDbiOIwvOwDm4BBhUQQNcgyZoAwoYeABP4Nm5dR6dF+d11Zpx1jOn4Aect09LgI0n</latexit>

u
<latexit sha1_base64="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB84BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6NkweiiQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4elo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0eh26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gzkB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljOBk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtGSm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZdN0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VOEOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A9jhjNg=</latexit><latexit sha1_base64="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB84BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6NkweiiQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4elo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0eh26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gzkB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljOBk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtGSm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZdN0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VOEOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A9jhjNg=</latexit><latexit sha1_base64="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB84BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6NkweiiQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4elo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0eh26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gzkB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljOBk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtGSm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZdN0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VOEOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A9jhjNg=</latexit><latexit sha1_base64="0oznb4VQQ8BFa8OM0+gzswkU2q8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jEB84BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6NkweiiQUNRVU33V1RKrixvv/lra1vbG5tF3aKu3v7B4elo+OmUZlm2GBKKN2OqEHBJTYstwLbqUaaRAJb0eh26rceURuu5L0dpxgmdCB5zBm1TqpnvVLZr/gzkB8SLJMyLFDrlT67fcWyBKVlghrTCfzUhjnVljOBk2I3M5hSNqID7DgqaYImzGeHTsi5U/okVtqVtGSm/p7IaWLMOIlcZ0Lt0Cx7U/E/r5PZ+CbMuUwzi5LNF8WZIFaR6dekzzUyK8aOUKa5u5WwIdWUWZdN0YWw8vIqaV5WAr8S1K/KVbKIowCncAYXEMA1VOEOatAABghP8AKv3oP37L157/PWNW8xcwJ/4H18A9jhjNg=</latexit>

x
<latexit sha1_base64="DSjsCZekXLtLzU3VqcKRm9WA2Rk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7USR5HEc7gHC7BgxrU4Q4a0AIGCM/wCm/Og/PivDsfy9aCk8+cwh84nz/b/4za</latexit><latexit sha1_base64="DSjsCZekXLtLzU3VqcKRm9WA2Rk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7USR5HEc7gHC7BgxrU4Q4a0AIGCM/wCm/Og/PivDsfy9aCk8+cwh84nz/b/4za</latexit><latexit sha1_base64="DSjsCZekXLtLzU3VqcKRm9WA2Rk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7USR5HEc7gHC7BgxrU4Q4a0AIGCM/wCm/Og/PivDsfy9aCk8+cwh84nz/b/4za</latexit><latexit sha1_base64="DSjsCZekXLtLzU3VqcKRm9WA2Rk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7USR5HEc7gHC7BgxrU4Q4a0AIGCM/wCm/Og/PivDsfy9aCk8+cwh84nz/b/4za</latexit>

-10 -5 5 1010 -10 -5 5 1010

c < c⇤<latexit sha1_base64="F9M7VLO701V7mkfVm6haAHCeQRo=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBZBPJREBD14KHjxWMF+QBvKZjtpl242YXcjlNAf4cWDIl79Pd78N27bHLT1wcDjvRlm5oWp4Np43rdTWlvf2Nwqb1d2dvf2D9zDo5ZOMsWwyRKRqE5INQousWm4EdhJFdI4FNgOx3czv/2ESvNEPppJikFMh5JHnFFjpTYjt4T1L/pu1at5c5BV4hekCgUafferN0hYFqM0TFCtu76XmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n83Ck5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroJci7TzKBki0VRJohJyOx3MuAKmRETSyhT3N5K2IgqyoxNqGJD8JdfXiWty5rv1fyHq2qdFHGU4QRO4Rx8uIY63EMDmsBgDM/wCm9O6rw4787HorXkFDPH8AfO5w/A1Y5p</latexit><latexit sha1_base64="F9M7VLO701V7mkfVm6haAHCeQRo=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBZBPJREBD14KHjxWMF+QBvKZjtpl242YXcjlNAf4cWDIl79Pd78N27bHLT1wcDjvRlm5oWp4Np43rdTWlvf2Nwqb1d2dvf2D9zDo5ZOMsWwyRKRqE5INQousWm4EdhJFdI4FNgOx3czv/2ESvNEPppJikFMh5JHnFFjpTYjt4T1L/pu1at5c5BV4hekCgUafferN0hYFqM0TFCtu76XmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n83Ck5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroJci7TzKBki0VRJohJyOx3MuAKmRETSyhT3N5K2IgqyoxNqGJD8JdfXiWty5rv1fyHq2qdFHGU4QRO4Rx8uIY63EMDmsBgDM/wCm9O6rw4787HorXkFDPH8AfO5w/A1Y5p</latexit><latexit sha1_base64="F9M7VLO701V7mkfVm6haAHCeQRo=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBZBPJREBD14KHjxWMF+QBvKZjtpl242YXcjlNAf4cWDIl79Pd78N27bHLT1wcDjvRlm5oWp4Np43rdTWlvf2Nwqb1d2dvf2D9zDo5ZOMsWwyRKRqE5INQousWm4EdhJFdI4FNgOx3czv/2ESvNEPppJikFMh5JHnFFjpTYjt4T1L/pu1at5c5BV4hekCgUafferN0hYFqM0TFCtu76XmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n83Ck5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroJci7TzKBki0VRJohJyOx3MuAKmRETSyhT3N5K2IgqyoxNqGJD8JdfXiWty5rv1fyHq2qdFHGU4QRO4Rx8uIY63EMDmsBgDM/wCm9O6rw4787HorXkFDPH8AfO5w/A1Y5p</latexit><latexit sha1_base64="F9M7VLO701V7mkfVm6haAHCeQRo=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBZBPJREBD14KHjxWMF+QBvKZjtpl242YXcjlNAf4cWDIl79Pd78N27bHLT1wcDjvRlm5oWp4Np43rdTWlvf2Nwqb1d2dvf2D9zDo5ZOMsWwyRKRqE5INQousWm4EdhJFdI4FNgOx3czv/2ESvNEPppJikFMh5JHnFFjpTYjt4T1L/pu1at5c5BV4hekCgUafferN0hYFqM0TFCtu76XmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n83Ck5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroJci7TzKBki0VRJohJyOx3MuAKmRETSyhT3N5K2IgqyoxNqGJD8JdfXiWty5rv1fyHq2qdFHGU4QRO4Rx8uIY63EMDmsBgDM/wCm9O6rw4787HorXkFDPH8AfO5w/A1Y5p</latexit>

c = c⇤<latexit sha1_base64="pb9EGCGW4+2i9dq8oKlL570fRf4=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBZBPJREBL0IBS8eK9gPaEPZbCft0s0m7G6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvDAVXBvP+3ZKa+sbm1vl7crO7t7+gXt41NJJphg2WSIS1QmpRsElNg03AjupQhqHAtvh+G7mt59QaZ7IRzNJMYjpUPKIM2qs1GbklrD+Rd+tejVvDrJK/IJUoUCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ+fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRDdBzmWaGZRssSjKBDEJmf1OBlwhM2JiCWWK21sJG1FFmbEJVWwI/vLLq6R1WfO9mv9wVa2TIo4ynMApnIMP11CHe2hAExiM4Rle4c1JnRfn3flYtJacYuYY/sD5/AHCXY5q</latexit><latexit sha1_base64="pb9EGCGW4+2i9dq8oKlL570fRf4=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBZBPJREBL0IBS8eK9gPaEPZbCft0s0m7G6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvDAVXBvP+3ZKa+sbm1vl7crO7t7+gXt41NJJphg2WSIS1QmpRsElNg03AjupQhqHAtvh+G7mt59QaZ7IRzNJMYjpUPKIM2qs1GbklrD+Rd+tejVvDrJK/IJUoUCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ+fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRDdBzmWaGZRssSjKBDEJmf1OBlwhM2JiCWWK21sJG1FFmbEJVWwI/vLLq6R1WfO9mv9wVa2TIo4ynMApnIMP11CHe2hAExiM4Rle4c1JnRfn3flYtJacYuYY/sD5/AHCXY5q</latexit><latexit sha1_base64="pb9EGCGW4+2i9dq8oKlL570fRf4=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBZBPJREBL0IBS8eK9gPaEPZbCft0s0m7G6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvDAVXBvP+3ZKa+sbm1vl7crO7t7+gXt41NJJphg2WSIS1QmpRsElNg03AjupQhqHAtvh+G7mt59QaZ7IRzNJMYjpUPKIM2qs1GbklrD+Rd+tejVvDrJK/IJUoUCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ+fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRDdBzmWaGZRssSjKBDEJmf1OBlwhM2JiCWWK21sJG1FFmbEJVWwI/vLLq6R1WfO9mv9wVa2TIo4ynMApnIMP11CHe2hAExiM4Rle4c1JnRfn3flYtJacYuYY/sD5/AHCXY5q</latexit><latexit sha1_base64="pb9EGCGW4+2i9dq8oKlL570fRf4=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBZBPJREBL0IBS8eK9gPaEPZbCft0s0m7G6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvDAVXBvP+3ZKa+sbm1vl7crO7t7+gXt41NJJphg2WSIS1QmpRsElNg03AjupQhqHAtvh+G7mt59QaZ7IRzNJMYjpUPKIM2qs1GbklrD+Rd+tejVvDrJK/IJUoUCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWuppDHqIJ+fOyVnVhmQKFG2pCFz9fdETmOtJ3FoO2NqRnrZm4n/ed3MRDdBzmWaGZRssSjKBDEJmf1OBlwhM2JiCWWK21sJG1FFmbEJVWwI/vLLq6R1WfO9mv9wVa2TIo4ynMApnIMP11CHe2hAExiM4Rle4c1JnRfn3flYtJacYuYY/sD5/AHCXY5q</latexit>

