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Chapter 1

Introduction

With the growth in computer power and internet access, an increasing number of problems are
solved on remote machines by programs written by experts in a particular field. In this situation,
the user may have no knowledge of the algorithm used, its implementation, or indeed how the
remote machine is maintained. A mere yes-or-no answer cannot be trusted. We need additional
verification that the answer is correct. For mathematical problems, the most obvious form of
verification is a proof of correctness. This proof is usually given in an encoded form, which is
called a certificate. In this thesis, we construct such proofs for the problem of graph isomorphism.

A graph consists of a finite set of points, called vertices, and a set of edges, each of which
connects two vertices. Two graphs are isomorphic if there is a (bijective) function that maps the
vertices of the first graph to the vertices of the second with the property that there is an edge
between two vertices, if and only if, there is an edge between their images. Such a function is called
an isomorphism. Graph isomorphism is important because every finite combinatorial structure
can be encoded in terms of graphs. For example, see [26, page 28] for an encoding of block designs.

If two graphs are isomorphic and we are given an isomorphism, then it is easy to prove this by
checking the isomorphism. Proving that a pair of graphs are not isomorphic is more difficult. We
show ways to generate such a proof automatically. Our proofs are intended to be human-readable
but could be modified to give machine readable proofs as in [3]. We use a lot of computer time
to find a short and understandable proof. Because of this, it can take much longer to generate a
proof than just to determine nonisomorphism. Although we are primarily interested in practical
computations, we occasionally use the concept of polynomial time algorithms [7, Chapter 36].

In Chapter 2, we look at invariants: functions that take the same value on two isomorphic
graphs, but may take different values on nonisomorphic graphs. In many cases, invariants give a
short and easy-to-verify proof of nonisomorphism. For example, two graphs with different numbers
of vertices cannot be isomorphic, so this is an easily checked invariant.

When no simple invariants can be found to distinguish two graphs, we resort to general graph-
isomorphism algorithms. Graph isomorphism is hard in general, but there are several classes
of graphs that can be handled in polynomial time [13, page 72]. In Chapter 3, we look at the
algorithm of Luks [25], which takes polynomial time for classes of graphs with bounded vertex
degree. In Chapter 4, we look at the algorithm of McKay [28], which is implemented as nauty
[26]. This is fast in practice but is not known to be polynomial. We have modified both these
algorithms to produce a human-readable proof. The modified version of McKay’s algorithm can
also produce a derivation of the correctness of the automorphism group of a graph.

We have developed a Proof Assistant for Graph Nonisomorphism [31]. This will automatically
construct a proof of (non)isomorphism and can also be used to compose a proof interactively by
choosing invariants or calling one of the modified algorithms. The algorithms are implemented in
GAP [9], apart from some modifications to nauty, which is in C [23]. The user interface is written
in Java [35]. The proof assistant is described in Chapter 5.
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Chapter 2

Invariants

2.1 Introduction

In this chapter, we discuss invariants that can be used to produce easy proofs of nonisomorphism for
many pairs of graphs. Generally speaking, the more difficult an invariant is to compute, the more
graphs it can distinguish. In fact there are complete invariants, which distinguish graphs perfectly,
for example the canonical graph returned by nauty [26]. The invariants that are described in this
chapter, however, are relatively easy to calculate and give short human-understandable proofs of
nonisomorphism. They are also the invariants used in the proof assistant. Some of the invariants
used are also found in [33].

2.2 Basic definitions

A (simple) graph G = (V,E) consists of a finite set of vertices V and a set of edges E consisting
of subsets of V with cardinality two. A subgraph of G is a graph G′ = (V ′, E′), such that V ′ ⊆ V
and E′ ⊆ E. The induced subgraph on a set of vertices V ′ ⊆ V is the graph with vertices V ′ and
edges E′ = {{v1, v2} ∈ E | v1, v2 ∈ V ′}.

Let G = (V,E) and G′ = (V ′, E′) be graphs. An isomorphism σ : G → G′ is a bijective
function from V to V ′ such that E′ = {{σ(v1), σ(v2)} | {v1, v2} ∈ E}. An automorphism is an
isomorphism from a graph G to itself. The automorphism group of a graph G is the group of all
automorphisms of the graph and is denoted Aut(G). The orbit of a vertex under the automorphism
group is the set of all images of that vertex by elements of the automorphism group.

Let G = (V,E) be a graph and let v1, v2 ∈ V . Then v1 and v2 are called adjacent if {v1, v2}
is an edge. A path from v0 to vn is a sequence (v0, v1, v2, . . . , vn) of vertices such that vi−1 is
adjacent to vi, for i = 1, . . . , n. The length of this path is n. If there is a path from every vertex
to every other vertex, the graph is called connected. A component is a maximal connected induced
subgraph. Note that a graph is connected if, and only if, it has exactly one component. If the n
vertices of an induced subgraph are adjacent to every other vertex of that subgraph, the subgraph
is called an n-clique. The distance from a vertex to another vertex is the minimum length of a
path between those vertices, or ∞ if there is no such path. The distance between a vertex and an
edge is the minimum of the distances to that vertex from each of the vertices of the edge. The
diameter of a graph is the largest distance between two vertices. A cycle is a path (v0, . . . , vn)
with n > 1, where vi = vj if, and only if, {i, j} = {0, n} or i = j. The girth of a graph is the
length of the shortest cycle or ∞ if the graph has no cycles. The degree (or valence) of a vertex is
the number of edges containing that vertex.

Choose some order on the elements of V , say V = {v1, . . . , vn}. The adjacency matrix A is
the n × n matrix with the value 1 at position (i, j) if vi and vj are adjacent, and the value 0
otherwise. Note that A can be written over any unital ring, that is a ring with an unit, which is
an invertible element. The distance matrix is the matrix of size n× n where the value at position
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(i, j) is the distance between vi and vj . This matrix can be calculated in O(|V |3) time using the
Floyd-Warshall Algorithm [7, page 560].

A tree is a connected graph G = (V,E) with no cycles. A rooted tree is a tree with a distin-
guished vertex called the root. A vertex in a tree is also called a node. Note that in a tree there
is a unique shortest path from each node to the root. Let v be a node in the tree other than the
root and e = (v′, v) be the first edge on the path from v to the root. We then call v′ the parent
of v and v the child of v′. A node with children is called an internal node, while a node without
children is called an external node or leaf.

There are several standard computer representations of graphs. The ones we use are the list of
vertices and edges, by the adjacency matrix (the definition can be found below) or by the edge list
representation: a graph is represented by the set of vertices and for each vertex the set of adjacent
vertices. We can convert between the different representations in time at most O(|V |2). Since
nearly all the algorithms we consider need more time than this, we do not consider the choice of
representation to be a significant factor. More about representations and the O notation can be
found in [13, Section 2.1].

2.3 Graph Invariants

A graph invariant is a function on the class of all graphs that takes identical values on isomorphic
graphs. In order to prove that two graphs are nonisomorphic, it suffices to find a graph invariant
that has different values for these graphs. There are graph invariants that give nice short proofs
of graph nonisomorphism.

Some graph invariants always take different values on nonisomorphic graphs (e.g., the lexico-
graphically-least adjacency matrix [24, page 253] or the canonical label of [28, Section 2.1, 2.17]),
but they are very hard to compute and lead to long proofs.

Number of vertices

This invariant takes as value the number of vertices of the graph.

Number of edges

This invariant takes as value the number of edges of the graph.

Number of triangles

This invariant takes as value the number of triangles in the graph, i.e., sets of vertices {u, v, w}
such that {u, v}, {u,w}, {v, w} ∈ E. This can be computed in time O(|E||V |). Note that the
number of vertices and the number of edges are the number of 1-cliques and 2-cliques respectively.
This algorithm can be extended to give the number of m-cliques. Cliques can be found uniquely
by introducing a total order on the vertices and selecting the smaller vertices first. This leads to
a worst case complexity O(|E||V |m−2) for m ≥ 2.

Besides looking at the number of m-cliques we can also look at the number of vertices connected
to an (m− 1)-clique and the number of edges between those vertices.

Diameter

This invariant takes as value the diameter of the graph. First the distance matrix is calculated
using the Floyd-Warshall Algorithm [7, page 560]. The diameter is then the maximum of the
entries. If the graph is disconnected, the diameter is infinite, but we can instead use the multiset
of diameters of the components.
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Girth

This invariant takes as value the girth of the graph. The girth can be calculated using a breadth-
first search [7, Section 23.2] for each vertex, as in Algorithm 1. For each vertex v we try to find
two different paths to another vertex w, which minimum total length. This is not necessarily a
cycle, but this does contain a cycle, with length less or equal than the combined length of the
paths.

For each cycle, on which v lies there is a vertex w such that there are two different paths from
v to w, of which the lengths differ at most one. Therefore we can restrict ourselves to the case
where the lengths of the paths differ only one.

In each search, the vertices are first colored white (at distance dist or further), then they
become gray (light gray at distance dist and dark gray at distance dist− 1), and eventually black
(at distance smaller than dist). Initially one vertex is light gray and the rest are white. In each
step we color the dark gray vertices black and the light gray vertices dark gray and look at the
vertices connected to them.

If a white vertex is encountered it is colored light gray. Since it is the first path to it, nothing
further is done. If a vertex that is light gray or dark gray is encountered, we have found a cycle
of length at most 2 ∗ dist or 2 ∗ dist− 1.

This algorithm can be extended to return a cycle of smallest length. To prove the correctness
of the given value for the girth, it is enough to prove that no smaller cycle exists. So it is enough
to initialize the girth with the given value instead of ∞. The algorithm takes time O(|V ||E|): the
outer loop is run |V | times, and each edge is checked at most twice in the inner while loop.

Polynomial invariants

The characteristic polynomial of a graph is the determinant PG(λ) = |λI − A|, where A is the
adjacency matrix and λ is an indeterminate. The characteristic polynomial can be computed with
O(|V |3) ring multiplications. In order to control the time taken for a ring multiplication, we often
use the ring

�
/m

�
, for some m.

There are several other interesting polynomial invariants. Let n = |V | and let J be the n× n
all-one matrix. Define the Seidel matrix S = J − I − 2A. Let di be the degree of vi. The degree
matrix D is the n×n diagonal matrix with the value di at position (i, i) and the value 0 elsewhere.
Assume that every di > 0, so that |D| > 0. The following characteristic polynomials are now also
invariants:

QG(λ) =
1

|D|
|λD −A|, RG(λ) = |λI −D −A|,

SG(λ) = |λI − S|, and CG(λ) = |λI −D +A].

If the graph is vertex regular, that is all vertices are in the same orbit under the group of auto-
morphisms of the graph, then some of these polynomials contain the same information [36].

The roots of a characteristic polynomial are the eigenvalues of the adjacency matrix. Because
the adjacency matrix is symmetric, that is A = AT , these eigenvalues are real. The set is also
called the spectrum of a graph. More information about spectra can be found in [8] and [36].

The characteristic polynomial of the distance matrix is also an invariant [8, Section 9.2].

Smith normal form

Let R be a principal ideal domain [6]. Every n × n matrix A over R can be transformed with
elementary operations on rows and columns to a diagonal matrix D with the property that Di,i |
Di+1,i+1, for all 0 < i < n. In other words, there exist invertible P and Q such that PAQ = D.
For R =

�
/p

�
, where p is a prime, it is relatively easy to compute the Smith normal form. See

also [6].
The Smith normal form of the adjacency matrix is an invariant up to units. This is comparable

with essentially unique factorization in
�
, where -1 is a unit and 4 = 2 · 2 = (−2) · (−2). To make

this an invariant we have to perform the analogue of taking the positive number. If R is a field,
then computing the Smith normal form is equivalent to computing the rank of A.
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Algorithm 1 Calculating the girth

Input: G = (V,E) is a graph
Returns: the girth of G
1: function Girth(G)
2: var
3: girth:integer . upper bound for the girth of G
4: u:vertex . u ∈ V
5: v:vertex . v ∈ V
6: w:vertex . w ∈ V
7: dist:integer . related to the distance to v
8: a list of light gray vertices . at distance dist of v
9: a list of dark gray vertices . at distance dist− 1 of v

10: a list that contains for each vertex the color . to check whether a vertex is white

11: end var
12: girth := ∞
13: for v in V do
14: color v light gray and all other vertices white.
15: dist := 0
16: while there are light gray vertices do
17: color all dark gray vertices black.
18: color all light gray vertices dark gray.
19: dist := dist+ 1 . now all dark gray vertices are at distance dist− 1 of v and

there are no light gray vertices

20: if girth > 2 ∗ dist then . improving girth might be possible
21: for dark grey vertices u do
22: for w adjacent to u do
23: if w is colored white then . w was not reached before
24: color w light gray

25: else if w is light gray then . we now have two different paths of
length dist to w

26: if girth > 2 ∗ dist then
27: girth := 2 ∗ dist . w and u are both at distance dist from v,

therefore we have found a cycle of size ≤ 2 ∗ dist.
28: end if
29: else if w is dark gray then . we now have two different paths of

lengths dist− 1 and dist to w
30: if girth > 2 ∗ dist− 1 then
31: girth := 2 ∗ dist− 1 . w is at distance dist− 1 and u is

at distance dist from v, therefore we have found a cycle of size
≤ 2 ∗ dist− 1.

32: end if
33: end if
34: end for
35: end for
36: end if
37: end while
38: end for
39: return girth
40: end function

5



2.4 Vertex invariants

A vertex invariant assigns to every graph G a function fG on the vertex set of G, such that
fG(v) = fG′(σ(v)), whenever v is a vertex of G and σ : G → G′ is an isomorphism. In this
section, we describe some easy-to-calculate vertex invariants. They can be transformed into graph
invariants as follows: Given a graph G = (V,E) and vertex invariant fG, the multiset fG(V ) :=
{fG(v) | v ∈ V } is a graph invariant.

Degree

The degree of a vertex v is the number of vertices u ∈ V for which {u, v} ∈ E. It takes time
O(|V | + |E|) to calculate this for all vertices.

Distance multiplicities

The distances between all pairs of vertices can be calculated with the Floyd-Warshall algorithm,
which gives the distance matrix. For each vertex, the multiset of distances to all other vertices is
a vertex invariant.

Number of triangles

The number of triangles containing the vertex is a vertex invariant, which can be calculated in
time O(|E|) per vertex.

Subgraph invariance

Consider the subgraph induced on the set of vertices at distance one from a vertex. Invariants of
this subgraph are also invariants of the vertex. In particular, we use the multiset of the sizes of
the components of this subgraph as a vertex invariant in the proof assistant. Once the distance
matrix is known, this invariant can be calculated in time O(|V | + |E|) for each vertex. Taking
the union of this invariant (instead of the multiset) we get a somewhat less powerful, but shorter
graph invariant.

Extended Subgraph Invariance

The isomorphism class of the subgraph induced on all vertices at distance (at most) i from a
vertex is also a vertex invariant. As with subgraph invariance we use the sizes of the components
as an invariant. When the distance matrix has been calculated this can be calculated in time
O(|V | + |E|) for each vertex.