type IV wave
<latexit sha1_base64="cxlS8H6FxNka+cnGK6adURBVHao=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkkveix40VsF+wFtKJvtpF262YTdTaWE/g0vHhTx6p/x5r9xm+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3dJeef/g8Oi4cnLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8HkduF3pqg0j+WjmSXoR3QkecgZNVbqLyRy3yZPdIqDStWtuTnIOvEKUoUCzUHlqz+MWRqhNExQrXuemxg/o8pwJnBe7qcaE8omdIQ9SyWNUPtZfvOcXFplSMJY2ZKG5OrviYxGWs+iwHZG1Iz1qrcQ//N6qQlv/IzLJDUo2XJRmApiYpJ/O+QKmREzSyhT3N5K2JgqyoyNqWxD8FZfXiftes1za95DvdogRRwlOIcLuAIPrqEBd9CEFjBI4Ble4c1JnRfn3flYtm44xcwZ/IHz+QNjsJEi</latexit><latexit sha1_base64="cxlS8H6FxNka+cnGK6adURBVHao=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkkveix40VsF+wFtKJvtpF262YTdTaWE/g0vHhTx6p/x5r9xm+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3dJeef/g8Oi4cnLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8HkduF3pqg0j+WjmSXoR3QkecgZNVbqLyRy3yZPdIqDStWtuTnIOvEKUoUCzUHlqz+MWRqhNExQrXuemxg/o8pwJnBe7qcaE8omdIQ9SyWNUPtZfvOcXFplSMJY2ZKG5OrviYxGWs+iwHZG1Iz1qrcQ//N6qQlv/IzLJDUo2XJRmApiYpJ/O+QKmREzSyhT3N5K2JgqyoyNqWxD8FZfXiftes1za95DvdogRRwlOIcLuAIPrqEBd9CEFjBI4Ble4c1JnRfn3flYtm44xcwZ/IHz+QNjsJEi</latexit><latexit sha1_base64="cxlS8H6FxNka+cnGK6adURBVHao=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkkveix40VsF+wFtKJvtpF262YTdTaWE/g0vHhTx6p/x5r9xm+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3dJeef/g8Oi4cnLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8HkduF3pqg0j+WjmSXoR3QkecgZNVbqLyRy3yZPdIqDStWtuTnIOvEKUoUCzUHlqz+MWRqhNExQrXuemxg/o8pwJnBe7qcaE8omdIQ9SyWNUPtZfvOcXFplSMJY2ZKG5OrviYxGWs+iwHZG1Iz1qrcQ//N6qQlv/IzLJDUo2XJRmApiYpJ/O+QKmREzSyhT3N5K2JgqyoyNqWxD8FZfXiftes1za95DvdogRRwlOIcLuAIPrqEBd9CEFjBI4Ble4c1JnRfn3flYtm44xcwZ/IHz+QNjsJEi</latexit><latexit sha1_base64="cxlS8H6FxNka+cnGK6adURBVHao=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkkveix40VsF+wFtKJvtpF262YTdTaWE/g0vHhTx6p/x5r9xm+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3dJeef/g8Oi4cnLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8HkduF3pqg0j+WjmSXoR3QkecgZNVbqLyRy3yZPdIqDStWtuTnIOvEKUoUCzUHlqz+MWRqhNExQrXuemxg/o8pwJnBe7qcaE8omdIQ9SyWNUPtZfvOcXFplSMJY2ZKG5OrviYxGWs+iwHZG1Iz1qrcQ//N6qQlv/IzLJDUo2XJRmApiYpJ/O+QKmREzSyhT3N5K2JgqyoyNqWxD8FZfXiftes1za95DvdogRRwlOIcLuAIPrqEBd9CEFjBI4Ble4c1JnRfn3flYtm44xcwZ/IHz+QNjsJEi</latexit>

type III wave
<latexit sha1_base64="F7G/93TQOx8K0HqKxXgFdg6HIug=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwMV0E8wHJEfY2c8mSvb1zdy8SjvwOGwtFbP0xdv4bN8kVGn0w8Hhvhpl5QSK4Nq775RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTm4XfmaLSPJb3ZpagH9GR5CFn1FjJX0ik0WiQRzrFQbniVt0lyF/i5aQCOZqD8md/GLM0QmmYoFr3PDcxfkaV4UzgvNRPNSaUTegIe5ZKGqH2s+XRc3JhlSEJY2VLGrJUf05kNNJ6FgW2M6JmrNe9hfif10tNeO1nXCapQclWi8JUEBOT5btDrpAZMbOEMsXtrYSNqaLM2JxKNgRv/eW/pF2rem7Vu6tV6iSPowhncA6X4MEV1OEWmtACBg/wBC/w6kydZ+fNeV+1Fpx85hR+wfn4Buc6kWg=</latexit><latexit sha1_base64="F7G/93TQOx8K0HqKxXgFdg6HIug=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwMV0E8wHJEfY2c8mSvb1zdy8SjvwOGwtFbP0xdv4bN8kVGn0w8Hhvhpl5QSK4Nq775RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTm4XfmaLSPJb3ZpagH9GR5CFn1FjJX0ik0WiQRzrFQbniVt0lyF/i5aQCOZqD8md/GLM0QmmYoFr3PDcxfkaV4UzgvNRPNSaUTegIe5ZKGqH2s+XRc3JhlSEJY2VLGrJUf05kNNJ6FgW2M6JmrNe9hfif10tNeO1nXCapQclWi8JUEBOT5btDrpAZMbOEMsXtrYSNqaLM2JxKNgRv/eW/pF2rem7Vu6tV6iSPowhncA6X4MEV1OEWmtACBg/wBC/w6kydZ+fNeV+1Fpx85hR+wfn4Buc6kWg=</latexit><latexit sha1_base64="F7G/93TQOx8K0HqKxXgFdg6HIug=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwMV0E8wHJEfY2c8mSvb1zdy8SjvwOGwtFbP0xdv4bN8kVGn0w8Hhvhpl5QSK4Nq775RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTm4XfmaLSPJb3ZpagH9GR5CFn1FjJX0ik0WiQRzrFQbniVt0lyF/i5aQCOZqD8md/GLM0QmmYoFr3PDcxfkaV4UzgvNRPNSaUTegIe5ZKGqH2s+XRc3JhlSEJY2VLGrJUf05kNNJ6FgW2M6JmrNe9hfif10tNeO1nXCapQclWi8JUEBOT5btDrpAZMbOEMsXtrYSNqaLM2JxKNgRv/eW/pF2rem7Vu6tV6iSPowhncA6X4MEV1OEWmtACBg/wBC/w6kydZ+fNeV+1Fpx85hR+wfn4Buc6kWg=</latexit><latexit sha1_base64="F7G/93TQOx8K0HqKxXgFdg6HIug=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwMV0E8wHJEfY2c8mSvb1zdy8SjvwOGwtFbP0xdv4bN8kVGn0w8Hhvhpl5QSK4Nq775RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTm4XfmaLSPJb3ZpagH9GR5CFn1FjJX0ik0WiQRzrFQbniVt0lyF/i5aQCOZqD8md/GLM0QmmYoFr3PDcxfkaV4UzgvNRPNSaUTegIe5ZKGqH2s+XRc3JhlSEJY2VLGrJUf05kNNJ6FgW2M6JmrNe9hfif10tNeO1nXCapQclWi8JUEBOT5btDrpAZMbOEMsXtrYSNqaLM2JxKNgRv/eW/pF2rem7Vu6tV6iSPowhncA6X4MEV1OEWmtACBg/wBC/w6kydZ+fNeV+1Fpx85hR+wfn4Buc6kWg=</latexit>

type I wave
<latexit sha1_base64="ubf1szD7jSFsSvfODta0zcZNotU=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4Kkkveix40VsF+wFpKJvtpF262YTdSaWU/gwvHhTx6q/x5r9xm+agrQ8GHu/NMDMvTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTHFo8kYnuhsyAFApaKFBCN9XA4lBCJxzfLvzOBLQRiXrEaQpBzIZKRIIztJK/kOg9fWIT6Feqbs3NQdeJV5AqKdDsV756g4RnMSjkkhnje26KwYxpFFzCvNzLDKSMj9kQfEsVi8EEs/zkOb20yoBGibalkObq74kZi42ZxqHtjBmOzKq3EP/z/Ayjm2AmVJohKL5cFGWSYkLzZwdCA0c5tYRxLeytlI+YZhxtSmUbgrf68jpp12ueW/Me6tUGLeIokXNyQa6IR65Jg9yRJmkRThLyTF7Jm4POi/PufCxbN5xi5oz8gfP5A7h4kMI=</latexit><latexit sha1_base64="ubf1szD7jSFsSvfODta0zcZNotU=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4Kkkveix40VsF+wFpKJvtpF262YTdSaWU/gwvHhTx6q/x5r9xm+agrQ8GHu/NMDMvTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTHFo8kYnuhsyAFApaKFBCN9XA4lBCJxzfLvzOBLQRiXrEaQpBzIZKRIIztJK/kOg9fWIT6Feqbs3NQdeJV5AqKdDsV756g4RnMSjkkhnje26KwYxpFFzCvNzLDKSMj9kQfEsVi8EEs/zkOb20yoBGibalkObq74kZi42ZxqHtjBmOzKq3EP/z/Ayjm2AmVJohKL5cFGWSYkLzZwdCA0c5tYRxLeytlI+YZhxtSmUbgrf68jpp12ueW/Me6tUGLeIokXNyQa6IR65Jg9yRJmkRThLyTF7Jm4POi/PufCxbN5xi5oz8gfP5A7h4kMI=</latexit><latexit sha1_base64="ubf1szD7jSFsSvfODta0zcZNotU=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4Kkkveix40VsF+wFpKJvtpF262YTdSaWU/gwvHhTx6q/x5r9xm+agrQ8GHu/NMDMvTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTHFo8kYnuhsyAFApaKFBCN9XA4lBCJxzfLvzOBLQRiXrEaQpBzIZKRIIztJK/kOg9fWIT6Feqbs3NQdeJV5AqKdDsV756g4RnMSjkkhnje26KwYxpFFzCvNzLDKSMj9kQfEsVi8EEs/zkOb20yoBGibalkObq74kZi42ZxqHtjBmOzKq3EP/z/Ayjm2AmVJohKL5cFGWSYkLzZwdCA0c5tYRxLeytlI+YZhxtSmUbgrf68jpp12ueW/Me6tUGLeIokXNyQa6IR65Jg9yRJmkRThLyTF7Jm4POi/PufCxbN5xi5oz8gfP5A7h4kMI=</latexit><latexit sha1_base64="ubf1szD7jSFsSvfODta0zcZNotU=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4Kkkveix40VsF+wFpKJvtpF262YTdSaWU/gwvHhTx6q/x5r9xm+agrQ8GHu/NMDMvTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTHFo8kYnuhsyAFApaKFBCN9XA4lBCJxzfLvzOBLQRiXrEaQpBzIZKRIIztJK/kOg9fWIT6Feqbs3NQdeJV5AqKdDsV756g4RnMSjkkhnje26KwYxpFFzCvNzLDKSMj9kQfEsVi8EEs/zkOb20yoBGibalkObq74kZi42ZxqHtjBmOzKq3EP/z/Ayjm2AmVJohKL5cFGWSYkLzZwdCA0c5tYRxLeytlI+YZhxtSmUbgrf68jpp12ueW/Me6tUGLeIokXNyQa6IR65Jg9yRJmkRThLyTF7Jm4POi/PufCxbN5xi5oz8gfP5A7h4kMI=</latexit>

type II wave
<latexit sha1_base64="6fORe5cOl1sRlot1xNCada6kAdc=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwMV0E8wHJEfY2k2TJ3t6xuxcJR/6GjYUitv4ZO/+Nm8sVmvhg4PHeDDPzglhwbVz32ylsbe/s7hX3SweHR8cn5dOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammd0u/M0OleSQfzTxGP6RjyUecUWOl/lIijQZ5ojMclCtu1c1ANomXkwrkaA7KX/1hxJIQpWGCat3z3Nj4KVWGM4GLUj/RGFM2pWPsWSppiNpPs5sX5MoqQzKKlC1pSKb+nkhpqPU8DGxnSM1Er3tL8T+vl5jRrZ9yGScGJVstGiWCmIhk3w65QmbE3BLKFLe3EjahijJjYyrZELz1lzdJu1b13Kr3UKvUSR5HES7gEq7Bgxuowz00oQUMYniGV3hzEufFeXc+Vq0FJ585hz9wPn8AT7uRFQ==</latexit><latexit sha1_base64="6fORe5cOl1sRlot1xNCada6kAdc=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwMV0E8wHJEfY2k2TJ3t6xuxcJR/6GjYUitv4ZO/+Nm8sVmvhg4PHeDDPzglhwbVz32ylsbe/s7hX3SweHR8cn5dOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammd0u/M0OleSQfzTxGP6RjyUecUWOl/lIijQZ5ojMclCtu1c1ANomXkwrkaA7KX/1hxJIQpWGCat3z3Nj4KVWGM4GLUj/RGFM2pWPsWSppiNpPs5sX5MoqQzKKlC1pSKb+nkhpqPU8DGxnSM1Er3tL8T+vl5jRrZ9yGScGJVstGiWCmIhk3w65QmbE3BLKFLe3EjahijJjYyrZELz1lzdJu1b13Kr3UKvUSR5HES7gEq7Bgxuowz00oQUMYniGV3hzEufFeXc+Vq0FJ585hz9wPn8AT7uRFQ==</latexit><latexit sha1_base64="6fORe5cOl1sRlot1xNCada6kAdc=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwMV0E8wHJEfY2k2TJ3t6xuxcJR/6GjYUitv4ZO/+Nm8sVmvhg4PHeDDPzglhwbVz32ylsbe/s7hX3SweHR8cn5dOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammd0u/M0OleSQfzTxGP6RjyUecUWOl/lIijQZ5ojMclCtu1c1ANomXkwrkaA7KX/1hxJIQpWGCat3z3Nj4KVWGM4GLUj/RGFM2pWPsWSppiNpPs5sX5MoqQzKKlC1pSKb+nkhpqPU8DGxnSM1Er3tL8T+vl5jRrZ9yGScGJVstGiWCmIhk3w65QmbE3BLKFLe3EjahijJjYyrZELz1lzdJu1b13Kr3UKvUSR5HES7gEq7Bgxuowz00oQUMYniGV3hzEufFeXc+Vq0FJ585hz9wPn8AT7uRFQ==</latexit><latexit sha1_base64="6fORe5cOl1sRlot1xNCada6kAdc=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwMV0E8wHJEfY2k2TJ3t6xuxcJR/6GjYUitv4ZO/+Nm8sVmvhg4PHeDDPzglhwbVz32ylsbe/s7hX3SweHR8cn5dOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammd0u/M0OleSQfzTxGP6RjyUecUWOl/lIijQZ5ojMclCtu1c1ANomXkwrkaA7KX/1hxJIQpWGCat3z3Nj4KVWGM4GLUj/RGFM2pWPsWSppiNpPs5sX5MoqQzKKlC1pSKb+nkhpqPU8DGxnSM1Er3tL8T+vl5jRrZ9yGScGJVstGiWCmIhk3w65QmbE3BLKFLe3EjahijJjYyrZELz1lzdJu1b13Kr3UKvUSR5HES7gEq7Bgxuowz00oQUMYniGV3hzEufFeXc+Vq0FJ585hz9wPn8AT7uRFQ==</latexit>

Fig. 1: The four different types of travelling wave solutions supported by (1.1).

travelling wave solutions (type I) were explicitly found for speeds larger than some39

critical speed c̃. Similarly, shock-fronted travelling wave solutions (type II-IV) were40

found for speeds smaller than this critical speed c̃. In particular, type II waves exist41

for speeds in between the so-called minimal wave speed c∗ [33] and the critical wave42

speed c̃, while type III waves travel with the minimal wave speed c∗ and type IV43

waves travel slower than the minimal wave speed c∗. These travelling wave solutions44

were shown to persist for a small ε through the application of Geometric Singular45

Perturbation Theory (GSPT). These results extended/formalised the earlier results46

of [21, 33].47

The connection between the observed wave speed and the asymptotic behaviour48

of its initial condition was also investigated numerically in [16]. However, the (spec-49

tral) stability of these four types of travelling waves has not been determined before.50

Biologically, type IV waves are expected to be unstable simply because they contain51

regions with negative cell population. Furthermore, in [28] it is argued that Type52

III waves are physically the most realistic as they have (i) sharp interfaces and (ii)53

zero tumour concentration in ahead of the interface. We numerically find that these54

waves correspond to stable waves with the smallest positive wave speed and that55

waves with smaller speeds (type IV waves) are unstable. Mathematically, the type56

III waves decay much faster at +∞ than the type II or IV waves. This means that57

their derivative still decays in the appropriate exponentially weighted space. Hence,58

the temporal eigenvalue λ = 0, associated with translation invariance, persists. This59

eigenvalue is a (locally) smooth function of the wave speed parameter c and moves60

into the right-half plane as the wave speed is further decreased (as we numerically61

show).62

1.1. Main result: spectral stability of type I-III waves and instability63

of type IV waves. We numerically establish the stability of waves of type I-III and64

the instability of waves of type IV in appropriately exponentially weighted spaces via65
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determination of the roots of an Evans function. Originally used in the determination66

of stability of nerve-axon impulses, Evans functions have received a boost in the last67

30 years by linking stability of a travelling wave to geometric ideas [1, 2, 3, 7, 11, 12,68

14, 22, 26, 25, 34]. Computing the Evans function can be numerically delicate, and69

there are several geometrically inspired techniques to resolve this in the literature,70

[1, 2, 4, 10, 12, 13, 15, 25, 26], to name a few. For a nice exposition of some of these71

as well as further references, see [26].72

For our stability results, we will work on the Grassmannian as in [25, 26]. The73

linearity of the spectral problem means it will induce a nonlinear flow on the Grass-74

mannian [5, 24, 25, 26, 29, 36, 39]. Rather than keeping track of solutions themselves,75

since subspaces of solutions are preserved, we instead track them on the Grassman-76

nian under the induced flow [24, 25, 26, 29, 36, 39]. The flow induced by a linear77

system on the Grassmannian is called the generalised (or extended) Riccati flow [39].78

It is a nonlinear, but lower order, flow on the manifold. The original definition of the79

Evans function can now be interpreted in terms of this Riccati flow on the Grassman-80

nian, equivalently either through projection from the Steifel manifold [26] onto a chart81

of the Grassmannian, or (as we do in this manuscript) via a meromorphic function82

which has been called the Riccati-Evans function [18]. Importantly, the solutions to83

the matrix Riccati equation seem to be numerically well behaved on the (charts of84

the) Grassmannian and we no longer have exponential growth of solutions [25, 26],85

though at the expense of some solutions becoming singular [27].86

Our evolution of the boundary data follows the Evans function calculation tech-87

niques developed in [25, 26], however, we have managed (in this case at least) to88

avoid the singularities which are typically present in solutions to the Riccati equation89

[27, 39].90

Previous uses of the Riccati equation to generate an Evans function include [10,91

18, 25, 26]. In [26], the Riccati-Evans function approach was used to confirm stability92

of Boussinesq solitary waves, autocatalytic travelling waves and the Ekman boundary93

layer. In [25], the authors focussed on the stability of wrinkled fronts in a cubic94

autocatalysis reaction-diffusion system with two spatial independent variables. In95

[10], the singular nature of the problem was exploited and used to generate a matrix96

Riccati equation and subsequent flow on the Grassmannian in order to study the97

stability of periodic pulse wavetrains. In [18] the Riccati-Evans function approach98

was used to study the stability of travelling waves in two lower-dimensional models:99

the Fisher/Kolmogorov-Petrovsky-Piscounov equation and a Keller-Segel model of100

bacterial chemotaxis. In [25, 26], a chart changing mechanism was described to avoid101

singularities of the Riccati equation on the fly, and the method was linked to the102

so-called ‘continuous orthogonalisation’ method [22, 25], while in [18] it was observed103

that by carefully picking a single standard chart, singularities could be avoided.104

The current manuscript shows another way to avoid singularities in the spectral105

parameter regime of interest. In particular, we do not work in the standard charts of106

the Grassmannian as in [18], but rather a judiciously chosen one.107

This manuscript is organised as follows, in section 2 we briefly discuss the key108

results of [16] needed for the stability analysis. In section 3 we describe the linearised109

problem and compute the essential and absolute spectrum of type I-IV waves. In110

section 4 we expound on the Riccati-Evans function approach for computing the point111

spectrum and in section 5 apply it to the haptotaxis model (1.1) to show the spectral112

instability of the type IV waves, as well as numerical evidence of spectral stability113

of waves of type I, II and III. In section 6 we briefly discuss related future research114

directions, both for the haptotaxis model (1.1) and the Riccati-Evans function.115
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2. Setup: existence of travelling waves. We reproduce the key results of116

[16] related to the existence of the four different types of travelling wave solutions (in117

a slightly modified form from [16]). Passing to a moving coordinate frame, we set118

z = x− ct where c > 0 is our wave speed parameter. We get the travelling wave form119

of the equation:120 (
u
w

)
t

= ε

(
u
w

)
zz

+

(
cu

cw − wuz

)
z

+

(
−u2w

w(1− w)

)
.(2.1)121

A travelling wave will be a steady state solution to (2.1), connecting two distinct122

background states of (1.1). The background states of (1.1) are (u,w) = (0, 1) and123

(u,w) = (u∞, 0), for u∞ ∈ R (i.e. we have a line of fixed points in (2.2)). Thus, a124

travelling wave is a solution to the nonlinear ordinary differential equation (ODE)125

and in what follows we set ′ := d
dz for notational convenience:126

0 = ε

(
u
w

)′′
+

(
cu

cw − wu′
)′

+

(
−u2w

w(1− w)

)
(2.2)127

satisfying the boundary conditions128

(2.3) lim
z→−∞

u(z) = 0, lim
z→+∞

u(z) = u∞, lim
z→−∞

w(z) = 1, lim
z→+∞

w(z) = 0.129

The second condition in (2.3) implies that the righthand boundary condition on u,130

denoted u∞ is free. In what follows we assume u∞ > 0. Introducing the variables131

(Liénard coordinates):132

(2.4)
v := u′

y := εw′ − vw + cw
133

allows us to re-write (2.2) as a system of ODE with two fast (v and w) and two slow134

(u and y) variables:135

(2.5)

u′ = v,

y′ = −w(1− w),

εv′ = −cv + u2w,

εw′ = y + vw − cw .

136

We will refer to (2.5) as the (nonlinear) slow system, and the variable z as the slow137

travelling wave coordinate. To investigate the problem in the fast timescale, we in-138

troduce the fast travelling wave coordinate ζ = z/ε and derive the corresponding four139

dimensional (nonlinear) fast system with ε 6= 0 and with the convention that ˙ := d
dζ140

(2.6)

u̇ = εv,

ẏ = −εw(1− w),

v̇ = −cv + u2w,

ẇ = y + vw − cw .

141

As in [16] we now set ε = 0 and pick out our solutions from the resulting systems. As142

ε→ 0 the nonlinear fast system becomes the so-called layer problem143

(2.7)

u̇ = 0,

ẏ = 0,

v̇ = −cv + u2w,

ẇ = y + vw − cw,

144
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while the nonlinear slow system becomes the so-called reduced problem145

(2.8)

u′ = v,

y′ = −w(1− w),

0 = −cv + u2w,

0 = y + vw − cw.