Powers of the Adjacency Matrix

The set of powers of the adjacency matrix is not itself an invariant, but can easily be turned into
one. The kth power of the adjacency matrix A has at position (i, j) the number of paths of length
k from vi to vertex vj . Since the adjacency matrix is a solution to the characteristic polynomial,
which has degree n, it is enough to look at the first n− 1 powers of the adjacency matrix. These
powers can be calculated in time O(|V |4).

We now define the multisets

Mi := {(Aij , A
2
ij , . . . , A

n−1
ij) | j = 1, . . . , n}

It is easily seen that the map fg : vi → Mi is a vertex invariant. In computation, the multiset is
stored as a list, sorted with respect to the lexicographic order. The sorting takes time O(|V |4), so
this is the time required to calculate the invariant.
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2.5 Edge invariants

An edge invariant assigns to every graph G a function fG on the set of edges of G, such that
fG(e) = fG′(σ(e)) whenever e is an edge of G and σ : G → G′ is an isomorphism. Vertex
invariants can be transformed into graph invariants as follows: Given a graph G = (V,E) and
vertex invariant fG, the set gG({v1, v2}) = {fG(v1), fG(v2)} is an edge invariant. Edge invariants
can be transformed into graph invariants as follows: Given a graph G = (V,E) and edge invariant
fG, the multiset fG(D) := {fG(v) | e ∈ E} is a graph invariant.

Number of triangles

The number of triangles containing the edge is an edge invariant.

Number of K2,1,1 graphs

1

2

3

4

Figure 2.1: The K2,1,1 graph, with the edge e bold

The number of K2,1,1 graphs around an edge is an edge invariant, see Figure 2.1. This can
be generalized to looking at the number of vertices connected to both vertices of an edge and the
number of edges between them.

It can be further generalized to the number of vertices connected to all vertices in an m-clique
and the number of edges between them. This can be made an edge invariant if we only count
cliques that include a given edge. This generalization is harder to compute than the generalization
as a graph invariant in Section 2.3 because we count each clique once for each edge in it.

Edge distance multiplicities

This invariant is comparable to the distance multiplicity vertex invariant. For an edge e = {v1, v2},
we look at the distances of all other vertices from v1 and v2. The distance of a vertex is either
the same to both v1 or v2, or differs by one. We can therefore count the vertices of the graph
according to their distance to e and whether they are closer to v1 or v2, or have the same distance
to both. The result consists of three lists of numbers of vertices. The list l1 of vertices closest to
v1, the list le of vertices with equal distance, and the list l2 of vertices closest to v2. The invariant
is now (min(l1, l2), le,max(l1, l2)), under the lexicographical ordering.

Below is an example of the value of this invariant on an edge in a graph on 8 vertices. The
numbers at the top represent vertices closer to v1 and the numbers at the bottom represent vertices
closer to v2. The numbers in the middle represent vertices with the same distance to both v1 and
v2. Here v1 and v2 are chosen so that the top row is lexicographically not larger than the bottom
row.

7



the (sorted) distance multiplicity of the edge is:

. 1 0

|2 1

. 2 0

If the distance matrix is known this can be calculated in O(V ) time per edge.

2.6 Invariants in the Proof Assistant

To check whether two graphs are non isomorphic, the functions in the array AllGraphInvariants

are checked in the order they are in that array. At the moment this array consists of the following
functions. They are chosen in a way that the invariants that are easy to humanly understand or
easier to calculate are checked earlier. In larger graphs some of the invariants high in the tree
become harder to humanly verify, but still can give information about the graph.

Invariants like the number of vertices and the number of edges are checked first. Invariants
that take more time to compute and are harder to humanly verify like characteristic polynomials
and the Smith normal form are in the middle. And at the end are some invariants, which are often
useful to distinct graphs, but do not always give useful information and are harder to verify, like
the number of K2,1,1 graphs per edge and the powers of the adjacency matrix.

1. number of vertices

2. number of edges

3. degree multiset

4. diameter

5. girth

6. distance multiplicity

7. subgraph invariance

8. extended subgraph invariance

9. characteristic polynomial

10. characteristic polynomial (type Q)

11. characteristic polynomial (type R)

12. characteristic polynomial (type S)

13. Smith normal form

14. powers of the adjacency matrix

15. number of triangles per vertex, edge (multiset)

16. number of K2,1,1-graphs per edge (multiset)

17. edge distance multiplicity

18. multiset of all edge invariants per edge

Note that some invariants are straightforward to calculate but harder to prove. In such a case
it is easier to calculate the value than to check a lengthy implemented. Some effort is made to
reduce the output, for example if the number of vertices with a certain degree differs in two graphs
it is not needed to mention the number of vertices with a different degree.

8



2.7 Colored graphs

We often find it convenient to expand our definition of a graph by allowing vertices of different
types. In this case we only consider isomorphisms that transform vertices to other vertices of the
same type. The types are called colors, and the resulting structure is a colored graph. Nauty
(Chapter 4) already supports colored graph isomorphism, and we have extended Luks’ algorithm
(Chapter 3) so that it also supports colored graph isomorphism.

A (vertex) coloring of a graph is a function γ from the set of vertices to a fixed set of colors C.
Let G = (V,E, γ) and G′ = (V ′, E′, γ′) be colored graphs. Let σ be an isomorphism from (V,E)
to (V ′, E′). We say that σ is an isomorphism from G to G′ if the colors are preserved, that is,
γ(v) = γ′(σ(v)) for every v ∈ V . If C is totally ordered and γ is onto, we refer to γ as a partition.

In this section, we describe how color can be used to improve invariants, and how to combine
colorings to make a finer coloring.

2.7.1 Colors and graph isomorphism

Coloring can be useful in graph isomorphism because it can reduce the number of possibilities and
therefore speed up the algorithm. Some coloring may come from the initial problem and additional
coloring may come from vertex invariants since each of them is a coloring (see the next section).
Furthermore it is sometimes possible to make a coloring finer, that is containing more information
about which vertices are different. An example is refining, which is described in Chapter 4.

2.7.2 Colors and invariants

Note that a vertex invariant f gives a function fG from the vertices of G to some set C. Each of
these maps can be considered as a coloring.

The fact that f is a vertex invariant is equivalent to saying that every graph isomorphism
σ : G→ G′ is also a colored graph isomorphism (G, fG) → (G′, fG′).

In the calculation of some invariants the value of a subfunction on vertices (or edges) is sorted.
It is possible to take coloring into account here, which can result in a better invariant. An example
here are graph invariants from vertex invariants, like the degree multiset.

9



Chapter 3

Luks’ algorithm

3.1 Introduction

The graph isomorphism problem is hard in general, but it can be solved in polynomial time for
certain classes of graphs. An example is the class of graphs of degree at most c, for some fixed
constant c. In this chapter, we describe an algorithm due to Luks [25]. This algorithm calculates
the group of all automorphisms of a graph that leave a given edge fixed. In Section 5.1 we show
how to use this to solve the isomorphism problem. For graphs of degree ≤ c, with n vertices, Luks’
algorithm takes time O(n5c). Our description of the algorithm is taken from [17]. In Section 3.6,
we discuss how we adapted the algorithm for colored graphs.

3.2 Definitions

Let G be a (permutation) group and X a set. A group action of G on X is a mapping µ :
X ×G → X , such that for all g, h ∈ G, and x ∈ X : µ(x, gh) = µ(µ(x, g), h) and µ(x, 1) = x. We
also say that G acts on X by µ. If it is clear which action is meant we say G acts on X and write
µ(x, g) = xg , for x ∈ X and g ∈ G.

Let G be a (permutation) group that acts on a set X . Let x ∈ X . The stabilizer of x by G
is the subgroup {g ∈ G | xg = x} of G. Let Y ⊆ X . The setwise stabilizer of Y by G is the
subgroup {g ∈ G | ∀y∈Y y

g ∈ Y }. The pointwise stabilizer (or vertexwise stabilizer) of T by Y is
the subgroup {g ∈ G | ∀y∈Y y

g = y}.
Let X be a set and G a group that acts on X . Then the orbit of x ∈ X under G is the set of

the images of x under the action of G: {xg | g ∈ G}.
Let G be a (permutation) group. We say that G has generating set A = {a1, . . . , ak} if each

element g ∈ G can be written as a finite product of the ai. We also write G = 〈A〉. The
representation used for a groups is the set of its generators. The group generated by A′ =
A ∪ {ak+1} can be written as 〈A′〉 = 〈A ∪ {ak+1}〉 but also as 〈G ∪ {ak+1}〉.

Let G = (V,E) be a connected graph and let e = {v1, v2} ∈ E be a fixed edge. Let Aute(G)
be the group of automorphisms of G which fix e setwise. Let c be an upper bound on the degree
of G. Define Vi to be the set of vertices at distance i from e. Define Ei to be the set of edges
with one vertex in Vi and the other in Vi or Vi+1. Note that V is the disjoint union of the Vi and
E is the disjoint union of the Ei. Define Gi to be the subgraph (V0 ∪ . . . ∪ Vi, E0 ∪ · · · ∪ Ei−1).
Let h be the largest value of i, for which Vi is non-empty. Note that the sets Ei are nonempty for
0 ≤ i ≤ h − 1 and that Eh can be empty. Furthermore Gh+1 = G. Let Ai = Aute(Gi). Clearly
V1, . . . , Vh are nonempty and Vi is empty for i > h.

The ancestry of v ∈ Vk is the set of vertices u ∈ Vk−1 such that {u, v} ∈ Ek−1. If {u, v} is an
edge with u ∈ Vk−1 and v ∈ Vk , then we say that the edge has type (i, j) where i is the cardinality
of the ancestry of v, and j is the number of vertices in Vk with the same ancestry as v, including

10



1

23

4 5 6

78

Figure 3.1: An example of splitting a graph with fixed edge {1, 5} in V0 = {1, 5}, V1 = {2, 4, 6, 8},
and V2 = {3, 7}. E0 contains the thin edges and E1 the bold edges. E2 is empty.

v itself. If {u, v} is an edge with u and v in Vk−1 for some k, we say that the edge is of type (2, 0).
Note that every edge has a type and the number of different types that occur is at most c2.

1 2 1 2

3 4 5

Figure 3.2: A family of type (2, 0) (left) and one of type (2, 3) (right).

Let f be an edge of type other than (2, 0). Suppose that f = {u, v} with u ∈ Vk−1 and v ∈ Vk.
The family of f consists of the set of edges connecting a vertex in the ancestry of v with a vertex
in Vk with the same ancestry. The family of an edge of type (2, 0) is the set containing only that
edge. If F is a family of edges of type (i, j), then Fk−1 denotes the set of i corresponding vertices
in Vk−1 and Fk denotes the set of j corresponding vertices in Vk . If F is a family of edges of
type (i, j), then F is also said to be of type (i, j). With F we denote the list, that for each type
contains, the set of all families of edges in Ek−1 with that type.

An example is given in Figure 3.2. The vertices 1 and 2 are in Vk−1, while the vertices 3, 4,
and 5 are in Vk. The family on the left is denoted by (Fk−1 = {1, 2}, Fk = ∅) and the family
on the right by (Fk−1 = {1, 2}, Fk = {3, 4, 5}). Note that a family specifies a complete bipartite
subgraph.

3.3 Permutation algorithms

In Luks’ algorithm, several permutation group algorithms are used. In order to produce a proof
of correctness for Luks’ algorithm, we must also produce proofs for these algorithms. We use the
methods of Cohen and Murray [3] to give human readable proofs. These are briefly explained in
this section. Some extensions were needed to adapt them for use in Luks’ algorithm, as described
in Section 3.3.3. A list of all the subprocedures used to give proof can be found in Section 3.3.4.
More about generating human readable proofs can be found in Section 3.3.3.
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Proposition: Let H be the group generated by h1 = (1,2,3) and h2 = (2,3,4).

Let G be the group generated by g1 = (1,2,3,4) and g2 = (1,2). Then H is a

subgroup of G.

Proof:

It suffices to verify that each of the generators of H belongs to G. Below

we give a word in the generators of G for each generator of H.

Proof:

h1 = (1,2,3) = g1^2*g2*g1^3;

h2 = (2,3,4) = g1*g2.

QED(proof by generator)

This establishes that each generator of H belongs to G, and so H is a

subgroup of G.

QED(issubgroup)

Figure 3.3: An example of a subgroup proof

3.3.1 Membership and subgroup testing

To prove that a permutation is a member of a permutation group, it is sufficient to write it as
a product of the generators of the group. To prove that a group H is a subgroup of a group G,
it suffices to prove that all generators of H are members of G. There are standard algorithms in
GAP to write permutations as words in generators. Figure 3.3 shows the output of the proof that
the alternating group on 4 symbols H = 〈(1, 2, 3), (2, 3, 4)〉 is a subgroup of the symmetric group
on 4 symbols G = 〈(1, 2, 3, 4), (1, 2)〉.

3.3.2 Schreier trees

A directed graph G = (V,E) consists of a finite set of vertices V and a set of edges E consisting
of pairs (v1, v2) of vertices v1, v2 ∈ V , v1 6= v2. Note that the difference with a simple, or
undirected, graph is that these edges are ordered: if (v1, v2) ∈ E then we write v1 → v2. For
a directed graph G = (V,E) the corresponding simple graph is the graph G′ = (V,E′), with
E′ = {{v1, v2} | (v1, v2) ∈ E}. Let C be a set and γ : E → C a function. Then γ is called an edge
coloring. A spanning tree of a connected graph is a connected subgraph, that contains all vertices
and no cycles. A spanning tree can be formed from a connected graph by removing an edge from
a cycle until no more cycles exist. A directed rooted tree is a directed graph G = (V,E) with root
x ∈ V of which the edge between a non-root vertex v and its parent v′ in the corresponding simple
graph Gs (v′, v) is in E but (v, v′) is not. Note that in Gs the distance of d(v, x) = d(v′, x) + 1
and that if there exists for two connected vertices v, w ∈ V : v 6= w ∧ d(v, x) = d(w, x) there must
also exist a cycle, which is a contradiction and therefore this construction holds.

Let X be a set, x ∈ X , G a group that acts on X and A = {g1, . . . , gn} the generating set
of G. As defined earlier the orbit of x under G is the set xG = {xg |g ∈ G}. Now let V = xG
and E = {y → z | yg

i = z}. Let γ be a coloring from E to C = {1, . . . , n}, so that γ({y → z})

is the index of a generator that maps y to z. We also write y
i
−→ z. Then the orbit graph is the

directed graph G = (V,E) with edge coloring γ, see Figure 3.4 for an example. Consider the the
set A′ = {g1, . . . , gn, g

−1
n , . . . , g−1

1 } = {g′1, . . . g
′

2n}. This set contains the generating set of G and
all its elements are elements of G and therefore this set is also a generating set of G. Furthermore

we now have that if y
i
−→ z then z

2n+1−i
−−−−−→ y, meaning that we can choose the directions of the

arrows as we like. Let S be a spanning tree constructed from the corresponding simple graph. It
is now possible to create from S a rooted directed graph S with root α by choosing directions for
the edges. It is furthermore possible to create an edge coloring γ : E → {1, . . . , 2n}. Then S is
called a Schreier Tree with root α for the generating set A.