146

Now we choose appropriate solutions to (2.7) and (2.8), and glue them together at147

their end-states of the dependant variables, producing weak travelling wave solutions148

to (1.1) for ε = 0. In [16], the authors then exploit GSPT to show that these solutions149

perturb appropriately in the full nonlinear ODEs given in (2.2).150

2.1. The layer problem. Steady states of the layer problem given in (2.7)151

define a critical manifold S, represented as a graph over (u,w),152

(2.9) S =

{
(u, v, w, y)

∣∣∣∣v =
u2w

c
, y = −u

2w2

c
+ cw

}
,153

and we will henceforth consider the existence problem in a single coordinate chart by154

projecting onto (u,w) space. The most important property of the critical manifold S155

is that it is folded. We cite the following lemma from [16] without proof:156

Lemma 2.1 ([16], Lem 2.2). The critical manifold S of the layer problem is folded
around the curve

F (u,w) := 2u2w − c2 = 0

in the (u,w) plane with one attracting side Sa and one repelling side Sr.157

We refer to the curve F (u,w) = 0 as the fold curve or the wall of singularities. The158

terminology follows from the behaviour of the reduced problem (see below). The159

so-called fast fibres of the layer problem connect points on S with constant u and y.160

Due to the stability of S, the direction of the flow along these fast fibres is from the161

repelling side Sr to the attracting side Sa (see Figure 2).162

2.2. The reduced problem. Equation (2.8) is a differential-algebraic problem.163

The reduced flow is constrained to the critical manifold S, and the reduced vector164

field is contained in the tangent bundle of S. Since S is given as a graph over (u,w)165

space, we study the reduced flow in the single coordinate chart. In [16] it was shown166

that the reduced problem contains a so-called folded saddle canard point [43].167

Eliminating v and y from (2.8) gives the reduced vector field on S,168

(2.10)

(
c 0

−2uw2/c c− 2u2w/c

)(
u
w

)′
=

(
u2w

−w(1− w)

)
.169

The left hand side of (2.10) is singular along the fold curve F (u,w) = 0, but can be
desingularised by multiplying both sides by the co-factor matrix of the matrix on the
left in (2.10), and by rescaling the independent variable z = z(z̄) such that

dz

dz̄
= c2 − 2u2w.

This gives the desingularised system170

du

dz̄
= cu2w − 2u4w2

c
dw

dz̄
= −cw(1− w) +

2u3w3

c
.

(2.11)171
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Fig. 2: A schematic of the critical manifold S. The fold curve F is represented
by the dashed line (green online). The upper part of the surface is the repelling
side of the manifold Sr and the lower part the attracting side of the manifold
Sa. The flow of the layer problem is along fast fibres, an example of which is
shown. Fast fibres connect a point on Sr (labelled (u, v−, w−, y)), to a point of
Sa (labelled (u, v+, w+, y)). Along these fast fibres u and y are constant. From
the layer dynamics, it follows that the direction of the flow can only be from Sr
to Sa.

The equilibrium points of (2.11) are (uU , wU ) = (0, 1), (uS , wS) = (u∞, 0), u∞ ∈172

R and173

(2.12) (uH , wH) =

(
c

4

[
c+

√
c2 + 8

]
,

1

uH + 1

)
.174

The first two equilibrium points listed correspond to the background states of (1.1),175

while the last is a product of the desingularisation. More specifically, the Jacobian at176

(uU , wU ) = (0, 1) has eigenvalues and eigenvectors177

λ1 = c, ψ1 = (0, 1), λ2 = 0, ψ2 = (1, 0),178

and is therefore centre-unstable; the Jacobian at (uS , wS) = (u∞, 0) has eigenvalues179

and eigenvectors180

λ1 = −c, ψ1 = (−u2
∞, 1), λ2 = 0, ψ2 = (1, 0),181

and is therefore centre-stable; and finally, the Jacobian at (uH , wH) has eigenvalues182

and eigenvectors183

λ± =

(
c−
√
c2 + 8

2

)4
1± c

√(
4

c−
√
c2 + 8

)4

− 3

 , ψ± = (f±(c),−1),184

with

f±(c) :=
c2(c+ Γ)4

64(c2 + cΓ + 1)± 2(c+ Γ)2
√

16 + 24cΓ− 48c2 + 6c3Γ− 6c4
,
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where Γ :=
√
c2 + 8, and is therefore a saddle for all c > 0.185

To obtain the (u,w)-phase portrait in terms of the variable z, we observe that186

dz

dz̄
> 0 on Sa (that is, below the fold curve F ), while

dz

dz̄
< 0 on Sr. Therefore, the187

direction of the trajectories in the (u(z), w(z))-phase portrait will be in the opposite188

direction to those in the (u(z̄), w(z̄)) phase portrait for trajectories on Sr, but in the189

same direction for trajectories on Sa. This does not affect the stability or type of the190

fixed points (uU , wU ) and (uS , wS) as they are on Sa. However, (uH , wH) is not a191

fixed point of (2.10). Rather, as the direction of the trajectories on Sr are reversed,192

the saddle equilibrium of (2.11) becomes a folded saddle canard point of (2.10) [43].193

In particular, on Sr the stable (unstable) eigenvector of the saddle equilibrium of194

(2.11) becomes the unstable (stable) eigenvector of the folded saddle canard point.195

This allows two trajectories to pass through (uH , wH): one from Sa to Sr and one196

from Sr to Sa. The former is the so-called canard solution and the latter the faux197

canard solution [43].198

The (u,w)-phase portrait parameterised by z is shown in Figure 3.

Fig. 3: The (u,w)-phase portrait parameterised by the variable z. The fold curve
(dashed, green online) is labelled F and the folded saddle canard point is the open
black square on it. The two solid black circles are the background states (0, 1)
and (u∞, 0), which are fixed points of both (2.10) and (2.11). Travelling wave
solutions are connections from unstable steady state (0, 1) to any of the family
of stable steady states (u∞, 0) along the u-axis. The region below F , labelled
Sa corresponds to the attracting side of the critical manifold S, and above F ,
(red online), corresponds to the repelling side Sr. The dotted line connecting
the canard point (orange online) to the line of steady states is a separatrix (faux
canard). Thus, existence of a heteroclinic connection (travelling wave) from the
left steady state to the point marked u∞ is only possible if the trajectory passes
through the canard point and then travels along the repelling side of the critical
manifold before travelling back down to the attracting sheet via a fast fibre. This
results in a shock fronted travelling wave.

199
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2.3. Travelling wave solutions. As alluded to in the introduction, four distinct200

types of travelling wave solutions to (1.1) were identified in [16], denoted types I, II,201

III, and IV (see Figure 1). The solutions were found as solutions to the desingularised202

system of the reduced problem and were glued together with (appropriate) fast fibres203

of the layer problem to produce (weak) traveling wave solutions to the full nonlinear204

travelling wave PDE given in (2.1) (with ε = 0). These solutions were then shown to205

persist for small enough values of the diffusion parameter ε via standard approaches206

in GSPT. Figure 4 provides an example of the four types of waves found in the phase207

portrait of their desingularised reduced systems. Type I waves are smooth positive208

waves lying entirely in the attracting sheet of the critical manifold. Type II waves209

exhibit a shock in w (in the singular limit). They pass through the folded saddle210

canard point in the reduced problem, and then travel along a fast fibre of the layer211

problem, landing on the attracting branch of the critical manifold, from which they212

continue on to the steady state u∞. The length of the jump is determined by the213

wave speed c (or by u∞) and the symmetry of S. In particular the jump in w is214

symmetric around the fold curve F with u fixed [16]. Type III waves are those that215

jump directly from the repelling sheet of the critical manifold S to the line of steady216

states of the reduced problem. Type IV waves are those for which w exhibits negative217

values after the jump.218

3. The spectral problem, essential and absolute spectrum. In this sec-219

tion, and what follows, we assume that a travelling wave solution to (1.1) of type I-IV220

is given, denoted by u := (u,w)>. We view the travelling wave u as a steady state221

to (2.1), and motivated by dynamical systems theory, we want to examine a linear222

spectral problem associated with (2.1) at u. The linearisation of (2.1) at u is formally223

given by:224

(3.1)

(
p
r

)
t

= ε

(
p
r

)′′
+ c

(
p
r

)′
−
(

0
wp′ + u′r

)′
+

(
−2uwp− u2r

(1− 2w)r

)
.225

We denote the linear operator L(u) as the right hand side of (3.1) acting on the
perturbations p and r. That is:

L(u) := ε∂zz + c∂z −
(

0 0
w∂zz + w′∂z u′∂z + u′′

)
+

(
−2uw −u2

0 (1− 2w)

)
.

We define the spectrum of L(u), denoted σ(L(u)) as those λ ∈ C such that L(u)− λI226

is not invertible on the space X := H1(R) × H1(R) (that is we require both p and227

r and their derivatives to be square integrable functions from R → C). To find such228

values of λ we study the system of non-autonomous ODEs229

(3.2) ε

(
p
r

)′′
+ c

(
p
r

)′
−
(

0
u′r + wp′

)′
+

(
(−2uw − λ)p− u2r

(1− 2w − λ)r

)
=

(
0
0

)
230

The idea now is to use a linearisation of the Liénard coordinates introduced in (2.4)231

to derive a linear system with the same slow-fast structure as the original travelling232

waves u. We introduce the new linearised, Liénard variables233

(3.3) q := p′ and s := εr′ + cr − u′r − wq,234
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<latexit sha1_base64="kao0woXed9Lgac+RQFTjzcMtjjE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDraCuAhJF1YEoeDG7ir0BW0Ik+mkHTrJhJmJWEKXbvwVNy4UcesnuPNvnLZZaOuBC4dz7uXee/yYUals+9vIrayurW/kNwtb2zu7e+b+QUvyRGDSxJxx0fGRJIxGpKmoYqQTC4JCn5G2P7qZ+u17IiTlUUONY+KGaBDRgGKktOSZxw0twlqtdgVL+Bp75z0Ux4I/2NZFxXaskmcWbcueAS4TJyNFkKHumV+9PsdJSCKFGZKy69ixclMkFMWMTAq9RJIY4REakK6mEQqJdNPZIxN4qpU+DLjQFSk4U39PpCiUchz6ujNEaigXvan4n9dNVHDppjSKE0UiPF8UJAwqDqepwD4VBCs21gRhQfWtEA+RQFjp7Ao6BGfx5WXSKluObTl35WK1lMWRB0fgBJwBB1RAFdyCOmgCDB7BM3gFb8aT8WK8Gx/z1pyRzRyCPzA+fwBVUZbc</latexit><latexit sha1_base64="kao0woXed9Lgac+RQFTjzcMtjjE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDraCuAhJF1YEoeDG7ir0BW0Ik+mkHTrJhJmJWEKXbvwVNy4UcesnuPNvnLZZaOuBC4dz7uXee/yYUals+9vIrayurW/kNwtb2zu7e+b+QUvyRGDSxJxx0fGRJIxGpKmoYqQTC4JCn5G2P7qZ+u17IiTlUUONY+KGaBDRgGKktOSZxw0twlqtdgVL+Bp75z0Ux4I/2NZFxXaskmcWbcueAS4TJyNFkKHumV+9PsdJSCKFGZKy69ixclMkFMWMTAq9RJIY4REakK6mEQqJdNPZIxN4qpU+DLjQFSk4U39PpCiUchz6ujNEaigXvan4n9dNVHDppjSKE0UiPF8UJAwqDqepwD4VBCs21gRhQfWtEA+RQFjp7Ao6BGfx5WXSKluObTl35WK1lMWRB0fgBJwBB1RAFdyCOmgCDB7BM3gFb8aT8WK8Gx/z1pyRzRyCPzA+fwBVUZbc</latexit><latexit sha1_base64="kao0woXed9Lgac+RQFTjzcMtjjE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDraCuAhJF1YEoeDG7ir0BW0Ik+mkHTrJhJmJWEKXbvwVNy4UcesnuPNvnLZZaOuBC4dz7uXee/yYUals+9vIrayurW/kNwtb2zu7e+b+QUvyRGDSxJxx0fGRJIxGpKmoYqQTC4JCn5G2P7qZ+u17IiTlUUONY+KGaBDRgGKktOSZxw0twlqtdgVL+Bp75z0Ux4I/2NZFxXaskmcWbcueAS4TJyNFkKHumV+9PsdJSCKFGZKy69ixclMkFMWMTAq9RJIY4REakK6mEQqJdNPZIxN4qpU+DLjQFSk4U39PpCiUchz6ujNEaigXvan4n9dNVHDppjSKE0UiPF8UJAwqDqepwD4VBCs21gRhQfWtEA+RQFjp7Ao6BGfx5WXSKluObTl35WK1lMWRB0fgBJwBB1RAFdyCOmgCDB7BM3gFb8aT8WK8Gx/z1pyRzRyCPzA+fwBVUZbc</latexit><latexit sha1_base64="kao0woXed9Lgac+RQFTjzcMtjjE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDraCuAhJF1YEoeDG7ir0BW0Ik+mkHTrJhJmJWEKXbvwVNy4UcesnuPNvnLZZaOuBC4dz7uXee/yYUals+9vIrayurW/kNwtb2zu7e+b+QUvyRGDSxJxx0fGRJIxGpKmoYqQTC4JCn5G2P7qZ+u17IiTlUUONY+KGaBDRgGKktOSZxw0twlqtdgVL+Bp75z0Ux4I/2NZFxXaskmcWbcueAS4TJyNFkKHumV+9PsdJSCKFGZKy69ixclMkFMWMTAq9RJIY4REakK6mEQqJdNPZIxN4qpU+DLjQFSk4U39PpCiUchz6ujNEaigXvan4n9dNVHDppjSKE0UiPF8UJAwqDqepwD4VBCs21gRhQfWtEA+RQFjp7Ao6BGfx5WXSKluObTl35WK1lMWRB0fgBJwBB1RAFdyCOmgCDB7BM3gFb8aT8WK8Gx/z1pyRzRyCPzA+fwBVUZbc</latexit>