To generate a Schreier Tree it is not needed to construct it in the way mentioned above. An
easier construction is to start with x and for all vertices in the orbit of x to calculate for all
generators a ∈ A whether xa or xa−1

is a vertex not yet in the orbit. If it is not yet in the orbit

12
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Figure 3.4: For the group 〈(1, 2, 3, 4), (1, 3)〉 the (directed) orbit tree, a spanning tree S and a
Schreier tree S

then it should be added with the edge corresponding to a or a−1. The precise algorithm can be
found in [3, Algorithm 5.1].

Let G be a group that acts on a set X . Let α ∈ X . Let S be a Schreier Tree with root α ∈ X .
Let ω be an element of the orbit αG. Then ω is a node in the S. Consider the shortest path from
α to ω. If the generators corresponding to the edges are multiplied in the order the arrows are
encountered, a permutation is obtained that transfers α in ω. Define the Schreier element tω of

ω as that permutation. Now let p ∈ A′ and β ∈ αG. Then αtβpt
−1

βp = βpt
−1

βp = α. Or for all β the

permutation αtβpt
−1

βp stabilizes α. This leads to Schreier’s lemma:

Lemma 3.1 (Schreier’s lemma). Let G be a group with generating set A, acting on a set X, with
α ∈ X. Let S be a Schreier Tree with root α for A. Then the stabilizer of α by G is generated by
the set of Schreier Elements:

{

αtβpt
−1

βp | β ∈ αG, p ∈ A′

}

.

For a proof of Schreiers lemma see [5, Lemma 2.15] A large part of the calculations are spent
on stabilizer calculations. For more information about Schreier Trees see [5, Section 8.2] and [34,
Chapter 4]. To pointwise stabilize multiple points it is best to stabilize them one at the time.

3.3.3 Extensions

Actions

The original algorithms from [3] are designed for permutation groups acting on integers. This is
not always the case in Luks’ algorithm. We want to find the permutations that stabilize the list
of sets of families, by stabilizing the sets of families one by one.

In GAP [9] this can be solved by using actions. There are some actions predefined in gap,
for example OnSets on sets. Where the action needed did not already exist we have created our
own. To generate proofs in this situation, the original algorithms were modified, so that they now
support actions.

We illustrate actions by a small example. Let G be the graph from Figure 3.5. Suppose we
want to calculate and get a proof of the orbit of the set {1, 3} under the group of automorphisms
of G. It is now possible to do this. The output of the extended algorithm is shown in Figure 3.6.

Generating human readable proofs

The structure used is based on the methods from [3]. Here the more complex proofs are made
using smaller lemmas and their proofs, generated by other methods. To prove Luks’ algorithm
we use several of these methods and also have created several more smaller methods. For more
information about which proving methods exactly are used and which ones are created see 3.3.4.
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34

Figure 3.5: A simple graph on four vertices

Proposition: the orbit of x = [ 1, 3 ] under A, the group generated by a1 =

(2,4) and a2 = (1,2)(3,4), is X = [ [ 1, 3 ], [ 2, 4 ] ].

Proof:

By the straightforward check that the cycles containing points of X do not

contain points not in X, it follows that each generator of A leaves X

invariant. It remains to show that the points in X are images of x under

elements of A:

[ 1, 3 ] = [ 1, 3 ]^()

[ 2, 4 ] = [ 1, 3 ]^(1,2)(3,4) = [ 1, 3 ]^a2

QED(orbit of x = [ 1, 3 ])

Figure 3.6: The orbit of {1, 3} in the graph from Figure 3.5

Since a lot of lemmas have their own lemmas it is useful to display the proof so that the structure
is clear. In the original methods the beginning end ending of a method were clearly visible, but it
was harder to get a greater structure. The commands that output text have been rewritten to use
newly created functions from graphiso.gi, to allow more flexibility. Most functions now print a
statement, and then the proof, so that it becomes possible to only show the statement.

It is now possible to generate formatted text output, HTML output and a private XML format.
The formatted text has an indentation of 2 and a line width that can be set. In the HTML output,
the proofs are implemented as lists, which can be expanded on click by use of pureDOMexplorer
[16]. The proofs included in this thesis are generated as text with line width 159.

Since some proofs are long it might be desirable to not provide them unless the user asks for
them. This can make the proof shorter. In the short version of the proof, the orbit and stabilizer
proofs are not shown (but the proof statements, or lemmas are).

Other output: HTML/XML

The original algorithms from [3] gave text output. While this is sufficient for small proofs, it is
desirable to have more structure in a long proof. The algorithms have been adapted to produce
HTML or XML.

Pointwise stabilizers

The Schreier-Sims algorithm can easily be adapted to calculate the pointwise stabilizer of some
subset (of V )[34, 5.1.1].
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3.3.4 List of all algorithms

The subprocedures that give a proof and their function are mentioned here. The file permgps.gi

is the while where the (modified) original algorithms from [3] can be found and the file luks.gi

is the file where the other functions can be found.
The (modified) algorithms in permgps.gi are:

• VerbalIsBase Proof(G,B,Gletter, truncatej) gives a proof that B is a base for G with
elements truncatej (if truncatej = 0 then the elements will be calculated). This function is
not used.

• VerbalIsIn Proof(g,G, gletter,Gletter) gives a proof that g ∈ G.

• VerbalIsNotIn Proof(g,G, gletter,Gletter) gives a proof that g 6∈ G. This function is
not used.

• VerbalIsSubgroup Proof(H,G,Hletter,Gletter) gives a proof that H is a subgroup of
G.

• VerbalIsPointwiseStabilizer Proof(G, vset,H,Gletter,Hletter[, action]) gives a proof
that H is the pointwise stabilizer of vset by G under the action action (default is OnPoints).
The points are stabilized in the order that they occur in vset. This function does not give
output if stabilizer-proofs are hidden. This function is new.

• VerbalIsStabilizer Proof(G, x,H,Gletter,Hletter[, action]) gives a proof that H is the
stabilizer of x by G under the action action (default is OnPoints). Note that is not an
efficient way to calculate the pointwise stabilizer of a set. The function VerbalIsPoint-

WiseStabilizer Proof was newly created for that purpose. This function does not give
output if stabilizer-proofs are hidden.

• VerbalOrbit Proof(G, x[, action]) gives a proof of the orbit of x under G where the
action is action (default is OnPoints). This function does not give output if orbit-proofs
are hidden.

• VerbalOrder Proof(G) gives a proof of the order |G| or size ofkG. This function is not
used.

• VerbalSchreierData(G, x,Gletter[, action]) computes the Schreier data of x in G under
the action action (default is OnPoints).

The algorithms in luks.gi are:

• VerbalAutomorphism Proof : see Algorithm 3

• VerbalFamilyBlocks Proof : see Algorithm 4

• VerbalGetFamilyPerm Proof : see Algorithm 6

3.4 Luks’ algorithm

Here we describe Algorithm 2, an outline of Luks’ algorithm. First all the sets Vi and Ei are
calculated in the straightforward manner. Clearly A0 is generated by the permutation that swaps
the vertices of e and fixes all other vertices. The algorithm now inductively constructs Ak from
Ak−1 for k = 1, . . . , h+1 and then returns Ah+1 = Aute(G). Note that while groups are mentioned
in the algorithms they are implemented by their list of generators.

Now we fill in the details of how Ak is computed from Ak−1, see also Algorithm 3.
We construct Ak from Ak−1 by looking at Vk−1 and Vk and how edges in Ek−1 connect them.

We call Gk−1 the interior and (Vk−1 ∪ Vk, Ek−1) the boundary.
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Algorithm 2 A first look at the algorithm

Input: G = (V,E) is a graph and e = {v1, v2} ∈ E is an edge in that graph.
Returns: Aute(G), the group of automorphisms of G that fix e setwise.
1: function AutomorphismGroup(G, e)
2: var
3: A:automorphism group . A = Ak−1

4: A′:automorphism group . A′ = Ak at the end of the loop
5: h:integer . the largest i for which Vi is nonempty
6: k:integer . counter from 1 to h+ 1
7: end var
8: A := 〈(v1, v2)〉 . A = A0

9: calculate h

10: for k := 1 to h+ 1 do
11: compute A′ = Ak from A = Ak−1

12: A := A′ . A = Ak−1(k → k + 1)
13: end for

14: return A . A = Ah+1 = Aute(G)
15: end function . See also Algorithm 3

First we calculate the automorphism that pointwise stabilize Vk−1. These will be automor-
phisms of Ak. We store the Schreier Data obtained this way for later use. Then we look at the
restriction of Ak−1 to Vk−1.

An automorphism in Ak must transform every family of the boundary to another family of the
same type. These are the automorphisms ϕ ∈ Ak−1 that stabilize F , with which we mean that they
stabilize the Fk−1 parts of families (that is transforms each set Fk−1 to a set Fϕ

k−1 = F ′

k−1 of the
same type). The set of families, grouped by type F is calculated with Algorithm 4:FamilyBlocks.

From a permutation π in this stabilizer we can get a permutation ϕ ∈ AK−1 by using the
Schreier Data and Algorithm 5:SchreierExtend. From this permutation and using the fact that
the reduction to Vk−1 stabilizes F , we can extend this to a permutation in Ak with Algorithm
6:GetFamilyPerm.

We now construct Ak with the generators of the interior automorphism group and the extended
generators of the stabilizer. Since all permutations of the vertices of Vk in the same family are
automorphisms we also add generators for these.

3.4.1 Constructing the families

In the function FamilyBlocks, described in Algorithm 4, the families are calculated and grouped
according to their types. A family F of type other than (2, 0) has a nonempty Fk ⊆ Vk . Further-
more each vertex in Vk can only be in one family. Therefore the families of type other than (2, 0)
can be found by looking at all the vertices in Vk. Each vertex is marked once the corresponding
family is known. A family of type (2, 0) corresponds to an edge in Ek−1 between two vertices of
Vk−1. These families can be found by checking all edges in Ek−1.

3.4.2 From π ∈ Ak−1|Vk−1
to ϕ ∈ Ak−1

With the construction of the pointwise stabilizer of Vk−1 by Ak−1 , H , Schreier data is generated.
This data can be used to extend π ∈ Ak−1|Vk−1

to Ak−1. In this section we describe Algorithm 5.
This is done by constructing a permutation φ = π ∗ π′, where π′ ∈ Ak−1, such that φ(v) = v,

for v ∈ Vk−1. The extension of π can then be formed by calculating φ−1 ∗ π = (π ∗ π′)−1 ∗ π =
π′−1 ∗ π−1π = π′ ∈ Aute(Gk−1).
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Algorithm 3 Automorphism of connected graphs leaving an edge invariant

Input: G = (V,E) is a graph and e = {v1, v2} ∈ E is an edge in that graph.
Returns: Aute(G), the group of automorphisms of G that fix e setwise.
1: function AutomorphismGroup(G, e)
2: var
3: A:automorphism group . A = Ak−1

4: A′:automorphism group . A′ = Ak at the end of the loop
5: h:integer . the largest i, for which Vi is nonempty
6: V0, . . . , Vh:sets of vertices . the value of these sets is as defined in 3.2
7: E0, . . . , Eh+1:sets of edges . the value of these sets is as defined in 3.2
8: k:integer . counter from 1 to h+ 1
9: F :set of families . this set contains the set of families between Vk−1 and Vk as

described in 3.2
10: F :family . F ∈ F
11: H :permutation group . subgroup of Ak−1 |Vk−1

12: π:permutation . π ∈ H
13: ϕ:permutation . ϕ ∈ Aute(Gk−1)
14: χ:permutation . permutation on Vk

15: sd:Schreier data . Schreier data from calculating the pointwise stabilizer of Vk−1 by
Ak−1.

16: end var
17: A := 〈(v1, v2)〉 . A = A0

18: calculate h, V0, . . . , Vh, and E0, . . . , Eh

19: for k := 1 to h+ 1 do
20: F := FamilyBlocks(Vk−1, Vk , Ek−1) . (see FamilyBlocks)
21: let H be the stabilizer in A|Vk−1

that stabilizes F pointwise by type
. stabilized one-by-one per type

22: initialize A′ with the pointwise stabilizer of Vk−1 by A and store the calculated Schreier
data sd

23: for each generator π of H do
24: ϕ := SchreierExtend(π, sd) . ϕ ∈ Aute(Gk−1) s.t. ϕ|Vk

= π, see Algorithm 5
25: if k ≤ h then
26: χ := GetFamilyPerm(F, Vk , Vk−1, Ek−1, ϕ) . Algorithm 6
27: A′ := 〈A′, χ〉
28: else . Vk = Vh+1 is empty
29: A′ := 〈A′, ϕ〉
30: end if
31: end for

32: for each family F do . F = (Fk−1, Fk)
33: if |Fk| ≥ 2 then
34: A′ := 〈A′, (u1, u2, . . . , ut), (u1, u2)〉 . Fk = {u1, . . . , ut}
35: end if
36: end for . A′ is now Aute(Gk)
37: A := A′ . A = Aute(Gk−1(k := k + 1))
38: end for . A = Aute(Gh+1)

39: return A
40: end function
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Algorithm 4 Constructing the families

Input: This function is called from AutomorphismGroup, where G is a graph and e an edge
in that graph. Conform the definitions in 3.2, Vk−1 is the set of vertices at distance k − 1 to
e, Vk is the set of vertices at distance k of e and Ek−1 is the set of edges between Vk−1 and
Vk−1 ∪ Vk.

Returns: F , the set of families of the edges, grouped by type.
1: function FamilyBlocks(Vk−1, Vk, Ek−1)
2: var
3: F :list of sets of families, ordered by type
4: a:vertex
5: v:vertex
6: w:vertex
7: F = (Fk−1, Fk):family . family being constructed, w ∈ Fk−1

8: a boolean list of the vertices in Vk indicating whether they are marked
9: end var

10: F := [] . F is the set of families to form
. find all families of type 6= (0, 2)

11: for w ∈ Vk not yet marked do
12: Fk−1 := Ancestry(w)
13: choose a ∈ Fk−1 . possible, because Ancestry(w) 6= []
14: Fk := {w}

15: for {a, v} ∈ Ek−1 do
16: if (v ∈ Vk) and (v 6= w) and Ancestry(v) = Fk−1 then
17: add v to Fk

18: end if
19: end for

20: add (Fk−1, Fk) to the set of families of type (i, j) in F . where (i = |Fk−1|, j = |Fk|) is
the family type

21: mark the vertices in Fk . each vertex in Fk is in only one family
22: end for

23: for all edges {v, w} ∈ Ek−1 do
24: if v ∈ Vk−1 and w ∈ Vk−1 then
25: add ({v, w}, ∅) to F
26: end if
27: end for

28: return F . list of families in the form (Uk−1 ⊆ Vk−1, Uk ⊆ Vk), grouped by type.
29: end function
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To construct φ = π ∗ π′, we initialize with φ = π. Suppose the vertices with index j < i in
Vk−1 are already stabilized then we can stabilize vertex i by looking at the vertex v = Vk−1[i] and
its image v′ = vφ. From the Schreier data we find a π′ ∈ Aute(Gk−1) such that v′π

′

= v. Note
that we can only find such a π′ if an extension of π to Aute(Gk−1) exists. By doing this for all
vertices we find the φ that stabilizes all v ∈ Vk−1.

Algorithm 5 From π ∈ Aute(Gk−1)|Vk−1
to ϕ ∈ Aute(Gk−1)

Input: π ∈ Aute(Gk−1)|Vk−1
, Vk−1 a list of vertices, in the order corresponding to the Schreier

Data sd of Vk−1 in Gk−1.
Returns: ϕ ∈ Aute(Gk−1), such that ϕ|Vk−1

= π.
1: function SchreierExtend(π, sd, Vk−1)
2: var
3: ϕ:permutation
4: ϕ′:permutation
5: i:integer . index of Vk−1

6: v:vertex . v = Vk−1[i]
7: v′:vertex . v′ = vϕ

8: end var
9: ϕ = π . invariant ϕ = π′ ∗ π, with π′ ∈ Aute(Gk−1)

. invariant Vk−1[j]
ϕ = Vk−1[j] for 0 < j < i

10: for i ∈ 1, . . . , |Vk−1| do
11: v = Vk−1[i]
12: v′ := vϕ

13: From sd corresponding to v get ϕ′ ∈ Aute(Gk−1) such that v′ϕ
′

= v.
14: ϕ := ϕ ∗ ϕ′ . vϕ∗ϕ′

= (vϕ)ϕ′

= v′ϕ
′

= v
. ϕ = π ∗ π′ holds for π′ := π′ϕ′

15: end for . ϕ = π′ ∗ π and Vk−1[j]
ϕ = Vk−1[j] for 0 < j ≤ |Vk−1|

16: return ϕ−1 ∗ π . (π ∗ π′)−1 ∗ π = π′−1 ∗ π−1 ∗ π = π′−1 ∈ Aute(Gk−1)

. furthermore v(π′
∗π)−1

∗π = (v(π′
∗π)−1

)π = vπ.
17: end function

3.4.3 Extending an automorphism to the boundary

To extend ϕ we need to find an image for the vertices in Vk grouped in Fk such that edges in Ek

are transformed into edges. If the families (Fk−1, Fk) are transferred to families (F ′

k−1, F
′

k) then it
is clear to see that edges in that family are indeed transformed to edges. What this procedure does
is for each Fk−1 calculate the F ′

k−1, find the corresponding F ′

k and set the image of the vertices
in Fk to those in F ′

k (since we want a permutation we use a bijective map here).

3.5 Example

We demonstrate how the proof that two certain graphs are not isomorphic is produced by this
algorithm with an extended example. The proof generated can be found at the end of the chapter.
The algorithm has been implemented in GAP [9]. Given a graph it gives the automorphism group
that leaves an edge invariant and a proof. It is also available from the proof assistant to use this
algorithm to check graph isomorphism.

The stabilizer proofs are sometime long, because proving the pointwise stabilizer of a set
involves proving several stabilizers for one point. It is possible to suppress stabilizer proofs though,
so they are invisible unless a user requests them.

Luks’ algorithm gives us the isomorphism group of a graph leaving an edge invariant. We can
check whether a vertex can be mapped to a vertex of the other graph by creating a new graph by
adding an edge between two vertices and running Luks’ algorithm on that graph and that edge.
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Algorithm 6 Extend ϕ ∈ Aute(Gk−1) to a ϕ ∗ ψ ∈ Aute(Gk)

Input: This function is called from AutomorphismGroup where G is a graph and e is an edge
of G. Conform the definitions in 3.2, F is the set of families (grouped by type), Vk is the set of
vertices at distance k of e, Vk−1 is the set of vertices at distance k − 1 of e, Ek−1 is the set of
edges between Vk−1 and Vk−1 ∪Vk . Furthermore ϕ ∈ Aute(Gk−1) stabilizes F , i.e. transforms
a family to a family of the same type.

Returns: ϕ ∗ ψ ∈ Aute(Gk), such that ψ|Gk−1
= ().

1: function GetFamilyPerm(F , Vk , Vk−1, Ek−1, ϕ)
2: var
3: ψ:permutation
4: F :family
5: F ′

k−1:set of vertices . F ′

k−1 = ϕFk−1 ⊆ Vk−1.
6: F ′

k:set of vertices . F ′

k ⊆ Vk and F ′ = (F ′

k−1, F
′

k) is a family
7: end var

. now we construct the permutation ψ on Vk. For each v ∈ Vk we need to
find a valid image. This can be done by looping through the families (each vertex in Vk is
in exactly one Fk).

8: for each family F ∈ F do
9: F ′

k−1 := ϕFk−1 (on sets)
10: calculate a corresponding F ′

k . possible since ϕ stabilizes F
11: add to ψ as images of Fk the vertices F ′

k

12: end for .
13: return ϕ ∗ψ . where ϕ stabilized the Vk−1 parts of F , ϕ ∗ phi now stabilizes the whole F
14: end function

It is clear that if for all pairs of vertices there are no automorphisms that exchange the graphs,
there is no graph isomorphism. It is sufficient to fix a vertex in one of the graphs and to only
use one vertex in an orbit of the other graph. To calculate the orbits the automorphism group
can be calculated beforehand. Note that here it is only necessary to prove that all generators
are automorphisms and not that we have all of them because a split orbit only leads to an extra
invocation.

1

23

4 5 6

78

Figure 3.7: Two graphs

We now give a worked example with the two graphs in Figure 3.7. We have already renumbered
the vertices of the second graph so that they are disjoint. Note that these can be easily told apart
by the number of edges, but we use these small graphs for simplicity. We use the upper left vertex
of the right graph and look at the orbits of the left graph. All vertices are in the same orbit (under
rotation). So it is sufficient to do the construction on the upper right vertex: see Figure 3.8.

We initialize A0 = 〈(1, 5)〉. Now we want to calculate A1. Remember that extending from
Ak−1 to Ak is done in three steps. First we calculate the automorphisms in the interior, then we
extend the algorithms acting on the boundary and finally we add the automorphisms on Vk that
leave Vk−1 invariant.

Since all vertices are on the boundary, there are no non-trivial automorphisms on the interior.
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Figure 3.8: Luks’ algorithm with the edge bold
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23

4 5 6

78

Figure 3.9: Luks’ algorithm with E0 bold

Now (1, 5) has to be extended. We look at the edges E0 connecting V0 to V1, see Figure 3.9, and
split them into families. There are three families: two families of type (1, 2): (F0 = {1}, F1 =
{2, 4}) and (F0 = {5}, F1 = {6, 8}) and one of type (0, 2): (F0 = {1, 5}, F1 = ∅). This leads to the
following structure to stabilize such that the families are preserved: ({{1}, {5}}, {{1, 5}}). A proof
that the stabilizer is 〈(1, 5)〉, is given on lines 107–114 of the long proof, following the methods of
Section 3.3.

Since there is no interior, (1, 5) ∈ A0. We now extend it to A1 as follows: the family (F0 =
{1}, F1 = {2, 4}) is mapped to the family (F0 = {5}, F1{6, 8}) and that family is mapped again to
the first family. The permutation that transforms the elements in V1 in such a way that the families
are preserved is (2, 6)(4, 8). The family (F0 = {1, 5}, F1 = ∅) is mapped to itself. So no extension
is needed for this family. We then multiply (1, 5) by (2, 6)(4, 8) to get (1, 5)(2, 6)(4, 8) ∈ A1.

In the last step we add the automorphisms inside the families. They are (2, 4) from the family
(F0 = {1}, F1 = {2, 4}) and (6, 8) from the family (F0 = {5}, F1 = {6, 8}). A1 now becomes
〈(1, 5)(2, 6)(4, 8), (2, 4), (6, 8)〉.

Next we calculate A2 from A1 by looking at the vertices V1 = {2, 4, 6, 8} at distance 1 and 2,
see also Figure 3.10. First we look for automorphisms on the interior that stabilize V1 vertexwise.
There are no such automorphisms in A1 as proved in lines 134–239 of the long version. Then we
restrict A1 to V1. We find that A1 |V1

= 〈(2, 6)(4, 8), (2, 4), (6, 8)〉.
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78

Figure 3.10: Luks’ algorithm with E1 bold

Now we look at the families. There are three families. Two of type (2, 1): (F1 = {2, 4}, F2 =
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{3}) and (F1 = {6, 8}, F2 = {7}) and one of type (0, 2): (F1 = {6, 8}, F2 = ∅). This leads to
the following structure to stabilize, so that the families are preserved: ({{2, 4}, {6, 8}}, {{6, 8}}).
The stabilizer is 〈(2, 4), (6, 8)〉. By using Schreier trees we find the corresponding group in A1:
〈(2, 4), (6, 8)〉. Both permutations preserve all families and do not need to be extended. In the
final step we notice that the F2 parts of the families are either empty or only have one member:
this means that there are no automorphisms to add in this step.

Clearly A2 does not contain any permutation that maps 1 to 5 (and 5 to 1). Since such a
permutation cannot be added later in the algorithm it is clear that there exists no automorphism
that maps the graphs to each other. We can now conclude that the graphs are nonisomorphic.

3.6 Modifications for colors

Luks’ algorithm is for uncolored graphs, but it is possible to extend it to colored graphs. One
possibility would be to add colors in the type of a family. Unfortunately this would mean that the
possible number of types of families would be |C| times larger. It is also possible to only allow
vertices with the ancestry and the same color in the same family. This would lead to |C| times as
much families, where |C| is the number of colors used.

Algorithm output

Here is the produced proof from the example in Section 3.5.

Long version

This is the full version of the proof, including orbit and stabilizer proofs.

Proposition: the graph G with vertices [ 1, 2, 3, 4 ] and edges [ [ 1, 2 ], [ 1, 4 ], [ 2, 3 ], [ 3, 4 ] ] and the graph H with vertices [ 1, 2, 3, 4 ] and

edges [ [ 1, 2 ], [ 1, 4 ], [ 2, 3 ], [ 2, 4 ], [ 3, 4 ] ] are not isomorphic.

Proof:

Suppose that p is an isomorphism that transforms G to H. Let v = 1^p. For all vertices v of H we show that there are no isomorphisms transforming 1 to v.5

To prove this we can use information about the orbits of H under automorphisms on H. If a is an automorphism and v^a=v’, then 1^p = v’ if and only if

1^p^(a^-1) = v. In other words it is enough to verify for all v in different orbits.

Let A be the group generated by (2,4) and (1,3). It is straightforward to verify that A is a group of automorphisms of H. Then we calculate the orbits.

Proposition: The orbits of A are [ 1, 3 ] and [ 2, 4 ].

Proof:10

Proposition: the orbit of x = 1 under A, the group generated by a1 = (2,4) and a2 = (1,3), is X = [ 1, 3 ].

Proof:

By the straightforward check that the cycles containing points of X do not contain points not in X, it follows that each generator of A leaves X

invariant. It remains to show that the points in X are images of x under elements of A:

1 = 1^()15

3 = 1^(1,3) = 1^a2

QED(orbit of x = 1)

Proposition: the orbit of x = 2 under A, the group generated by a1 = (2,4) and a2 = (1,3), is X = [ 2, 4 ].

Proof:

By the straightforward check that the cycles containing points of X do not contain points not in X, it follows that each generator of A leaves X20

invariant. It remains to show that the points in X are images of x under elements of A:

2 = 2^()

4 = 2^(2,4) = 2^a1

QED(orbit of x = 2)

It is straightforward to verify that the orbits [ 1, 3 ] and [ 2, 4 ] are disjoint and their union is [ 1, 2, 3, 4 ], so we are done.25

QED(all orbits)

It suffices to consider one vertex for each orbit i.e. the cases for v = 1 and v = 2.

case v = 1

From G and H we now construct a new graph F by relabelling G with (), relabelling H with (1,5)(2,6)(3,7)(4,8) and by joining the images of 1 of G and 1

of H with a new edge.30

The resulting graph F has vertices [ 1 .. 8 ], edges [ [ 1, 2 ], [ 1, 4 ], [ 1, 5 ], [ 2, 3 ], [ 3, 4 ], [ 5, 6 ], [ 5, 8 ], [ 6, 7 ], [ 6, 8 ], [ 7, 8

] ] and new coloring [ 1 5 | 2:4 6:8 ].

We now calculate the automorphism group of F and check whether there exists an automorphism that transforms 1 to 5.

First we split V and E depending on the distance to e. The proof as done is by checking.

Proposition: on the graph with vertices V=[1..8] and edges E=[ [ 1, 2 ], [ 1, 4 ], [ 1, 5 ], [ 2, 3 ], [ 3, 4 ], [ 5, 6 ], [ 5, 8 ], [ 6, 7 ], [ 6, 835

], [ 7, 8 ] ], the edge e=[ 1, 5 ] splits the vertices and edges thus:

V is split in V_i, sets of vertices at distance i to e:

V_0 = [ 1, 5 ],

V_1 = [ 2, 4, 6, 8 ] and

V_2 = [ 3, 7 ].40

E is split in E_i, sets of edges between vertices at distance i to e and vertices of distance i or i+1 to e:

E_0 = [ [ 1, 2 ], [ 1, 4 ], [ 1, 5 ], [ 5, 6 ], [ 5, 8 ] ] and

E_1 = [ [ 2, 3 ], [ 3, 4 ], [ 6, 7 ], [ 6, 8 ], [ 7, 8 ] ].

Proof:

It suffices to verify that (i) the V_i and E_i are disjoint, (ii) the union of the V_i is V, (iii) the union of the E_i is E, (iv) the edges in E_i45

are between a vertex in V_i and one in V_i or V_i+1 and (v) V_i is at distance at most i to e.

QED(VertexSets)

A_0 is [ (1,5) ].

Proposition: A_1 = [ (6,8), (2,4), (1,5)(2,6)(4,8) ].

Proof:50

We now calculate A_1 in three steps.

Step 1: Proposition: the vertexwise stabilizer (H) of A_0(=A) on V_0 is the group generated by ().

Proof:

Proposition: Let A be the group generated by a1 = (1,5). Let A_([ 1 ]) be the trivial group <()>. Then the stabilizer of x = 1 in A is A_([ 1 ]).

Proof:55
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First we check that A_([ 1 ]) is a subgroup of A:

Proposition: Let A_([ 1 ]) be the trivial group <()>. Let A be the group generated by a1 = (1,5). Then H is a subgroup of G.

Proof:

It suffices to verify that each of the generators of A_([ 1 ]) belongs to A. Below we give a word in the generators of A for each generator

of A_([ 1 ]).60

Proof:

QED(proof by generator)

This establishes that each generator of A_([ 1 ]) belongs to A, and so A_([ 1 ]) is a subgroup of A.

QED(issubgroup)

Next we determine the Schreier data for A at x:65

Proposition: the Schreier data for A, the group generated by a1 = (1,5), at x = 1 is the table

[ 1, 5 ]

[ 0, 1 ]

[ 0, 1 ]

It has three rows, the first of which represents the A-orbit X of 1.70

Proposition: the orbit of x = 1 under A, the group generated by a1 = (1,5), is X = [ 1, 5 ].

Proof:

By the straightforward check that the cycles containing points of X do not contain points not in X, it follows that each generator of A

leaves X invariant. It remains to show that the points in X are images of x under elements of A:

1 = 1^()75

5 = 1^(1,5) = 1^a1

QED(orbit of x = 1)

To show that the second row is a Schreier vector and the third row are its backpointers, we consider each column x,v,z of the table and

verify that the image of x under the (-v)-th generator of A equals z if v<0, and that the image of x under the inverse of the v-the

generator equals z if v>0.80

1 () = 0

5 (1,5) = 1

To finish, note that each z occurs earlier than x in the orbit list.