Type IV: c = 0.65 < c⇤.
<latexit sha1_base64="j/hEQYUSjj2sSbWa5nW60NLuRso=">AAAB/3icbVDJSgNBEK1xjXEbFbx4aUwE8TDMBFwQhYAXvUXIBskw9HR6kiY9C909Qog5+CtePCji1d/w5t/YSeagiQ8KHu9VUVXPTziTyra/jYXFpeWV1dxafn1jc2vb3NmtyzgVhNZIzGPR9LGknEW0ppjitJkIikOf04bfvxn7jQcqJIujqhok1A1xN2IBI1hpyTP3q1pEd/VLVCTXtnV2ekW8E6vomQXbsidA88TJSAEyVDzzq92JSRrSSBGOpWw5dqLcIRaKEU5H+XYqaYJJH3dpS9MIh1S6w8n9I3SklQ4KYqErUmii/p4Y4lDKQejrzhCrnpz1xuJ/XitVwYU7ZFGSKhqR6aIg5UjFaBwG6jBBieIDTTARTN+KSA8LTJSOLK9DcGZfnif1kuXYlnNfKpSLWRw5OIBDOAYHzqEMt1CBGhB4hGd4hTfjyXgx3o2PaeuCkc3swR8Ynz+lH 5Mp</latexit><latexit sha1_base64="j/hEQYUSjj2sSbWa5nW60NLuRso=">AAAB/3icbVDJSgNBEK1xjXEbFbx4aUwE8TDMBFwQhYAXvUXIBskw9HR6kiY9C909Qog5+CtePCji1d/w5t/YSeagiQ8KHu9VUVXPTziTyra/jYXFpeWV1dxafn1jc2vb3NmtyzgVhNZIzGPR9LGknEW0ppjitJkIikOf04bfvxn7jQcqJIujqhok1A1xN2IBI1hpyTP3q1pEd/VLVCTXtnV2ekW8E6vomQXbsidA88TJSAEyVDzzq92JSRrSSBGOpWw5dqLcIRaKEU5H+XYqaYJJH3dpS9MIh1S6w8n9I3SklQ4KYqErUmii/p4Y4lDKQejrzhCrnpz1xuJ/XitVwYU7ZFGSKhqR6aIg5UjFaBwG6jBBieIDTTARTN+KSA8LTJSOLK9DcGZfnif1kuXYlnNfKpSLWRw5OIBDOAYHzqEMt1CBGhB4hGd4hTfjyXgx3o2PaeuCkc3swR8Ynz+lH 5Mp</latexit><latexit sha1_base64="j/hEQYUSjj2sSbWa5nW60NLuRso=">AAAB/3icbVDJSgNBEK1xjXEbFbx4aUwE8TDMBFwQhYAXvUXIBskw9HR6kiY9C909Qog5+CtePCji1d/w5t/YSeagiQ8KHu9VUVXPTziTyra/jYXFpeWV1dxafn1jc2vb3NmtyzgVhNZIzGPR9LGknEW0ppjitJkIikOf04bfvxn7jQcqJIujqhok1A1xN2IBI1hpyTP3q1pEd/VLVCTXtnV2ekW8E6vomQXbsidA88TJSAEyVDzzq92JSRrSSBGOpWw5dqLcIRaKEU5H+XYqaYJJH3dpS9MIh1S6w8n9I3SklQ4KYqErUmii/p4Y4lDKQejrzhCrnpz1xuJ/XitVwYU7ZFGSKhqR6aIg5UjFaBwG6jBBieIDTTARTN+KSA8LTJSOLK9DcGZfnif1kuXYlnNfKpSLWRw5OIBDOAYHzqEMt1CBGhB4hGd4hTfjyXgx3o2PaeuCkc3swR8Ynz+lH 5Mp</latexit><latexit sha1_base64="j/hEQYUSjj2sSbWa5nW60NLuRso=">AAAB/3icbVDJSgNBEK1xjXEbFbx4aUwE8TDMBFwQhYAXvUXIBskw9HR6kiY9C909Qog5+CtePCji1d/w5t/YSeagiQ8KHu9VUVXPTziTyra/jYXFpeWV1dxafn1jc2vb3NmtyzgVhNZIzGPR9LGknEW0ppjitJkIikOf04bfvxn7jQcqJIujqhok1A1xN2IBI1hpyTP3q1pEd/VLVCTXtnV2ekW8E6vomQXbsidA88TJSAEyVDzzq92JSRrSSBGOpWw5dqLcIRaKEU5H+XYqaYJJH3dpS9MIh1S6w8n9I3SklQ4KYqErUmii/p4Y4lDKQejrzhCrnpz1xuJ/XitVwYU7ZFGSKhqR6aIg5UjFaBwG6jBBieIDTTARTN+KSA8LTJSOLK9DcGZfnif1kuXYlnNfKpSLWRw5OIBDOAYHzqEMt1CBGhB4hGd4hTfjyXgx3o2PaeuCkc3swR8Ynz+lH 5Mp</latexit>

Fig. 4: An illustration of the four different types of waves found in [16] in the
phase portrait of the critical manifold S as c is varied, for fixed u∞ = 1. The
fold lines are indicated by the green dashed lines labelled F . As in Figure 3 the
attracting sheet of the critical manifold is to the left of the fold, while the repelling
sheet is to the right. Type I waves are smooth and do not cross to the repelling
side of S. Type II waves are sharp fronted, owing to passing through the canard
point on the fold of the critical manifold to the repelling sheet, type IV waves are
also sharp-fronted travelling solutions, but are non-monotone. Type III waves,
which exist for a unique wave speed c = c∗, are the transition between type II
and type IV waves where the waves jump through the fast system directly to the
line of fixed points on the critical manifold.

and we rewrite (L(u)− λI)
(
p
r

)
= 0 as a slow-fast, linear, non-autonomous system235

with two fast (q and r) and two slow (p and s) variables236

(3.4)


p
s
εq
εr


′

=


0 0 1 0
0 0 0 λ− 1 + 2w

λ+ 2uw 0 −c u2

0 1 w u′ − c



p
s
q
r

 .237

We refer to (3.4) as the (linear) slow system, again with the slow variable z. For238

notational convenience, we will denote the vector (p, s, q, r) as p and note that we can239
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write (3.4) as p′ = A(z;λ, ε)p where A(z;λ, ε) is the matrix given by240

(3.5) A(z;λ, ε) :=


0 0 1 0
0 0 0 λ− 1 + 2w

(λ+ 2uw)/ε 0 −c/ε u2/ε
0 1/ε w/ε (u′ − c)/ε

 .241

We can make the same change of independent variable as before, ζ = z/ε, to derive242

the (linear) fast system243

(3.6)


ṗ
ṡ
q̇
ṙ

 =


0 0 ε 0
0 0 0 ε(λ− 1 + 2w)

λ+ 2uw 0 −c u2

0 1 w u′ − c



p
s
q
r

 =: B(ζ;λ, ε)p.244

We next recall that our travelling waves in both the slow and the fast variables are245

asymptotically constant - they either satisfy the boundary conditions given in (2.3)246

or the jump conditions. The jump conditions in this framework are determined by247

the symmetry of S about the fold curve and are given as248

v+ − v− =
u2

c
(w+ − w−),249

w+ + w− =
c2

u2
250
251

where the ± subscript denotes the value of the given variable at the beginning or end252

state of the shock respectively and we recall that u is constant during the shock [16].253

As z or ζ → ±∞ the matrices A(z;λ, ε), and B(ζ;λ, ε) will tend towards the constant254

matrices A±(λ, ε) and B±(λ, ε) respectively. The matrices A± are given by:255

A−(λ, ε) :=


0 0 1 0
0 0 0 λ+ 1
λ/ε 0 −c/ε 0
0 1/ε 1/ε −c/ε

 , A+(λ, ε) :=


0 0 1 0
0 0 0 λ− 1
λ/ε 0 −c/ε u2

∞/ε
0 1/ε 0 −c/ε

 .256

The matrices B±(λ, ε) are given by257

B±(λ, ε) :=


0 0 ε 0
0 0 0 ε(λ− 1 + 2w±)

λ+ 2uw± 0 −c u2

0 1 w± v± − c

 .258

Where u is a constant in the fast (nonlinear) system, and v± and w± are the jump259

conditions that must be satisfied along the fast fibres.260

3.1. Definition of the essential and point spectrum. In this section, we261

follow [23, 34]. The spectrum σ(L(u)) splits up into two parts, the point spectrum,262

denoted σpt(L(u)) and the essential spectrum denoted σc(L(u)). We define the point263

spectrum as the values of λ ∈ σ(L(u)) where L(u)−λ has a finite dimensional kernel264

and cokernel, and the index of L(u) − λ := dim(kernel) – dim(cokernel) is zero. We265

define the essential spectrum as the complement σc(L(u)) := σ(L(u)) \ σpt(L(u)) of266

the point spectrum.267
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The operator d
dz −A(z;λ, ε) is a relatively compact perturbation of the piecewise268

operator d
dz − A±(λ, ε) for z ≶ 0 in H1(R±), (and likewise for the appropriate B269

matrices). Thus, the essential spectrum is where the Morse indices (dimension of the270

unstable spatial eigenspace) of the end states are different [23, 34].271

For waves of type I, II, and IV the end-states of the wave are in the slow system,272

and so the matrices A±(λ, ε) determine the essential spectrum. We have that λ ∈273

σc(L(u)) when A+(λ, ε) has a different number of unstable spatial eigenvalues from274

A−(λ, ε), or either one has a purely imaginary eigenvalue. In all cases, this is a region275

in the complex plane bounded by the so-called dispersion relations. These are curves276

where A+(λ, ε), A−(λ, ε) have purely imaginary eigenvalues ik for k ∈ R, and are the277

following four curves (two lie on top of each other):278

(3.7)
λ = −εk2 − 1 + ick, (A−(λ, ε) has eigenvalue ik)
λ = −εk2 + ick, (A±(λ, ε) has eigenvalue ik)
λ = 1− εk2 + ick (A+(λ, ε) has eigenvalue ik)

279

For waves of type III, the end-state of the wave is in the slow system as z → −∞ but280

in the fast system as ζ → +∞, and now the essential spectrum is the λ ∈ C when281

A−(λ, ε) has a different number of unstable eigenvalues from B+(λ, ε). We note that282

it is not strictly necessary to use B+ in order to apply Weyl’s theorem to compute283

the essential spectrum of the type III waves, as long as ε > 0, due to the equivalence284

of the fast and slow systems. Indeed, it turns out that the dispersion relations from285

the matrix B+ for ε > 0 define the same set of curves in the spectral parameter as286

those from A+. This is reflected in the specific values that the jump conditions take287

for the type III waves (v+ = w+ = 0). The dispersion relations for the type III waves288

are289

(3.8)

λ = −εk2 − 1 + ick, (A−(λ, ε) has eigenvalue ik)
λ = −εk2 + ick, (A−(λ, ε) has eigenvalue ik)
ελ = −k2 + ick (B+(λ, ε) has eigenvalue ik)
ελ = ε− k2 + ick (B+(λ, ε) has eigenvalue ik).

290

The second and third curves lie on top of each other, even though their expressions291

are different. The essential spectrum for a type III waves is thus the same as that of292

types I, II and IV (see Figure 5).293

We also remark that the dispersion relations divide the complex plane into three294

disjoint regions. The first we denote by Ω1. In the type I, II or IV case, this is the295

region where if Im (λ) = ck for some k ∈ R, then Re (λ) > 1− εk2, i.e. to the right of296

the essential spectrum. Ω1 is also to the right of the essential spectrum in the type297

III case, though here if Im (λ) = ck
ε , then we require Re (λ) > 1− k2

ε . The next region298

is σc (L(u)) where L(u) − λ does not have Fredholm index 0. The third remaining299

region of the complex plane, to the left of σc (L(u)), we denote Ω2 (see Figure 5).300

Since we are concerned with stability of the travelling waves found in [16], it is
worth mentioning that for all types of travelling waves identified, the intersection of
the essential spectrum with the right half plane is nonempty. However, by considering
appropriate weights and weighted spaces we can move the spectrum of the linearised
operator into the left half plane for all four types of travelling waves. For a given
weight function, α̃(x), we define

||f ||Hkα̃ := ||α̃f ||Hk .
For the travelling waves at hand, the essential spectrum due to A−(λ, ε) is contained in
the left half plane, while for the essential spectrum coming from A+(λ, ε) or B+(λ, ε),
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Fig. 5: A plot of the essential spectrum of the operator L(u). The dark lines
(blue online) bounding the essential spectrum and passing through the origin
in the complex plane are the dispersion relations for the matrices A± and B+,
labelled accordingly (see (3.7)). In all cases qualitatively the essential spectrum
is the same. For this figure, the value of ε = 0.01 while c = 1. The absolute

spectrum in this case is the set (−∞, 1 − c2

4ε ] = (−∞,−24] ∈ R. In particular it
is real, and far to the left (in the region Ω2 and out of the figure).

determination of the appropriate weighted space is identical to determining the ap-
propriately weighted space for travelling waves in Fisher’s equation. Consequently
the appropriate weighted space for travelling waves of all types is given by a so-called
two-sided weight

α(x) :=

{
1 if z ≤ 0

eνx if z > 0

with

ν ∈
(
c−
√
c2 − 4ε

2ε
,
c+
√
c2 − 4ε

2ε

)
.

Thus if p ∈ H1
α, we have that the essential spectrum of d

dz−A(z;λ, ε) will be contained301

in the left half plane.302

This implies the presence of a so-called transient, or convective instability, [34, 35]303

where small perturbations either outrun the travelling wave, or die back into the304

wave, resulting in temporal evolution to a translate (perhaps with a slightly modified305

wave speed) of the original wave. As the perturbation outruns the wave, it can (and306

generically will) affect the asymptotic decay rate which, because this equation shares307

dynamical qualitative (and quantitative) features with Fisher’s equation, will affect308

the asymptotic wave speed and the position of the centre of the wave, see also [16]. The309

effect is that small perturbations of the original travelling wave evolve into waves that310

are similar in appearance and behaviour to the original wave (even if the difference in311

an H1 norm grows in time), and so we do not really consider these to be instabilities.312

What does pose a problem for (spectral) stability is the so-called absolute spectrum.313

The absolute spectrum is not spectrum per se, but rather is defined as the values of314
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the spectral parameter λ where a pair of eigenvalues of the limiting matrices, (i.e.315

A±(λ, ε) in the type I, II and IV cases and A−(λ, ε) and B+(λ, ε) in the type III316

case) have equal real parts. The absolute spectrum provides a bound for how far the317

essential spectrum can be moved by considering perturbations with different weights.318

In particular if the absolute spectrum is in the right half of the complex plane, there319

is no choice of a weight that can move the essential spectrum into the left half plane.320

The eigenvalues of A−(λ, ε) for all types of waves are found to be the following,321

(3.9) µ±0 :=
−c±

√
c2 + 4ελ

2ε
µ±−1 :=

−c±
√
c2 + 4ε(λ+ 1)

2ε
,322

while the eigenvalues of A+(λ, ε) (for types I, II and IV only) are323

(3.10) ρ±0 := µ±0 =
−c±

√
c2 + 4ελ

2ε
ρ±1 := µ±1 :=

−c±
√
c2 + 4ε(λ− 1)

2ε
,324

and the eigenvalues of B+(λ, ε) for a type III wave are325

(3.11) β±0 := εµ±0 =
−c±

√
c2 + 4ελ

2
β±1 := εµ±1 =

−c±
√
c2 + 4ε(λ− 1)

2
.326

The naming conventions are as follows: µ for A at minus infinity, ρ for A at plus327

infinity, and β for B at plus infinity. The ± refers to the choice of the square root328

in the eigenvalue calculation, and the subscript −1, 1, 0 refers to the value of λ which329

makes the eigenvalue with the positive square root = 0.330

The absolute spectrum is real for all waves and consists of the half line331

(3.12) σabs :=

(
−∞, 1− c2

4ε

]
,332

and hence will be in the left half of the complex plane provided that c2 > 4ε. This is333

identical to the case of the travelling waves found in the Fisher-KPP waves (where ε334

is the diffusion parameter/coefficient). However, unlike in the Fisher-KPP case where335

the diffusion coefficient is often taken to be on the same order as the wave speed, here336

we have that 0 < ε� 1 and so for the parameter regime considered in this manuscript337

we do not expect the absolute spectrum to destabilise the travelling waves of interest.338

In the travelling waves of type I-IV studied here, as we shall see, there is another339

destabilising factor due to an element of the point spectrum entering into the right340

half plane.341

4. Point spectrum and the Riccati-Evans function. We next compute the342

point spectrum, or lack thereof, in the right half complex plane of the linearised343

operator associated with the travelling waves of types I-IV found in section 3. To do344

this, we use a modified version of the so-called Evans function [23]. In order to verify345

the lack of point spectrum of travelling waves of type I-III in the right half plane,346

and to show the existence of an eigenvalue in the case of a type IV wave, we want to347

exploit the geometry of the system in order to more efficiently make the computations.348

This results in relating the Evans function to the so-called Riccati equation on the349

Grassmannian of two planes in C4. We produce an Evans function of sorts in that it is350

an eigenvalue detector, though it does not have all the nice properties of the classical351

Evans function. In particular it is meromorphic rather than analytic, and it does not352

appear to be independent of the value of z at which it is evaluated. However we show353
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that the zeros of this function are indeed independent of the point of evaluation and354

provided certain conditions are met, coincide with the multiplicity of the zeros of the355

Evans function.356

We recall some familiar results arising in the definition of the Evans function that357

will be useful for our purposes later. For a detailed discussion and proofs, see [23].358

We begin with point spectrum that is away from the essential spectrum. We say that359

λ 6∈ σc(L(u)) is an eigenvalue of the wave u (or of L(u)) if we can find functions360 (
φ1

φ2

)
∈ X such that L(u)

(
φ1

φ2

)
= λ

(
φ1

φ2

)
. For ε 6= 0, this is equivalent to finding a361

λ for which there is a solution to the linearised slow problem (i.e. a solution to (3.4)362

in the case of a type I wave), or slow–fast–slow problem (a solution to (3.4), then (3.6)363

and then (3.4) in the type II and IV case) or slow–fast problem (a solution to (3.4),364

then (3.6) in the type III case) decaying to zero as z → ±∞. Exponential dichotomy365

for λ ∈ Ω1 means that there is only one way to do this. Let Ξu denote the unstable366

subspace of A−(λ, ε) and Ξs denote the stable subspace of A+(λ, ε) in the case that367

u is a type I, II, or IV wave, or the stable subspace of B+(λ, ε) in the case of a type368

III wave.369

We note that Ξu,s are each two-dimensional for λ ∈ Ω1 (to the right of the370

essential spectrum) while for λ ∈ Ω2 (to the left fo the essential spectrum) Ξu is zero.371

We thus (initially) restrict our search for eigenvalues to those λ ∈ Ω1 which are to372

the right of the essential spectrum. That is, for a λ ∈ Ω1, we let Wu,s(z) be the373

(two dimensional) span of solutions to the linearised system along a travelling wave374

decaying to Ξu,s respectively (the span of the Jost solutions as in [23]). We have the375

following:376

Lemma 4.1 ([23]). Let λ ∈ Ω1, then Wu(z0) ∩W s(z0) 6= {0} for all z0 ∈ R if377

and only if λ is an eigenvalue.378

Now suppose we pick a pair of linearly independent solutions in each of Wu and379

W s respectively, then the above lemma says that if we evaluate them at a given fixed380

z0 (say z0 = 0), then λ will be an eigenvalue if and only if the four are linearly381

dependent. Denoting these solutions by xu1 (z;λ),xu2 (z;λ),xs1(z, λ) and xs2(z;λ) We382

define the Evans function as383

(4.1) D(λ) := det
(
xu1 (0;λ),xu2 (0;λ),xs1(0, λ),xs2(0;λ)