QED(schreierdata)

From the Schreier data we find that the Schreier elements are as follows:85

t(1) = () = ()

t(5) = a1^-1 = (1,5)

Finally we check that each Schreier generator is in A_([ 1 ]):

Schreier gen(1,1) = a1 t(a1)^(-1) = () = ()

Schreier gen(5,1) = () t(())^(-1) = a1^2 = ()90

By Schreier’s lemma, A_([ 1 ]) is the stabilizer in A of x.

QED(stabilizer)

It is easy to see that the point 5 is not moved by any permutation from A_([ 1 ]). Therefore H = A_([ 1 ]), the group generated by ().

QED(pointwise stabilizer)

QED(Step 1)95

Step 2: Proposition: the extension of the automorphism that doesn’t leave V_0 invariant is (1,5)(2,6)(4,8)

The reduction of A_0 to V_0 is [ (1,5) ]

It is easy to verify that these are the cycles of permutations in A_0 that contain only vertices in V_0 (note that a cycle containing one vertex

of V_0 must contain only vertices in V_0).

Now we calculate the families.100

The families between V_0 = [ 1, 5 ] and V_1 = [ 2, 4, 6, 8 ], that are connected by edges E_0 = [ [ 1, 2 ], [ 1, 4 ], [ 1, 5 ], [ 5, 6 ], [ 5, 8

] ] are:

The families of type (2, 0) are [ [ [ 1, 5 ], [ ] ] ].

The families of type (1, 2) are [ [ [ 1 ], [ 2, 4 ] ], [ [ 5 ], [ 6, 8 ] ] ].

For this to be the set of families it is necessary that each vertex of V_1 occurs exactly once, the vertices in a family from V_1 are connected105

to those in that family from V_0 and these connections form all the edges in E_0. This can all be easily checked.

QED(FamilyBlocks)

Now we calculate the stabilizer (H) of the reduction (G) that leaves the list of sets of families invariant. Note that a family is a list of sets

of vertices, so the action will be on tuples of sets of tuples of sets [add reference ?/need to change with color].

Proof:110

It is easy to see that the point [ [ 1, 5 ] ] is not moved by any permutation from G. Therefore G_([ [ [ 1, 5 ] ] ]) = G, the group generated by

(1,5).

It is easy to see that the point [ [ 1 ], [ 5 ] ] is not moved by any permutation from G_([ [ [ 1, 5 ] ] ]). Therefore H = G_([ [ [ 1, 5 ] ] ]),

the group generated by (1,5).

QED(pointwise stabilizer)115

Now extend each generator of the stabilizer to A_0.

The extension of (1,5) is (1,5). Now we show that (1,5) is in A_0:

The element a = (1,5) can be written as follows as a word in the generators of A_0: a = a_01, and so belongs to A_0.

QED(isin)

The extension of (1,5) to a permutation that leaves E_0 invariant is (1,5)(2,6)(4,8)120

Proof:

The permutation (1,5)(2,6)(4,8)|_G_0 = (1,5) and (1,5)(2,6)(4,8) is an automorphism of G_0. This can all be easily verified.

QED(GetFamilyPerm)

QED(Step 2)

These are formed by the symmetric groups of the vertices in V_1 for each family.125

Step 3: Proposition: the automorphisms on V_1 that leave V_0 invariant are (2,4) and (6,8).

The family [ [ 1 ], [ 2, 4 ] ] adds the generators [ (2,4) ].

The family [ [ 5 ], [ 6, 8 ] ] adds the generators [ (6,8) ].

QED(Step 3)

By combining these steps we find that A_1 is [ (6,8), (2,4), (1,5)(2,6)(4,8) ]130

QED(A_0->A_1)

Proposition: A_2 = [ (6,8), (2,4) ].

Proof:

We now calculate A_2 in three steps.

Step 1: Proposition: the vertexwise stabilizer (H) of A_1(=A) on V_1 is the group generated by ().135

Proof:

Proposition: Let A be the group generated by a1 = (6,8), a2 = (2,4) and a3 = (1,5)(2,6)(4,8). Let A_([ 2 ]) be the group generated by a_([ 2 ])1

= (6,8). Then the stabilizer of x = 2 in A is A_([ 2 ]).

Proof:

First we check that A_([ 2 ]) is a subgroup of A:140

Proposition: Let A_([ 2 ]) be the group generated by a_([ 2 ])1 = (6,8). Let A be the group generated by a1 = (6,8), a2 = (2,4) and a3 =

(1,5)(2,6)(4,8). Then H is a subgroup of G.

Proof:

It suffices to verify that each of the generators of A_([ 2 ]) belongs to A. Below we give a word in the generators of A for each generator

of A_([ 2 ]).145

Proof:

a_([ 2 ])1 = (6,8) = a1.

QED(proof by generator)

This establishes that each generator of A_([ 2 ]) belongs to A, and so A_([ 2 ]) is a subgroup of A.

QED(issubgroup)150

Next we determine the Schreier data for A at x:

Proposition: the Schreier data for A, the group generated by a1 = (6,8), a2 = (2,4) and a3 = (1,5)(2,6)(4,8), at x = 2 is the table

[ 2, 4, 6, 8 ]

[ 0, 2, 3, 3 ]

[ 0, 2, 2, 4 ]155

It has three rows, the first of which represents the A-orbit X of 2.

Proposition: the orbit of x = 2 under A, the group generated by a1 = (6,8), a2 = (2,4) and a3 = (1,5)(2,6)(4,8), is X = [ 2, 4, 6, 8 ].

Proof:

By the straightforward check that the cycles containing points of X do not contain points not in X, it follows that each generator of A

leaves X invariant. It remains to show that the points in X are images of x under elements of A:160

2 = 2^()
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4 = 2^(2,4) = 2^a2

6 = 2^(1,5)(2,6)(4,8) = 2^a3

8 = 2^(1,5)(2,8,4,6) = 2^a2*a3

QED(orbit of x = 2)165

To show that the second row is a Schreier vector and the third row are its backpointers, we consider each column x,v,z of the table and

verify that the image of x under the (-v)-th generator of A equals z if v<0, and that the image of x under the inverse of the v-the

generator equals z if v>0.

2 () = 0

4 (2,4) = 2170

6 (1,5)(2,6)(4,8) = 2

8 (1,5)(2,6)(4,8) = 4

To finish, note that each z occurs earlier than x in the orbit list.

QED(schreierdata)

From the Schreier data we find that the Schreier elements are as follows:175

t(2) = () = ()

t(4) = a2^-1 = (2,4)

t(6) = a3^-1 = (1,5)(2,6)(4,8)

t(8) = a3^-1*a2^-1 = (1,5)(2,6,4,8)

Finally we check that each Schreier generator is in A_([ 2 ]):180

Schreier gen(2,1) = a1 t(a1)^(-1) = a1 = a_([ 2 ])1

Schreier gen(2,2) = a2 t(a2)^(-1) = () = ()

Schreier gen(2,3) = a3 t(a3)^(-1) = () = ()

Schreier gen(4,1) = a2^-1*a1 t(a2^-1*a1)^(-1) = a2*a1*a2^-1 = a_([ 2 ])1

Schreier gen(4,2) = () t(())^(-1) = a2^2 = ()185

Schreier gen(4,3) = a2^-1*a3 t(a2^-1*a3)^(-1) = () = ()

Schreier gen(6,1) = a3^-1*a1 t(a3^-1*a1)^(-1) = a3*a1*a3^-1*a2^-1 = ()

Schreier gen(6,2) = a3^-1*a2 t(a3^-1*a2)^(-1) = a3*a2*a3^-1 = a_([ 2 ])1

Schreier gen(6,3) = () t(())^(-1) = a3^2 = ()

Schreier gen(8,1) = a3^-1*a2^-1*a1 t(a3^-1*a2^-1*a1)^(-1) = a2*a3*a1*a3^-1 = ()190

Schreier gen(8,2) = a3^-1 t(a3^-1)^(-1) = a2*a3*a2*a3^-1*a2^-1 = a_([ 2 ])1

Schreier gen(8,3) = a3^-1*a2^-1*a3 t(a3^-1*a2^-1*a3)^(-1) = a2*a3^2*a2^-1 = ()

By Schreier’s lemma, A_([ 2 ]) is the stabilizer in A of x.

QED(stabilizer)

It is easy to see that the point 4 is not moved by any permutation from A_([ 2 ]). Therefore A_([ 2, 4 ]) = A_([ 2 ]), the group generated by195

(6,8).

Proposition: Let A_([ 2, 4 ]) be the group generated by a_([ 2, 4 ])1 = (6,8). Let A_([ 2, 4, 6 ]) be the trivial group <()>. Then the

stabilizer of x = 6 in A_([ 2, 4 ]) is A_([ 2, 4, 6 ]).

Proof:

First we check that A_([ 2, 4, 6 ]) is a subgroup of A_([ 2, 4 ]):200

Proposition: Let A_([ 2, 4, 6 ]) be the trivial group <()>. Let A_([ 2, 4 ]) be the group generated by a_([ 2, 4 ])1 = (6,8). Then H is a

subgroup of G.

Proof:

It suffices to verify that each of the generators of A_([ 2, 4, 6 ]) belongs to A_([ 2, 4 ]). Below we give a word in the generators of A_([

2, 4 ]) for each generator of A_([ 2, 4, 6 ]).205

Proof:

QED(proof by generator)

This establishes that each generator of A_([ 2, 4, 6 ]) belongs to A_([ 2, 4 ]), and so A_([ 2, 4, 6 ]) is a subgroup of A_([ 2, 4 ]).

QED(issubgroup)

Next we determine the Schreier data for A_([ 2, 4 ]) at x:210

Proposition: the Schreier data for A_([ 2, 4 ]), the group generated by a_([ 2, 4 ])1 = (6,8), at x = 6 is the table

[ 6, 8 ]

[ 0, 1 ]

[ 0, 6 ]

It has three rows, the first of which represents the A_([ 2, 4 ])-orbit X of 6.215

Proposition: the orbit of x = 6 under A_([ 2, 4 ]), the group generated by a_([ 2, 4 ])1 = (6,8), is X = [ 6, 8 ].

Proof:

By the straightforward check that the cycles containing points of X do not contain points not in X, it follows that each generator of A_([

2, 4 ]) leaves X invariant. It remains to show that the points in X are images of x under elements of A_([ 2, 4 ]):

6 = 6^()220

8 = 6^(6,8) = 6^a_([ 2, 4 ])1

QED(orbit of x = 6)

To show that the second row is a Schreier vector and the third row are its backpointers, we consider each column x,v,z of the table and

verify that the image of x under the (-v)-th generator of A_([ 2, 4 ]) equals z if v<0, and that the image of x under the inverse of the

v-the generator equals z if v>0.225

6 () = 0

8 (6,8) = 6

To finish, note that each z occurs earlier than x in the orbit list.

QED(schreierdata)

From the Schreier data we find that the Schreier elements are as follows:230

t(6) = () = ()

t(8) = a_([ 2, 4 ])1^-1 = (6,8)

Finally we check that each Schreier generator is in A_([ 2, 4, 6 ]):

Schreier gen(6,1) = a_([ 2, 4 ])1 t(a_([ 2, 4 ])1)^(-1) = () = ()

Schreier gen(8,1) = () t(())^(-1) = a_([ 2, 4 ])1^2 = ()235

By Schreier’s lemma, A_([ 2, 4, 6 ]) is the stabilizer in A_([ 2, 4 ]) of x.

QED(stabilizer)

It is easy to see that the point 8 is not moved by any permutation from A_([ 2, 4, 6 ]). Therefore H = A_([ 2, 4, 6 ]), the group generated by

().

QED(pointwise stabilizer)240

QED(Step 1)

Step 2: Proposition: the extensions of the automorphisms that don’t leave V_1 invariant are (6,8) and (2,4)

The reduction of A_1 to V_1 is [ (6,8), (2,4), (2,6)(4,8) ]

It is easy to verify that these are the cycles of permutations in A_1 that contain only vertices in V_1 (note that a cycle containing one vertex

of V_1 must contain only vertices in V_1).245

Now we calculate the families.

The families between V_1 = [ 2, 4, 6, 8 ] and V_2 = [ 3, 7 ], that are connected by edges E_1 = [ [ 2, 3 ], [ 3, 4 ], [ 6, 7 ], [ 6, 8 ], [ 7, 8

] ] are:

The families of type (2, 0) are [ [ [ 6, 8 ], [ ] ] ].

The families of type (2, 1) are [ [ [ 2, 4 ], [ 3 ] ], [ [ 6, 8 ], [ 7 ] ] ].250

For this to be the set of families it is necessary that each vertex of V_2 occurs exactly once, the vertices in a family from V_2 are connected

to those in that family from V_1 and these connections form all the edges in E_1. This can all be easily checked.

QED(FamilyBlocks)

Now we calculate the stabilizer (H) of the reduction (G) that leaves the list of sets of families invariant. Note that a family is a list of sets

of vertices, so the action will be on tuples of sets of tuples of sets [add reference ?/need to change with color].255

Proof:

Proposition: Let G be the group generated by g1 = (6,8), g2 = (2,4) and g3 = (2,6)(4,8). Let G_([ [ [ 6, 8 ] ] ]) be the group generated by g_([

[ [ 6, 8 ] ] ])1 = (2,4) and g_([ [ [ 6, 8 ] ] ])2 = (6,8). Then the stabilizer of x = [ [ 6, 8 ] ] in G is G_([ [ [ 6, 8 ] ] ]).

Proof:

First we check that G_([ [ [ 6, 8 ] ] ]) is a subgroup of G:260

Proposition: Let G_([ [ [ 6, 8 ] ] ]) be the group generated by g_([ [ [ 6, 8 ] ] ])1 = (2,4) and g_([ [ [ 6, 8 ] ] ])2 = (6,8). Let G be the

group generated by g1 = (6,8), g2 = (2,4) and g3 = (2,6)(4,8). Then H is a subgroup of G.

Proof:

It suffices to verify that each of the generators of G_([ [ [ 6, 8 ] ] ]) belongs to G. Below we give a word in the generators of G for each

generator of G_([ [ [ 6, 8 ] ] ]).265

Proof:

g_([ [ [ 6, 8 ] ] ])1 = (2,4) = g2;
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g_([ [ [ 6, 8 ] ] ])2 = (6,8) = g1.

QED(proof by generator)

This establishes that each generator of G_([ [ [ 6, 8 ] ] ]) belongs to G, and so G_([ [ [ 6, 8 ] ] ]) is a subgroup of G.270

QED(issubgroup)

Next we determine the Schreier data for G at x:

Proposition: the Schreier data for G, the group generated by g1 = (6,8), g2 = (2,4) and g3 = (2,6)(4,8), at x = [ [ 6, 8 ] ] is the table

[ [ [ 6, 8 ] ], [ [ 2, 4 ] ] ]

[ 0, 3 ]275

[ [ [ 0, 0 ] ], [ [ 6, 8 ] ] ]

It has three rows, the first of which represents the G-orbit X of [ [ 6, 8 ] ].