)
384

We have the following385

Theorem 4.2 ([23]). The functions xu,s1,2(z) can be chosen so that D(λ) is analytic386

for λ away from the essential spectrum. The roots of the Evans function D(λ) are387

independent of the choice of z0 being chosen to be 0. The Evans function is unique388

up to multiplication by a nonzero function g(λ). For λ to the right of the essential389

spectrum, the Evans function is zero if and only if λ is an eigenvalue of u.390

We remark that the additional exponential factor present in many Evans function391

computations [23] is dropped, as in [26] as the evolution on the Grassmannian will392

make it redundant.393

4.1. The Riccati equation and the Grassmannian. In this section, for the394

description of the Riccati flow on the Grassmanian, we mostly follow, [20, 26, 39]395

with some small adaptations to make things more clear for our purposes. We want to396

exploit some of the geometry behind linear ODEs (3.4) and (3.6). The first observation397

is that because our ODE is linear, the solution operator maps subspaces to subspaces.398
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This means that for λ to the right of the essential spectrum, both Wu(z) and W s(z)399

will each be two dimensional subspaces of C4 for all z ∈ R. Since we are interested in400

tracking the evolution of the entire subspace, we can consider the (nonlinear) ODE401

on the space of complex two dimensional subspaces of C4, the Grassmannian of two402

planes in four space,[20] which we denote Gr(2, 4). In this manuscript, since we are403

primarily only considering the Grassmannian of two planes in four space we drop the404

numbers and refer to it just as G. Before we describe the associated Riccati equation405

on G, we pause for a moment to recall some facts about G and its coordinatisation.406

These facts (or equivalent generalisations) can be found in most introductory texts407

on algebraic geometry, see for example [19, 38].408

The manifold G is a smooth, compact, complex manifold, of complex dimension
4. It is a homogeneous space, G ≈ U(4)/(U(2) × U(2)), where U(n) is the unitary
group - the real Lie group of real dimension n2 of complex matrices U such that
ŪTU = I. We construct charts on the Grassmannian in the usual way, via the Plücker
coordinates. For a pair of vectors v = (v1, v2, v3, v4)> and w = (w1, w2, w3, w4)>, in
C4 we observe that v and w are linearly independent (i.e. the plane Pv,w spanned
by v and w is an element of G), if and only if the values of Kij := viwj − vjwi are
not all zero for all i 6= j. That is the vector (K12,K13,K14,K23,K24,K34) 6= 0.
This naturally embeds G into P5, the complex projective space (this is called the
Plücker embedding). We will use the usual designation of coordinates in projective
space, [K12 : K13 : K14 : K23 : K24 : K34] to signify that they are not all zero. It
can be checked that if Pv,w represents a complex two plane in four space, then the
following Plücker relation must hold in the Plücker coordinates: K12K34−K13K24 +
K14K23 = 0. In this way, G is seen to be a smooth (because it is a homogeneous
space) variety in P5 of complex projective space. This also gives it the structure of
a complex manifold. In a given chart, we can view G as a graph over the remaining
variables. For example, suppose that K12 6= 0, then in the Plücker coordinates we
have, by dividing through by K12 , that our plane is represented by the sextuplet
[1 : K13 : K14 : K23 : K24 : K13K24 −K14K23], and that this represents the plane
spanned by (1, 0,−K23,−K24)> and (0, 1,K13,K14)>, which we will write in so-called
frame notation [26, 39] 

1 0
0 1

−K23 K13

−K24 K14

 =

(
I

K

)
.

The 4×2 matrix written as a pair of 2×2 matrices is called a frame for the plane409

that is the span of its columns. Now we want to see how our linear ODE induces a410

flow on G. Such a flow will be called the associated Riccati equation. We describe the411

general process, and then later consider the linear equation coming from the spectral412

problem at hand. We begin by considering a 4×4 linear ODE acting on pairs of vector413

spaces, and writing it in the frame notation form that will be useful later [20, 26, 39]:414

(4.2)

[
X
Y

]′
= A(z)

[
X
Y

]
:=

[
A(z) B(z)
C(z) D(z)

] [
X
Y

]
415

where X,Y, A,B,C,D are all 2× 2 matrices in the independent variable z.416

Suppose, for the moment that our evolution takes place where X(z) is invertible.417

We can therefore represent the plane

[
X
Y

]
by the plane

[
Id

YX−1

]
. Denoting the matrix418
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YX−1 by W, we have that419

W′ =
(
YX−1

)′
= Y′X−1 + Y(X−1)′

= Y′X−1 −YX−1X′X−1

= (CX +DY) X−1 −YX−1 (AX +BY) X−1

(4.3)420

where the second step used the fact that XX−1 = I and the third used (4.2). Substi-421

tuting back in gives422

(4.4) W′ = C +DW−WA−WBW.423

Equation (4.4) will be called the (associated) Riccati equation [27, 29, 39]. It is a424

higher order analogue of the familiar Riccati equation for second order linear ODEs.425

This Riccati equation is a nonlinear, non-autonomous ODE of half of the original426

order. The Riccati equation as written in (4.4) governs the flow on a chart of G427

equivalent to the original flow prescribed by (4.2). Just as in the more familiar lower428

order case, solutions to the Riccati equation can become infinite [27]. Geometrically,429

this means that we are leaving the chart of G (as det(X)→ 0) [26]. We will return to430

how to handle this later, but for the moment, we wish to understand how the Evans431

function defined above fits into the Riccati equation formulation.432

The spans of solutions Wu,s(z) decaying to Ξu,s as z → ±∞ are solutions to the

Riccati flow on G. We write them as

[
Xu

Yu

]
, for the span of Wu(z) and

[
Xs

Ys

]
for the

span of W s(z) where Xu,s and Yu,s are each 2×2 matrices (the pair Xu,s and Yu,s are
called the Jost matrices in [23]), and again, assuming that we stay in the same chart
(i.e det(Xu,s) 6= 0), we have two solutions to the Riccati flow, Wu(z) := Yu(Xu)−1

and Ws(z) := Ys(Xs)−1. Recall that the eigenvalue problem as we have set it up is
to determine whether or not the subspaces Wu,s(z0) intersect nontrivially. So writing
the definition of the Evan’s function from (4.1) in this new notation, we are interested
in zeros of the following function:

D(λ) := det

[
Xu(z0, λ) Xs(z0, λ)
Yu(z0, λ) Ys(z0, λ)

]
,

and we know that the subspaces represented by

[
Xu,s(z0, λ)
Yu,s(z0, λ)

]
are the same as those433

represented by

[
Id

Wu,s(z0, λ)

]
. The question is how to relate the determinant of434 [

Id Id
Wu(z0, λ) Ws(z0, λ)

]
to D(λ)?435

It is straightforward to check that for a pair of 2 × 2 matrices A and B, the436

following holds437

(4.5) det

(
Id Id
A B

)
= det(B −A).438

That is, the determinant of the 4 × 4 matrix on the left is equal to the determinant
of the difference of the matrices B and A. This is in fact generically true for n × n
matrices, one just replaces the 2× 2 with the appropriately sized identity matrix. It
can also be extended to matrices with a block structure of a more generic type (see

16

This manuscript is for review purposes only.



[40]), though we will not need the full generic statement here. We thus have:

det

[
Id Id

Wu(z0, λ) Ws(z0, λ)

]
= det(Ws(z0, λ)−Wu(z0, λ)).

Denote the function439

(4.6) E(z0;λ) := det(Ws(z0;λ)−Wu(z0;λ)).440

Next, we note that[
Id Id

Wu(z0, λ) Ws(z0, λ)

]
=

[
Xu(z0, λ) Xs(z0, λ)
Yu(z0, λ) Ys(z0, λ)

] [
(Xu)−1(z0, λ) 0

0 (Xs)−1(z0, λ)

]
and taking determinants and using (4.5) we have that

det(Xu(z0;λ)) det(Xs(z0;λ))E(z0;λ) = D(λ).

441

Definition 4.3. We call the function E(z0, λ) the Riccati-Evans function.442

4.2. Changing charts. In this section, we use the general coordinatisaion of443

the Grassmannian found in [38]. A chart on the Grassmannian is a map T : G→ C4.444

We can think of the charts as parametrised by invertible matrices T ∈ GL(C, 4) in the445

sense that if we multiply a frame

(
X
Y

)
by a matrix T and then compose the result446

with the Plücker coordinate map, we get a new coordinate representation for the447

original plane. For example, suppose we consider the plane spanned by the columns448

of the frame

(
0
I

)
. This plane is not in the chart where K12 6= 0 described earlier,449

rather its coordinates in P5 are [0 : 0 : 0 : 0 : 0 : 1], so it lies in the chart where450

K34 6= 0. However if we multiply the original frame by the matrix T =

(
0 I

I 0

)
, then451

in the new coordinate chart associated with T we have that the frame is given as

(
I

0

)
,452

and so in this chart, the same plane is represented by K12 6= 0. This parametrisation453

has several advantages, namely it allows us to write down a single expression for the454

evolution of an ODE which changes implicitly depending on the chart (matrix T) we455

choose.456

We next write out our matrix Riccati equation in the chart parametrised by T.457

This is the evolution equation on G under the change of variables determined by T.458

Suppose that in our original variables459

(4.7)

[
X
Y

]′
= A(z)

[
X
Y

]
460

Then if T is an invertible matrix, so that we have

T

[
X
Y

]
=:

[
XT

YT

]
and461

(4.8)

[
XT

YT

]′
= TA(z)T−1

[
XT

YT

]
=:

[
AT(z) BT(z)
CT(z) DT(z)

] [
XT

YT

]
.462
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Defining WT = YTX−1
T , the Riccati equation in this chart is

W′
T = CT +DTWT −WTAT −WTBTWT.

We have therefore absorbed the chart implicitly into the computations, in order to463

have a single set of ODEs to evolve.464

Likewise, we can define the Riccati-Evans function on this chart

ET(z0;λ) := det(Ws
T(z0;λ)−Wu

T(z0;λ)),

and the relation465

(4.9) det(T−1) det(Xu
T(z0;λ)) det(Xs

T(z0;λ))ET(z0;λ) = D(λ)466

still holds. The Riccati-Evans function is not independent of the change of coordinates,467

but we use this to our advantage. We will choose a chart (matrix T) so that det(T) = 1468

and det(Xu,s
T ) 6= 0 in the spectral parameter regime of interest, and produce a function469

ET, the zeros of which coincide with those of D(λ).470

We note that in the current notation, the function defined in (4.6) is for the chart
corresponding to the identity. That is

E(z0;λ) = EI(z0;λ).