Proposition: the orbit of x = [ [ 6, 8 ] ] under G, the group generated by g1 = (6,8), g2 = (2,4) and g3 = (2,6)(4,8), is X = [ [ [ 2, 4 ]

], [ [ 6, 8 ] ] ].

Proof:280

By the straightforward check that the cycles containing points of X do not contain points not in X, it follows that each generator of G

leaves X invariant. It remains to show that the points in X are images of x under elements of G:

[ [ 2, 4 ] ] = [ [ 6, 8 ] ]^(2,6)(4,8) = [ [ 6, 8 ] ]^g3

[ [ 6, 8 ] ] = [ [ 6, 8 ] ]^()

QED(orbit of x = [ [ 6, 8 ] ])285

To show that the second row is a Schreier vector and the third row are its backpointers, we consider each column x,v,z of the table and

verify that the image of x under the (-v)-th generator of G equals z if v<0, and that the image of x under the inverse of the v-the

generator equals z if v>0.

[ [ 6, 8 ] ] () = [ [ 0, 0 ] ]

[ [ 2, 4 ] ] (2,6)(4,8) = [ [ 6, 8 ] ]290

To finish, note that each z occurs earlier than x in the orbit list.

QED(schreierdata)

From the Schreier data we find that the Schreier elements are as follows:

t([ [ 6, 8 ] ]) = () = ()

t([ [ 2, 4 ] ]) = g3^-1 = (2,6)(4,8)295

Finally we check that each Schreier generator is in G_([ [ [ 6, 8 ] ] ]):

Schreier gen([ [ 6, 8 ] ],1) = g1 t(g1)^(-1) = g1 = g_([ [ [ 6, 8 ] ] ])2

Schreier gen([ [ 6, 8 ] ],2) = g2 t(g2)^(-1) = g2 = g_([ [ [ 6, 8 ] ] ])1

Schreier gen([ [ 6, 8 ] ],3) = g3 t(g3)^(-1) = () = ()

Schreier gen([ [ 2, 4 ] ],1) = g3^-1*g1 t(g3^-1*g1)^(-1) = g3*g1*g3^-1 = g_([ [ [ 6, 8 ] ] ])1300

Schreier gen([ [ 2, 4 ] ],2) = g3^-1*g2 t(g3^-1*g2)^(-1) = g3*g2*g3^-1 = g_([ [ [ 6, 8 ] ] ])2

Schreier gen([ [ 2, 4 ] ],3) = () t(())^(-1) = g3^2 = ()

By Schreier’s lemma, G_([ [ [ 6, 8 ] ] ]) is the stabilizer in G of x.

QED(stabilizer)

It is easy to see that the point [ [ 2, 4 ], [ 6, 8 ] ] is not moved by any permutation from G_([ [ [ 6, 8 ] ] ]). Therefore H = G_([ [ [ 6, 8 ]305

] ]), the group generated by (2,4) and (6,8).

QED(pointwise stabilizer)

Now extend each generator of the stabilizer to A_1.

The extension of (6,8) is (6,8). Now we show that (6,8) is in A_1:

The element a = (6,8) can be written as follows as a word in the generators of A_1: a = a_11, and so belongs to A_1.310

QED(isin)

The extension of (6,8) to a permutation that leaves E_1 invariant is (6,8)

Proof:

The permutation (6,8)|_G_1 = (6,8) and (6,8) is an automorphism of G_1. This can all be easily verified.

QED(GetFamilyPerm)315

The extension of (2,4) is (2,4). Now we show that (2,4) is in A_1:

The element a = (2,4) can be written as follows as a word in the generators of A_1: a = a_12, and so belongs to A_1.

QED(isin)

The extension of (2,4) to a permutation that leaves E_1 invariant is (2,4)

Proof:320

The permutation (2,4)|_G_1 = (2,4) and (2,4) is an automorphism of G_1. This can all be easily verified.

QED(GetFamilyPerm)

QED(Step 2)

These are formed by the symmetric groups of the vertices in V_2 for each family.

Step 3: Proposition: there are no automorphisms on V_2 that leav V_1 invariant.325

QED(Step 3)

By combining these steps we find that A_2 is [ (6,8), (2,4) ]

QED(A_1->A_2)

Proposition: A_3 = [ (6,8), (2,4) ].

Proof:330

We now calculate A_3 in three steps.

Step 1: Proposition: the vertexwise stabilizer (H) of A_2(=A) on V_2 is the group generated by (6,8) and (2,4).

Proof:

It is easy to see that the point 3 is not moved by any permutation from A. Therefore A_([ 3 ]) = A, the group generated by (6,8) and (2,4).

It is easy to see that the point 7 is not moved by any permutation from A_([ 3 ]). Therefore H = A_([ 3 ]), the group generated by (6,8) and335

(2,4).

QED(pointwise stabilizer)

QED(Step 1)

Step 2: Proposition: all automorphisms leave V_2 invariant.

The reduction of A_2 to V_2 is [ () ]340

It is easy to verify that these are the cycles of permutations in A_2 that contain only vertices in V_2 (note that a cycle containing one vertex

of V_2 must contain only vertices in V_2).

Now we calculate the families.

The families between V_2 = [ 3, 7 ] and V_3 = [ ], that are connected by edges E_2 = [ ] are:

For this to be the set of families it is necessary that each vertex of V_3 occurs exactly once, the vertices in a family from V_3 are connected345

to those in that family from V_2 and these connections form all the edges in E_2. This can all be easily checked.

QED(FamilyBlocks)

Now we calculate the stabilizer (H) of the reduction (G) that leaves the list of sets of families invariant. Note that a family is a list of sets

of vertices, so the action will be on tuples of sets of tuples of sets [add reference ?/need to change with color].

Since G is the trivial group <()>, the pointwise stabilizer H of [ ] must be the trivial group <()>.350

QED(pointwise stabilizer)

Now extend each generator of the stabilizer to A_2.

The extension of () is (). Now we show that () is in A_2:

The element a = () can be written as follows as a word in the generators of A_2: a = (), and so belongs to A_2.355

QED(isin)

QED(Step 2)

Step 3: V_3 is empty, so there are no nontrivial automorphisms to add here.

QED(Step 3)

By combining these steps we find that A_3 is [ (6,8), (2,4) ]360

QED(A_2->A_3)

QED(GraphAutomorphism)

QED(case v = 1)

case v = 2

From G and H we now construct a new graph F by relabelling G with (), relabelling H with (1,5)(2,6)(3,7)(4,8) and by joining the images of 1 of G and 2365

of H with a new edge.

The resulting graph F has vertices [ 1 .. 8 ], edges [ [ 1, 2 ], [ 1, 4 ], [ 1, 6 ], [ 2, 3 ], [ 3, 4 ], [ 5, 6 ], [ 5, 8 ], [ 6, 7 ], [ 6, 8 ], [ 7, 8

] ] and new coloring [ 1 6 | 2:5 7 8 ].

We now calculate the automorphism group of F and check whether there exists an automorphism that transforms 1 to 6.

First we split V and E depending on the distance to e. The proof as done is by checking.370

Proposition: on the graph with vertices V=[1..8] and edges E=[ [ 1, 2 ], [ 1, 4 ], [ 1, 6 ], [ 2, 3 ], [ 3, 4 ], [ 5, 6 ], [ 5, 8 ], [ 6, 7 ], [ 6, 8

], [ 7, 8 ] ], the edge e=[ 1, 6 ] splits the vertices and edges thus:

V is split in V_i, sets of vertices at distance i to e:
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V_0 = [ 1, 6 ],

V_1 = [ 2, 4, 5, 7, 8 ] and375

V_2 = [ 3 ].

E is split in E_i, sets of edges between vertices at distance i to e and vertices of distance i or i+1 to e:

E_0 = [ [ 1, 2 ], [ 1, 4 ], [ 1, 6 ], [ 5, 6 ], [ 6, 7 ], [ 6, 8 ] ] and

E_1 = [ [ 2, 3 ], [ 3, 4 ], [ 5, 8 ], [ 7, 8 ] ].

Proof:380

It suffices to verify that (i) the V_i and E_i are disjoint, (ii) the union of the V_i is V, (iii) the union of the E_i is E, (iv) the edges in E_i

are between a vertex in V_i and one in V_i or V_i+1 and (v) V_i is at distance at most i to e.

QED(VertexSets)

A_0 is [ (1,6) ].

Proposition: A_1 = [ (5,7), (5,7,8), (2,4) ].385

Proof:

We now calculate A_1 in three steps.

Step 1: Proposition: the vertexwise stabilizer (H) of A_0(=A) on V_0 is the group generated by ().

Proof:

Proposition: Let A be the group generated by a1 = (1,6). Let A_([ 1 ]) be the trivial group <()>. Then the stabilizer of x = 1 in A is A_([ 1 ]).390

Proof:

First we check that A_([ 1 ]) is a subgroup of A:

Proposition: Let A_([ 1 ]) be the trivial group <()>. Let A be the group generated by a1 = (1,6). Then H is a subgroup of G.

Proof:

It suffices to verify that each of the generators of A_([ 1 ]) belongs to A. Below we give a word in the generators of A for each generator395

of A_([ 1 ]).

Proof:

QED(proof by generator)

This establishes that each generator of A_([ 1 ]) belongs to A, and so A_([ 1 ]) is a subgroup of A.

QED(issubgroup)400

Next we determine the Schreier data for A at x:

Proposition: the Schreier data for A, the group generated by a1 = (1,6), at x = 1 is the table

[ 1, 6 ]

[ 0, 1 ]

[ 0, 1 ]405

It has three rows, the first of which represents the A-orbit X of 1.

Proposition: the orbit of x = 1 under A, the group generated by a1 = (1,6), is X = [ 1, 6 ].

Proof:

By the straightforward check that the cycles containing points of X do not contain points not in X, it follows that each generator of A

leaves X invariant. It remains to show that the points in X are images of x under elements of A:410

1 = 1^()

6 = 1^(1,6) = 1^a1

QED(orbit of x = 1)

To show that the second row is a Schreier vector and the third row are its backpointers, we consider each column x,v,z of the table and

verify that the image of x under the (-v)-th generator of A equals z if v<0, and that the image of x under the inverse of the v-the415

generator equals z if v>0.

1 () = 0

6 (1,6) = 1

To finish, note that each z occurs earlier than x in the orbit list.

QED(schreierdata)420

From the Schreier data we find that the Schreier elements are as follows:

t(1) = () = ()

t(6) = a1^-1 = (1,6)

Finally we check that each Schreier generator is in A_([ 1 ]):

Schreier gen(1,1) = a1 t(a1)^(-1) = () = ()425

Schreier gen(6,1) = () t(())^(-1) = a1^2 = ()

By Schreier’s lemma, A_([ 1 ]) is the stabilizer in A of x.

QED(stabilizer)

It is easy to see that the point 6 is not moved by any permutation from A_([ 1 ]). Therefore H = A_([ 1 ]), the group generated by ().

QED(pointwise stabilizer)430

QED(Step 1)

Step 2: Proposition: all automorphisms leave V_0 invariant.

The reduction of A_0 to V_0 is [ (1,6) ]

It is easy to verify that these are the cycles of permutations in A_0 that contain only vertices in V_0 (note that a cycle containing one vertex

of V_0 must contain only vertices in V_0).435

Now we calculate the families.

The families between V_0 = [ 1, 6 ] and V_1 = [ 2, 4, 5, 7, 8 ], that are connected by edges E_0 = [ [ 1, 2 ], [ 1, 4 ], [ 1, 6 ], [ 5, 6 ], [

6, 7 ], [ 6, 8 ] ] are:

The families of type (2, 0) are [ [ [ 1, 6 ], [ ] ] ].

The families of type (1, 2) are [ [ [ 1 ], [ 2, 4 ] ] ].440

The families of type (1, 3) are [ [ [ 6 ], [ 5, 7, 8 ] ] ].

For this to be the set of families it is necessary that each vertex of V_1 occurs exactly once, the vertices in a family from V_1 are connected

to those in that family from V_0 and these connections form all the edges in E_0. This can all be easily checked.

QED(FamilyBlocks)

Now we calculate the stabilizer (H) of the reduction (G) that leaves the list of sets of families invariant. Note that a family is a list of sets445

of vertices, so the action will be on tuples of sets of tuples of sets [add reference ?/need to change with color].

Proof:

It is easy to see that the point [ [ 1, 6 ] ] is not moved by any permutation from G. Therefore G_([ [ [ 1, 6 ] ] ]) = G, the group generated by

(1,6).

Proposition: Let G_([ [ [ 1, 6 ] ] ]) be the group generated by g_([ [ [ 1, 6 ] ] ])1 = (1,6). Let G_([ [ [ 1, 6 ] ], [ [ 1 ] ] ]) be the450

trivial group <()>. Then the stabilizer of x = [ [ 1 ] ] in G_([ [ [ 1, 6 ] ] ]) is G_([ [ [ 1, 6 ] ], [ [ 1 ] ] ]).

Proof:

First we check that G_([ [ [ 1, 6 ] ], [ [ 1 ] ] ]) is a subgroup of G_([ [ [ 1, 6 ] ] ]):

Proposition: Let G_([ [ [ 1, 6 ] ], [ [ 1 ] ] ]) be the trivial group <()>. Let G_([ [ [ 1, 6 ] ] ]) be the group generated by g_([ [ [ 1, 6 ]

] ])1 = (1,6). Then H is a subgroup of G.455

Proof:

It suffices to verify that each of the generators of G_([ [ [ 1, 6 ] ], [ [ 1 ] ] ]) belongs to G_([ [ [ 1, 6 ] ] ]). Below we give a word

in the generators of G_([ [ [ 1, 6 ] ] ]) for each generator of G_([ [ [ 1, 6 ] ], [ [ 1 ] ] ]).

Proof:

QED(proof by generator)460

This establishes that each generator of G_([ [ [ 1, 6 ] ], [ [ 1 ] ] ]) belongs to G_([ [ [ 1, 6 ] ] ]), and so G_([ [ [ 1, 6 ] ], [ [ 1 ] ]

]) is a subgroup of G_([ [ [ 1, 6 ] ] ]).

QED(issubgroup)

Next we determine the Schreier data for G_([ [ [ 1, 6 ] ] ]) at x:

Proposition: the Schreier data for G_([ [ [ 1, 6 ] ] ]), the group generated by g_([ [ [ 1, 6 ] ] ])1 = (1,6), at x = [ [ 1 ] ] is the table465

[ [ [ 1 ] ], [ [ 6 ] ] ]

[ 0, 1 ]

[ [ [ 0 ] ], [ [ 1 ] ] ]

It has three rows, the first of which represents the G_([ [ [ 1, 6 ] ] ])-orbit X of [ [ 1 ] ].

Proposition: the orbit of x = [ [ 1 ] ] under G_([ [ [ 1, 6 ] ] ]), the group generated by g_([ [ [ 1, 6 ] ] ])1 = (1,6), is X = [ [ [ 1 ]470

], [ [ 6 ] ] ].

Proof:

By the straightforward check that the cycles containing points of X do not contain points not in X, it follows that each generator of G_([

[ [ 1, 6 ] ] ]) leaves X invariant. It remains to show that the points in X are images of x under elements of G_([ [ [ 1, 6 ] ] ]):

[ [ 1 ] ] = [ [ 1 ] ]^()475

[ [ 6 ] ] = [ [ 1 ] ]^(1,6) = [ [ 1 ] ]^g_([ [ [ 1, 6 ] ] ])1

QED(orbit of x = [ [ 1 ] ])

To show that the second row is a Schreier vector and the third row are its backpointers, we consider each column x,v,z of the table and

verify that the image of x under the (-v)-th generator of G_([ [ [ 1, 6 ] ] ]) equals z if v<0, and that the image of x under the inverse of
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the v-the generator equals z if v>0.480

[ [ 1 ] ] () = [ [ 0 ] ]

[ [ 6 ] ] (1,6) = [ [ 1 ] ]

To finish, note that each z occurs earlier than x in the orbit list.

QED(schreierdata)

From the Schreier data we find that the Schreier elements are as follows:485

t([ [ 1 ] ]) = () = ()

t([ [ 6 ] ]) = g_([ [ [ 1, 6 ] ] ])1^-1 = (1,6)

Finally we check that each Schreier generator is in G_([ [ [ 1, 6 ] ], [ [ 1 ] ] ]):

Schreier gen([ [ 1 ] ],1) = g_([ [ [ 1, 6 ] ] ])1 t(g_([ [ [ 1, 6 ] ] ])1)^(-1) = () = ()

Schreier gen([ [ 6 ] ],1) = () t(())^(-1) = g_([ [ [ 1, 6 ] ] ])1^2 = ()490

By Schreier’s lemma, G_([ [ [ 1, 6 ] ], [ [ 1 ] ] ]) is the stabilizer in G_([ [ [ 1, 6 ] ] ]) of x.

QED(stabilizer)

It is easy to see that the point [ [ 6 ] ] is not moved by any permutation from G_([ [ [ 1, 6 ] ], [ [ 1 ] ] ]). Therefore H = G_([ [ [ 1, 6 ]

], [ [ 1 ] ] ]), the group generated by ().

QED(pointwise stabilizer)495

Now extend each generator of the stabilizer to A_0.

QED(Step 2)

These are formed by the symmetric groups of the vertices in V_1 for each family.

Step 3: Proposition: the automorphisms on V_1 that leave V_0 invariant are (2,4), (5,7,8) and (5,7).

The family [ [ 1 ], [ 2, 4 ] ] adds the generators [ (2,4) ].500

The family [ [ 6 ], [ 5, 7, 8 ] ] adds the generators [ (5,7,8), (5,7) ].

QED(Step 3)

By combining these steps we find that A_1 is [ (5,7), (5,7,8), (2,4) ]

QED(A_0->A_1)

Proposition: A_2 = [ (5,7), (2,4) ].505

Proof:

We now calculate A_2 in three steps.

Step 1: Proposition: the vertexwise stabilizer (H) of A_1(=A) on V_1 is the group generated by ().

Proof:

Proposition: Let A be the group generated by a1 = (5,7), a2 = (5,7,8) and a3 = (2,4). Let A_([ 2 ]) be the group generated by a_([ 2 ])1 = (5,7)510

and a_([ 2 ])2 = (5,7,8). Then the stabilizer of x = 2 in A is A_([ 2 ]).

Proof:

First we check that A_([ 2 ]) is a subgroup of A:

Proposition: Let A_([ 2 ]) be the group generated by a_([ 2 ])1 = (5,7) and a_([ 2 ])2 = (5,7,8). Let A be the group generated by a1 = (5,7),

a2 = (5,7,8) and a3 = (2,4). Then H is a subgroup of G.515

Proof:

It suffices to verify that each of the generators of A_([ 2 ]) belongs to A. Below we give a word in the generators of A for each generator

of A_([ 2 ]).

Proof:

a_([ 2 ])1 = (5,7) = a1;520

a_([ 2 ])2 = (5,7,8) = a2.

QED(proof by generator)

This establishes that each generator of A_([ 2 ]) belongs to A, and so A_([ 2 ]) is a subgroup of A.

QED(issubgroup)

Next we determine the Schreier data for A at x:525

Proposition: the Schreier data for A, the group generated by a1 = (5,7), a2 = (5,7,8) and a3 = (2,4), at x = 2 is the table

[ 2, 4 ]

[ 0, 3 ]

[ 0, 2 ]

It has three rows, the first of which represents the A-orbit X of 2.530

Proposition: the orbit of x = 2 under A, the group generated by a1 = (5,7), a2 = (5,7,8) and a3 = (2,4), is X = [ 2, 4 ].

Proof:

By the straightforward check that the cycles containing points of X do not contain points not in X, it follows that each generator of A

leaves X invariant. It remains to show that the points in X are images of x under elements of A:

2 = 2^()535

4 = 2^(2,4) = 2^a3

QED(orbit of x = 2)

To show that the second row is a Schreier vector and the third row are its backpointers, we consider each column x,v,z of the table and

verify that the image of x under the (-v)-th generator of A equals z if v<0, and that the image of x under the inverse of the v-the

generator equals z if v>0.540

2 () = 0

4 (2,4) = 2

To finish, note that each z occurs earlier than x in the orbit list.

QED(schreierdata)

From the Schreier data we find that the Schreier elements are as follows:545

t(2) = () = ()

t(4) = a3^-1 = (2,4)

Finally we check that each Schreier generator is in A_([ 2 ]):

Schreier gen(2,1) = a1 t(a1)^(-1) = a1 = a_([ 2 ])1

Schreier gen(2,2) = a2 t(a2)^(-1) = a2 = a_([ 2 ])2550

Schreier gen(2,3) = a3 t(a3)^(-1) = () = ()

Schreier gen(4,1) = a3^-1*a1 t(a3^-1*a1)^(-1) = a3*a1*a3^-1 = a_([ 2 ])1

Schreier gen(4,2) = a3^-1*a2 t(a3^-1*a2)^(-1) = a3*a2*a3^-1 = a_([ 2 ])2

Schreier gen(4,3) = () t(())^(-1) = a3^2 = ()

By Schreier’s lemma, A_([ 2 ]) is the stabilizer in A of x.555

QED(stabilizer)

It is easy to see that the point 4 is not moved by any permutation from A_([ 2 ]). Therefore A_([ 2, 4 ]) = A_([ 2 ]), the group generated by

(5,7) and (5,7,8).

Proposition: Let A_([ 2, 4 ]) be the group generated by a_([ 2, 4 ])1 = (5,7) and a_([ 2, 4 ])2 = (5,7,8). Let A_([ 2, 4, 5 ]) be the group

generated by a_([ 2, 4, 5 ])1 = (7,8). Then the stabilizer of x = 5 in A_([ 2, 4 ]) is A_([ 2, 4, 5 ]).560

Proof:

First we check that A_([ 2, 4, 5 ]) is a subgroup of A_([ 2, 4 ]):

Proposition: Let A_([ 2, 4, 5 ]) be the group generated by a_([ 2, 4, 5 ])1 = (7,8). Let A_([ 2, 4 ]) be the group generated by a_([ 2, 4 ])1

= (5,7) and a_([ 2, 4 ])2 = (5,7,8). Then H is a subgroup of G.

Proof:565

It suffices to verify that each of the generators of A_([ 2, 4, 5 ]) belongs to A_([ 2, 4 ]). Below we give a word in the generators of A_([

2, 4 ]) for each generator of A_([ 2, 4, 5 ]).

Proof:

a_([ 2, 4, 5 ])1 = (7,8) = a_([ 2, 4 ])1*a_([ 2, 4 ])2^2.

QED(proof by generator)570

This establishes that each generator of A_([ 2, 4, 5 ]) belongs to A_([ 2, 4 ]), and so A_([ 2, 4, 5 ]) is a subgroup of A_([ 2, 4 ]).

QED(issubgroup)

Next we determine the Schreier data for A_([ 2, 4 ]) at x:

Proposition: the Schreier data for A_([ 2, 4 ]), the group generated by a_([ 2, 4 ])1 = (5,7) and a_([ 2, 4 ])2 = (5,7,8), at x = 5 is the

table575

[ 5, 7, 8 ]

[ 0, 1, -2 ]

[ 0, 5, 5 ]

It has three rows, the first of which represents the A_([ 2, 4 ])-orbit X of 5.

Proposition: the orbit of x = 5 under A_([ 2, 4 ]), the group generated by a_([ 2, 4 ])1 = (5,7) and a_([ 2, 4 ])2 = (5,7,8), is X = [ 5, 7,580

8 ].

Proof:

By the straightforward check that the cycles containing points of X do not contain points not in X, it follows that each generator of A_([

2, 4 ]) leaves X invariant. It remains to show that the points in X are images of x under elements of A_([ 2, 4 ]):

5 = 5^()585
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7 = 5^(5,7) = 5^a_([ 2, 4 ])1

8 = 5^(5,8,7) = 5^a_([ 2, 4 ])2^2

QED(orbit of x = 5)

To show that the second row is a Schreier vector and the third row are its backpointers, we consider each column x,v,z of the table and

verify that the image of x under the (-v)-th generator of A_([ 2, 4 ]) equals z if v<0, and that the image of x under the inverse of the590

v-the generator equals z if v>0.

5 () = 0

7 (5,7) = 5

8 (5,7,8) = 5

To finish, note that each z occurs earlier than x in the orbit list.595

QED(schreierdata)

From the Schreier data we find that the Schreier elements are as follows:

t(5) = () = ()

t(7) = a_([ 2, 4 ])1^-1 = (5,7)

t(8) = a_([ 2, 4 ])2 = (5,7,8)600

Finally we check that each Schreier generator is in A_([ 2, 4, 5 ]):

Schreier gen(5,1) = a_([ 2, 4 ])1 t(a_([ 2, 4 ])1)^(-1) = () = ()

Schreier gen(5,2) = a_([ 2, 4 ])2 t(a_([ 2, 4 ])2)^(-1) = a_([ 2, 4 ])2*a_([ 2, 4 ])1^-1 = a_([ 2, 4, 5 ])1

Schreier gen(7,1) = () t(())^(-1) = a_([ 2, 4 ])1^2 = ()

Schreier gen(7,2) = a_([ 2, 4 ])1^-1*a_([ 2, 4 ])2 t(a_([ 2, 4 ])1^-1*a_([ 2, 4 ])2)^(-1) = a_([ 2, 4 ])1*a_([ 2, 4 ])2^2 = a_([ 2, 4, 5 ])1605

Schreier gen(8,1) = a_([ 2, 4 ])2*a_([ 2, 4 ])1 t(a_([ 2, 4 ])2*a_([ 2, 4 ])1)^(-1) = a_([ 2, 4 ])2^-1*a_([ 2, 4 ])1*a_([ 2, 4 ])2 = a_([ 2,

4, 5 ])1

Schreier gen(8,2) = a_([ 2, 4 ])2^2 t(a_([ 2, 4 ])2^2)^(-1) = () = ()

By Schreier’s lemma, A_([ 2, 4, 5 ]) is the stabilizer in A_([ 2, 4 ]) of x.

QED(stabilizer)610

Proposition: Let A_([ 2, 4, 5 ]) be the group generated by a_([ 2, 4, 5 ])1 = (7,8). Let A_([ 2, 4, 5, 7 ]) be the trivial group <()>. Then the

stabilizer of x = 7 in A_([ 2, 4, 5 ]) is A_([ 2, 4, 5, 7 ]).

Proof:

First we check that A_([ 2, 4, 5, 7 ]) is a subgroup of A_([ 2, 4, 5 ]):

Proposition: Let A_([ 2, 4, 5, 7 ]) be the trivial group <()>. Let A_([ 2, 4, 5 ]) be the group generated by a_([ 2, 4, 5 ])1 = (7,8). Then H615

is a subgroup of G.

Proof:

It suffices to verify that each of the generators of A_([ 2, 4, 5, 7 ]) belongs to A_([ 2, 4, 5 ]). Below we give a word in the generators

of A_([ 2, 4, 5 ]) for each generator of A_([ 2, 4, 5, 7 ]).

Proof:620

QED(proof by generator)

This establishes that each generator of A_([ 2, 4, 5, 7 ]) belongs to A_([ 2, 4, 5 ]), and so A_([ 2, 4, 5, 7 ]) is a subgroup of A_([ 2, 4,

5 ]).

QED(issubgroup)

Next we determine the Schreier data for A_([ 2, 4, 5 ]) at x:625

Proposition: the Schreier data for A_([ 2, 4, 5 ]), the group generated by a_([ 2, 4, 5 ])1 = (7,8), at x = 7 is the table

[ 7, 8 ]

[ 0, 1 ]

[ 0, 7 ]

It has three rows, the first of which represents the A_([ 2, 4, 5 ])-orbit X of 7.630

Proposition: the orbit of x = 7 under A_([ 2, 4, 5 ]), the group generated by a_([ 2, 4, 5 ])1 = (7,8), is X = [ 7, 8 ].

Proof:

By the straightforward check that the cycles containing points of X do not contain points not in X, it follows that each generator of A_([

2, 4, 5 ]) leaves X invariant. It remains to show that the points in X are images of x under elements of A_([ 2, 4, 5 ]):

7 = 7^()635

8 = 7^(7,8) = 7^a_([ 2, 4, 5 ])1

QED(orbit of x = 7)

To show that the second row is a Schreier vector and the third row are its backpointers, we consider each column x,v,z of the table and

verify that the image of x under the (-v)-th generator of A_([ 2, 4, 5 ]) equals z if v<0, and that the image of x under the inverse of the

v-the generator equals z if v>0.640

7 () = 0

8 (7,8) = 7

To finish, note that each z occurs earlier than x in the orbit list.

QED(schreierdata)

From the Schreier data we find that the Schreier elements are as follows:645

t(7) = () = ()

t(8) = a_([ 2, 4, 5 ])1^-1 = (7,8)

Finally we check that each Schreier generator is in A_([ 2, 4, 5, 7 ]):

Schreier gen(7,1) = a_([ 2, 4, 5 ])1 t(a_([ 2, 4, 5 ])1)^(-1) = () = ()

Schreier gen(8,1) = () t(())^(-1) = a_([ 2, 4, 5 ])1^2 = ()650

By Schreier’s lemma, A_([ 2, 4, 5, 7 ]) is the stabilizer in A_([ 2, 4, 5 ]) of x.

QED(stabilizer)

It is easy to see that the point 8 is not moved by any permutation from A_([ 2, 4, 5, 7 ]). Therefore H = A_([ 2, 4, 5, 7 ]), the group

generated by ().

QED(pointwise stabilizer)655

QED(Step 1)

Step 2: Proposition: the extensions of the automorphisms that don’t leave V_1 invariant are (5,7) and (2,4)

The reduction of A_1 to V_1 is [ (5,7), (5,7,8), (2,4) ]

It is easy to verify that these are the cycles of permutations in A_1 that contain only vertices in V_1 (note that a cycle containing one vertex

of V_1 must contain only vertices in V_1).660

Now we calculate the families.

The families between V_1 = [ 2, 4, 5, 7, 8 ] and V_2 = [ 3 ], that are connected by edges E_1 = [ [ 2, 3 ], [ 3, 4 ], [ 5, 8 ], [ 7, 8 ] ] are:

The families of type (2, 0) are [ [ [ 5, 8 ], [ ] ], [ [ 7, 8 ], [ ] ] ].