4.3. Extension into the essential spectrum. Using Ξu,s defined above as471

initial conditions, we can then (numerically) compute the Riccati-Evans function on472

any chart associated with an invertible matrix T for any λ ∈ Ω1. We would like to473

consider a larger domain of λ ∈ C however, not just those λ ∈ Ω1. This is relatively474

straightforward provided we stay away from values of λ in the absolute spectrum,475

computed above in (3.12).476

To extend the Evans function, we track the eigenvectors associated with µ+
0,−1477

and ρ−0,1 (see (3.9) and (3.10)) as we vary λ. Starting with a λ ∈ Ω1, we can continue478

the Evans function (and the Riccati-Evans function) as we vary λ through the curves479

defined by the dispersion relations in (3.7). A root of D(λ) will no longer be evidence480

of any solution which decays at ±∞ but rather a solution that decays at ±∞ along481

the eigenspaces Ξs,u. For example, the eigenvalue associated with the derivative of482

the type I, II and IV waves found in section 2 will not be a root of this extended483

Riccati-Evans function, as the solution will not decay along the appropriate subspace.484

So, even though λ = 0 (and in fact any λ ∈ σc (L) not on the boundary of σc (L)) will485

technically be an eigenvalue of L, in the sense that there will be a decaying L2 solution486

to the ODE, it will not be a root of this extended Evans function. In some sense this is487

preferred as roots of the Evans function found in this manner can not be removed by488

considering functions in weighted space which moves the essential spectrum into the489

left half plane, whereas eigenvalues which are removed due to weighting are associated490

with so-called transient or convective instabilities [23, 35] which are known to affect491

the temporal dynamics of the wave less strongly or noticeably than eigenvalues which492

cannot be weighted away. As we shall see, it is these roots of the extended Evans493

function which are associated with a change in stability of the travelling waves outlined494

in section 2.495

4.4. Winding numbers. One typical way that the analyticity of the Evans496

function D(λ) is employed is via the argument principle from complex analysis. This497

can be stated as follows498
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Theorem 4.4 ([6]). Suppose f : Ω → C is a complex meromorphic function on
a simply connected domain Ω with a smooth boundary, and that f(z) has no zeros or
poles on ∂Ω. Then

1

2πi

∮
∂Ω

f ′(z)
f(z)

dz = N − P

Where N and P are integers that are equal to the number of zeros and poles of f(z)499

in Ω respectively.500

The integer |N − P | is also known as the winding number of the function f(z). It is501

equal to the absolute value of the net number of times the image of f(z) winds around502

the origin in C as the variable z traverses the boundary ∂Ω.503

We apply this to the formula defining the Riccati-Evans functions in order to504

interpret the winding of the functions ET in terms of the roots of D(λ). Suppose that505

we were in the chart corresponding to the matrix T. Denoting · := d

dλ
we have506

∮
∂Ω

ĖT(λ)

ET(λ)
dλ =

∮ d
dλ

(
D(λ)

detXu
T detXs

T

)
(

D(λ)
detXu

T detXs
T

) dλ

=

∮
Ḋ(λ)

D(λ)
dλ−

∮
det Ẋ

u

T

det Xu
T

dλ−
∮

det Ẋ
s

T

det Xs
T

dλ

(4.10)507

If we can choose a chart such that the det(Xu,s
T ) 6= 0 inside the simply connected508

domain Ω, then the right two terms in (4.10) vanish and the number of zeros of the509

Riccati-Evans function equals number of zeros of the original Evans function.510

5. (In)Stability Results: Application to the Model Equations. We ap-511

ply the Riccati-Evans function described in section 4 to first establish the numerical512

instability of travelling waves of type IV. We do this by tracking a real eigenvalue513

crossing zero into the right half plane as we lower the travelling wave speed below the514

minimal speed c∗ demarcating the transition from type II to type IV waves. We then515

numerically establish the stability of waves of type I, II and III by showing that for516

a reasonably large subset of the eigenvalue parameter λ ∈ C, with 0 ≤ Re (λ) ≤ 104517

there are no roots of the Evans function when u is a travelling wave of speed c > c∗.518

We compute the Riccati-Evans function for (3.5) with asymptotic end states con-519

sisting of the stable subpace of A+ and unstable subspace of A− for numerically520

computed waves of type I, II and IV. Without the precise wave speed of the type521

III waves, it is not possible to numerically solve for them, so all spectral data of the522

point spectrum must be inferred [16]. We used the continuation program AUTO to523

numerically compute travelling waves of type I, II and IV (and to approximate the524

minimal wave speed of type III), and used Mathematica’s NDSolve function to solve525

the Riccati equation and compute the Riccati-Evans function. See Figures 6, 7, 8526

and 9.527

The only remaining ingredient is a (matrix for a) coordinate chart T. Finding
such a chart can be a nontrivial task as there will inevitably be singularities in the
matrix Riccati equation. The idea is to find a coordinate chart where the singularities
do not appear in the region of the eigenvalue space we are interested in. For this
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system the matrix

T =


−i 0 1 0
0 i 0 1
0 0 i 0
0 0 0 −i


was used and evidently produced no singularities of the Riccati equation (or the528

Riccati-Evans function) for values of λ on the real line or in the upper right half of529

the complex plane (that we could observe numerically). A detailed determination of530

a chart that would always have this feature, as well as a proof of why that might be531

the case, is beyond the scope of this manuscript.532

5.1. Instability of type IV waves. We first establish the instability of the533

type IV waves by plotting the Riccati-Evans function for real values of λ and tracking534

a real eigenvalue as it crosses the imaginary axis as we lower the wave speed parameter535

c below the threshold of the type III waves (c∗ ≈ 0.6701). See Figure 6. From the536

plots of the Riccati-Evans function in the chart T, we see that for real values of λ537

there do not appear to be any singularities of the function ET(0;λ), thus any zeros538

that appear are indeed zeros of the original Evans function and hence eigenvalues of539

the operator L(u). There are many zeros on the real line, all of them negative until540

c is made low enough, whereby the leading zero crosses into the right half plane.541

5.2. Stability of waves of type I, II and III. To numerically establish the542

spectral stability of travelling waves of type I and, II (and to infer spectral stability of543

the waves of type III), in the appropriately exponentially weighted spaces, we plot the544

argument of the Riccati-Evans function for successively larger regions in the upper545

right half plane. Because the travelling wave that we are linearising about is real,546

we know that any eigenvalues of the operator L(u) must come in complex conjugate547

pairs, so if λ is a root of D(λ), then λ̄ must also be a root of D(λ). A consequence of548

(4.9) is that, away from the poles of ET, roots of the Riccati-Evans function must also549

come in conjugate pairs. Hence, it is sufficient to investigate the first quadrant of the550

complex plane for eigenvalues. In what follows, we show the numerical evidence for551

stability of type I waves only, the figures for waves of type II are qualitatively the same.552

Figure 7 shows a plot of the function ET(λ; 0) for real values of λ. It is clear that553

there are no roots of the Riccati-Evans function for λ < 20. To investigate complex554

eigenvalues, we plot the argument of the function ET a large section of the complex555

plane. For a meromorphic function, a zero or a pole is represented by the coalescing556

of many contour lines of the argument of the function. Hence, we can visually see557

from Figure 8 that there are no zeros or poles of the linearised operator L(u) for558

the type I wave in this region of C. We confirm this with the argument principle by559

computing the winding number of the Riccati-Evans function on successively larger560

quarter circles and can again visually see that no winding takes place (see Figure 9).561

562

6. Discussion and future work. In this manuscript, we studied the spectral563

stability of the four different types of travelling waves supported by an advection-564

reaction-diffusion equation originally proposed in [33] to describe haptotactic cell565

invasion in a model for melanoma. Using a Riccati-Evans function approach, we566

numerically showed that the biologically-unfeasible type IV waves – waves for which567

the invasive tumour cell population wave profile w is negative for certain parts of the568

profile – are unstable, while the other three types of waves where the tumour cell569

population w stays positive are spectrally stable. Heuristically, instability of the type570
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Fig. 6: The top figures in each column show the type of wave that we are lin-
earising about (Left column: type II, close to but slightly above the minimal
wavespeed, and right column: type IV close to but slightly below). The bottom
figures show the real and imaginary (blue and orange online respectively) parts of
the Riccati-Evans function ET(0;λ), computed as a function of the (real) eigen-
value parameter λ. As the wave speed c is decreased through the minimal wave
speed (c∗ ≈ 0.6701), there is a real root of the Riccati-Evans function (and hence
a real eigenvalue of the operator L(u)) which crosses into the right half plane,
and as the type II waves transition to those of type IV, they become unstable.

IV waves follows from the fact that the type III waves have a (very) fast decay at571

+∞. Thus λ = 0, the eigenvalue associated with spatial invariance of the front, is a572

temporal eigenvalue in the now weighted space. It persists, and in this case moves573

into the right half-plane as the wave-speed is further decreased (which is what we574

numerically showed).575

A logical next step is to further study the connection between the observed wave576

speed and the asymptotic behaviour of its initial condition. This connection was al-577

ready partly investigated in [16, 32]. In [16], formal computations around the asymp-578

totic end state of a travelling wave are used to show that the type I and type II waves579

travel with speed c = 1/χ+O(ε), where χ is the asymptotic decay rate at ∞ of the580

exponentially decaying initial condition for w (i.e. w(x, 0) = w0(x) = max{1, e−χx}).581

This result was also numerically verified in [32]. Unfortunately, the asymptotic linear582

analysis of [16] was unable to derive a correct approximation for the minimal wave583

speed c∗ associated with the type III waves (i.e. the type III waves are pushed fronts584

[42]), see in particular [16, Fig. 10]. In [32], the authors used a power series approx-585

imation to derive a quadratic relationship between the minimal wave speed c∗ and586

the asymptotic end state of the wave u∞ in the singular limit ε = 0. Combining the587
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Fig. 7: A plot of the real and imaginary (blue and orange online) parts of the
function ET for positive real values of the temporal spectral parameter λ for the
linearised operator about a type I wave. The parameter values are u∞ = 1, c = 1
and ε = 0.01.
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Fig. 8: Left: A plot of contour lines of the argument of the function ET(λ; 0) for the
region of the first quadrant in the right half plane extending out to Re (λ) < 10 and
Im (λ) < 10. It is clear that there are no zeros or poles of the function ET in this
region and hence no temporal eigenvalues. One can see the contour lines coalescing on
a zero or a pole in the left half plane (in this case it is a pole). Right: A plot of contour
lines of the argument of the function ET(λ; 0) for the region of the first quadrant in
the right half plane extending out to Re (λ) < 10, 000 and Im (λ) < 10, 000. It is
clear that there are no zeros or poles of the function ET in this region, and hence no
temporal eigenvalues. Parameter values used were u∞ = 1, c = 1, and ε = 0.01.

results of [16] and [32] indicated that c∗ = c∗(u∞, ε) and it remains to be seen if this588

relationship can be derived analytically.589

We are currently working on using this approach to study the stability of trav-590

elling waves in a model for wound healing angiogenesis [17], a model for stellar wind591

[8], and in two different types of tumour invasion models [9, 37]. The Riccati-Evans592

function approach in this manuscript does not take advantage of the singularly per-593

turbed nature of the stability problem. The nonlocal eigenvalue problem approach594

[11, 12, 41] and the singular limit eigenvalue problem approach [30, 31] are two related595

analytical techniques that use this singular perturbed nature to simplify the Evans596
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Fig. 9: (Colour online.) A plot of the function Arg(ET) for values on the quarter
circles of radius 10 (top) and 10,000 (bottom). The left figures depict a (log-
arithmic) parametrisation of the quarter circle, while the right figures are the
corresponding plots (see colour online) of Arg(ET). It is clear from the plots that
there is no winding of the function ET here, and hence there is no spectrum of
the linearised operator L(u) in this region either. Parameter values used were
u∞ = 1, c = 1, and ε = 0.01.

function computations. It would be interesting to see if, similar to [10], one of these597

techniques can be incorporated in the Riccati-Evans function approach to further op-598

timise the computations. In particular, in [10] the authors use the Riccati equation599

and the singularly perturbed nature of the problem to compute a factored Evans600

function via the Grassmanian, where one of the factors is analytic and never zero,601

thus reducing the calculations necessary for eigenvalue determination. We comment602

that the factorisation of the Evans function given by (4.9) is reminiscent of that in603

[10] (when the chart is chosen properly) - though it does not make use of any singular604

structure in the problem.605

We note that in [15], the authors factor the Evans function in a different way,606

reducing the computations to ones in a unitary matrix (Hopf) bundle. The factorisa-607
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tion in (4.9) is seemingly complementary to that in [15] in the sense that the unstable608

bundle in [1] factors into two sub-bundles, the transition maps of one being the uni-609

tary group, while the transition maps of the other are the Grassmannian (in the sense610

that it is a homogeneous space of Lie groups).611
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mensional traveling waves. SIAM J. Appl. Dyn. Syst., 8:480–507, 2009.673
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