The families of type (2, 1) are [ [ [ 2, 4 ], [ 3 ] ] ].

For this to be the set of families it is necessary that each vertex of V_2 occurs exactly once, the vertices in a family from V_2 are connected665

to those in that family from V_1 and these connections form all the edges in E_1. This can all be easily checked.

QED(FamilyBlocks)

Now we calculate the stabilizer (H) of the reduction (G) that leaves the list of sets of families invariant. Note that a family is a list of sets

of vertices, so the action will be on tuples of sets of tuples of sets [add reference ?/need to change with color].

Proof:670

Proposition: Let G be the group generated by g1 = (5,7), g2 = (5,7,8) and g3 = (2,4). Let G_([ [ [ 5, 8 ], [ 7, 8 ] ] ]) be the group generated

by g_([ [ [ 5, 8 ], [ 7, 8 ] ] ])1 = (2,4) and g_([ [ [ 5, 8 ], [ 7, 8 ] ] ])2 = (5,7). Then the stabilizer of x = [ [ 5, 8 ], [ 7, 8 ] ] in G

is G_([ [ [ 5, 8 ], [ 7, 8 ] ] ]).

Proof:

First we check that G_([ [ [ 5, 8 ], [ 7, 8 ] ] ]) is a subgroup of G:675

Proposition: Let G_([ [ [ 5, 8 ], [ 7, 8 ] ] ]) be the group generated by g_([ [ [ 5, 8 ], [ 7, 8 ] ] ])1 = (2,4) and g_([ [ [ 5, 8 ], [ 7, 8

] ] ])2 = (5,7). Let G be the group generated by g1 = (5,7), g2 = (5,7,8) and g3 = (2,4). Then H is a subgroup of G.

Proof:

It suffices to verify that each of the generators of G_([ [ [ 5, 8 ], [ 7, 8 ] ] ]) belongs to G. Below we give a word in the generators of

G for each generator of G_([ [ [ 5, 8 ], [ 7, 8 ] ] ]).680

Proof:

g_([ [ [ 5, 8 ], [ 7, 8 ] ] ])1 = (2,4) = g3;

g_([ [ [ 5, 8 ], [ 7, 8 ] ] ])2 = (5,7) = g1.

QED(proof by generator)

This establishes that each generator of G_([ [ [ 5, 8 ], [ 7, 8 ] ] ]) belongs to G, and so G_([ [ [ 5, 8 ], [ 7, 8 ] ] ]) is a subgroup of685

G.

QED(issubgroup)

Next we determine the Schreier data for G at x:

Proposition: the Schreier data for G, the group generated by g1 = (5,7), g2 = (5,7,8) and g3 = (2,4), at x = [ [ 5, 8 ], [ 7, 8 ] ] is the

table690

[ [ [ 5, 8 ], [ 7, 8 ] ], [ [ 5, 7 ], [ 5, 8 ] ], [ [ 5, 7 ], [ 7, 8 ] ] ]
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[ 0, 2, -2 ]

[ [ [ 0, 0 ], [ 0, 0 ] ], [ [ 5, 8 ], [ 7, 8 ] ], [ [ 5, 8 ], [ 7, 8 ] ] ]

It has three rows, the first of which represents the G-orbit X of [ [ 5, 8 ], [ 7, 8 ] ].

Proposition: the orbit of x = [ [ 5, 8 ], [ 7, 8 ] ] under G, the group generated by g1 = (5,7), g2 = (5,7,8) and g3 = (2,4), is X = [ [ [695

5, 7 ], [ 5, 8 ] ], [ [ 5, 7 ], [ 7, 8 ] ], [ [ 5, 8 ], [ 7, 8 ] ] ].

Proof:

By the straightforward check that the cycles containing points of X do not contain points not in X, it follows that each generator of G

leaves X invariant. It remains to show that the points in X are images of x under elements of G:

[ [ 5, 7 ], [ 5, 8 ] ] = [ [ 5, 8 ], [ 7, 8 ] ]^(5,7,8) = [ [ 5, 8 ], [ 7, 8 ] ]^g2700

[ [ 5, 7 ], [ 7, 8 ] ] = [ [ 5, 8 ], [ 7, 8 ] ]^(5,8,7) = [ [ 5, 8 ], [ 7, 8 ] ]^g2^2

[ [ 5, 8 ], [ 7, 8 ] ] = [ [ 5, 8 ], [ 7, 8 ] ]^()

QED(orbit of x = [ [ 5, 8 ], [ 7, 8 ] ])

To show that the second row is a Schreier vector and the third row are its backpointers, we consider each column x,v,z of the table and

verify that the image of x under the (-v)-th generator of G equals z if v<0, and that the image of x under the inverse of the v-the705

generator equals z if v>0.

[ [ 5, 8 ], [ 7, 8 ] ] () = [ [ 0, 0 ], [ 0, 0 ] ]

[ [ 5, 7 ], [ 5, 8 ] ] (5,8,7) = [ [ 5, 8 ], [ 7, 8 ] ]

[ [ 5, 7 ], [ 7, 8 ] ] (5,7,8) = [ [ 5, 8 ], [ 7, 8 ] ]

To finish, note that each z occurs earlier than x in the orbit list.710

QED(schreierdata)

From the Schreier data we find that the Schreier elements are as follows:

t([ [ 5, 8 ], [ 7, 8 ] ]) = () = ()

t([ [ 5, 7 ], [ 5, 8 ] ]) = g2^-1 = (5,8,7)

t([ [ 5, 7 ], [ 7, 8 ] ]) = g2 = (5,7,8)715

Finally we check that each Schreier generator is in G_([ [ [ 5, 8 ], [ 7, 8 ] ] ]):

Schreier gen([ [ 5, 8 ], [ 7, 8 ] ],1) = g1 t(g1)^(-1) = g1 = g_([ [ [ 5, 8 ], [ 7, 8 ] ] ])2

Schreier gen([ [ 5, 8 ], [ 7, 8 ] ],2) = g2 t(g2)^(-1) = () = ()

Schreier gen([ [ 5, 8 ], [ 7, 8 ] ],3) = g3 t(g3)^(-1) = g3 = g_([ [ [ 5, 8 ], [ 7, 8 ] ] ])1

Schreier gen([ [ 5, 7 ], [ 5, 8 ] ],1) = g2^-1*g1 t(g2^-1*g1)^(-1) = g2*g1*g2 = g_([ [ [ 5, 8 ], [ 7, 8 ] ] ])2720

Schreier gen([ [ 5, 7 ], [ 5, 8 ] ],2) = () t(())^(-1) = g2^3 = ()

Schreier gen([ [ 5, 7 ], [ 5, 8 ] ],3) = g2^-1*g3 t(g2^-1*g3)^(-1) = g2*g3*g2^-1 = g_([ [ [ 5, 8 ], [ 7, 8 ] ] ])1

Schreier gen([ [ 5, 7 ], [ 7, 8 ] ],1) = g2*g1 t(g2*g1)^(-1) = g2^-1*g1*g2^-1 = g_([ [ [ 5, 8 ], [ 7, 8 ] ] ])2

Schreier gen([ [ 5, 7 ], [ 7, 8 ] ],2) = g2^2 t(g2^2)^(-1) = () = ()

Schreier gen([ [ 5, 7 ], [ 7, 8 ] ],3) = g2*g3 t(g2*g3)^(-1) = g2^-1*g3*g2 = g_([ [ [ 5, 8 ], [ 7, 8 ] ] ])1725

By Schreier’s lemma, G_([ [ [ 5, 8 ], [ 7, 8 ] ] ]) is the stabilizer in G of x.

QED(stabilizer)

It is easy to see that the point [ [ 2, 4 ] ] is not moved by any permutation from G_([ [ [ 5, 8 ], [ 7, 8 ] ] ]). Therefore H = G_([ [ [ 5, 8

], [ 7, 8 ] ] ]), the group generated by (2,4) and (5,7).

QED(pointwise stabilizer)730

Now extend each generator of the stabilizer to A_1.

The extension of (5,7) is (5,7). Now we show that (5,7) is in A_1:

The element a = (5,7) can be written as follows as a word in the generators of A_1: a = a_11, and so belongs to A_1.

QED(isin)

The extension of (5,7) to a permutation that leaves E_1 invariant is (5,7)735

Proof:

The permutation (5,7)|_G_1 = (5,7) and (5,7) is an automorphism of G_1. This can all be easily verified.

QED(GetFamilyPerm)

The extension of (2,4) is (2,4). Now we show that (2,4) is in A_1:

The element a = (2,4) can be written as follows as a word in the generators of A_1: a = a_13, and so belongs to A_1.740

QED(isin)

The extension of (2,4) to a permutation that leaves E_1 invariant is (2,4)

Proof:

The permutation (2,4)|_G_1 = (2,4) and (2,4) is an automorphism of G_1. This can all be easily verified.

QED(GetFamilyPerm)745

QED(Step 2)

These are formed by the symmetric groups of the vertices in V_2 for each family.

Step 3: Proposition: there are no automorphisms on V_2 that leav V_1 invariant.

QED(Step 3)

By combining these steps we find that A_2 is [ (5,7), (2,4) ]750

QED(A_1->A_2)

Proposition: A_3 = [ (5,7), (2,4) ].

Proof:

We now calculate A_3 in three steps.

Step 1: Proposition: the vertexwise stabilizer (H) of A_2(=A) on V_2 is the group generated by (5,7) and (2,4).755

Proof:

It is easy to see that the point 3 is not moved by any permutation from A. Therefore H = A, the group generated by (5,7) and (2,4).

QED(pointwise stabilizer)

QED(Step 1)

Step 2: Proposition: all automorphisms leave V_2 invariant.760

The reduction of A_2 to V_2 is [ () ]

It is easy to verify that these are the cycles of permutations in A_2 that contain only vertices in V_2 (note that a cycle containing one vertex

of V_2 must contain only vertices in V_2).

Now we calculate the families.

The families between V_2 = [ 3 ] and V_3 = [ ], that are connected by edges E_2 = [ ] are:765

For this to be the set of families it is necessary that each vertex of V_3 occurs exactly once, the vertices in a family from V_3 are connected

to those in that family from V_2 and these connections form all the edges in E_2. This can all be easily checked.

QED(FamilyBlocks)

Now we calculate the stabilizer (H) of the reduction (G) that leaves the list of sets of families invariant. Note that a family is a list of sets

of vertices, so the action will be on tuples of sets of tuples of sets [add reference ?/need to change with color].770

Since G is the trivial group <()>, the pointwise stabilizer H of [ ] must be the trivial group <()>.

QED(pointwise stabilizer)

Now extend each generator of the stabilizer to A_2.

The extension of () is (). Now we show that () is in A_2:775

The element a = () can be written as follows as a word in the generators of A_2: a = (), and so belongs to A_2.

QED(isin)

QED(Step 2)

Step 3: V_3 is empty, so there are no nontrivial automorphisms to add here.

QED(Step 3)780

By combining these steps we find that A_3 is [ (5,7), (2,4) ]

QED(A_2->A_3)

QED(GraphAutomorphism)

QED(case v = 2)

QED(case distinction)785

QED(graphisomorphism)

Short version without full orbit and stabilizer proofs

This is the short version of the proof, where orbits and stabilizers proofs are omitted.

Proposition: the graph G with vertices [ 1, 2, 3, 4 ] and edges [ [ 1, 2 ], [ 1, 4 ], [ 2, 3 ], [ 3, 4 ] ] and the graph H with vertices [ 1, 2, 3, 4 ] and

edges [ [ 1, 2 ], [ 1, 4 ], [ 2, 3 ], [ 2, 4 ], [ 3, 4 ] ] are not isomorphic.

Proof:
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Suppose that p is an isomorphism that transforms G to H. Let v = 1^p. For all vertices v of H we show that there are no isomorphisms transforming 1 to v.5

To prove this we can use information about the orbits of H under automorphisms on H. If a is an automorphism and v^a=v’, then 1^p = v’ if and only if

1^p^(a^-1) = v. In other words it is enough to verify for all v in different orbits.

Let A be the group generated by (2,4) and (1,3). It is straightforward to verify that A is a group of automorphisms of H. Then we calculate the orbits.

Proposition: The orbits of A are [ 1, 3 ] and [ 2, 4 ].

An orbit proof was hidden.10

QED(all orbits)

It suffices to consider one vertex for each orbit i.e. the cases for v = 1 and v = 2.

case v = 1

From G and H we now construct a new graph F by relabelling G with (), relabelling H with (1,5)(2,6)(3,7)(4,8) and by joining the images of 1 of G and 1

of H with a new edge.15

The resulting graph F has vertices [ 1 .. 8 ], edges [ [ 1, 2 ], [ 1, 4 ], [ 1, 5 ], [ 2, 3 ], [ 3, 4 ], [ 5, 6 ], [ 5, 8 ], [ 6, 7 ], [ 6, 8 ], [ 7, 8

] ] and new coloring [ 1 5 | 2:4 6:8 ].

We now calculate the automorphism group of F and check whether there exists an automorphism that transforms 1 to 5.

First we split V and E depending on the distance to e. The proof as done is by checking.

Proposition: on the graph with vertices V=[1..8] and edges E=[ [ 1, 2 ], [ 1, 4 ], [ 1, 5 ], [ 2, 3 ], [ 3, 4 ], [ 5, 6 ], [ 5, 8 ], [ 6, 7 ], [ 6, 820

], [ 7, 8 ] ], the edge e=[ 1, 5 ] splits the vertices and edges thus:

V is split in V_i, sets of vertices at distance i to e:

V_0 = [ 1, 5 ],

V_1 = [ 2, 4, 6, 8 ] and

V_2 = [ 3, 7 ].25

E is split in E_i, sets of edges between vertices at distance i to e and vertices of distance i or i+1 to e:

E_0 = [ [ 1, 2 ], [ 1, 4 ], [ 1, 5 ], [ 5, 6 ], [ 5, 8 ] ] and

E_1 = [ [ 2, 3 ], [ 3, 4 ], [ 6, 7 ], [ 6, 8 ], [ 7, 8 ] ].

Proof:

It suffices to verify that (i) the V_i and E_i are disjoint, (ii) the union of the V_i is V, (iii) the union of the E_i is E, (iv) the edges in E_i30

are between a vertex in V_i and one in V_i or V_i+1 and (v) V_i is at distance at most i to e.

QED(VertexSets)

A_0 is [ (1,5) ].

Proposition: A_1 = [ (6,8), (2,4), (1,5)(2,6)(4,8) ].

Proof:35

We now calculate A_1 in three steps.

Step 1: Proposition: the vertexwise stabilizer (H) of A_0(=A) on V_0 is the group generated by ().

A stabilizer proof was hidden.

QED(pointwise stabilizer)

QED(Step 1)40

Step 2: Proposition: the extension of the automorphism that doesn’t leave V_0 invariant is (1,5)(2,6)(4,8)

The reduction of A_0 to V_0 is [ (1,5) ]

It is easy to verify that these are the cycles of permutations in A_0 that contain only vertices in V_0 (note that a cycle containing one vertex

of V_0 must contain only vertices in V_0).

Now we calculate the families.45

The families between V_0 = [ 1, 5 ] and V_1 = [ 2, 4, 6, 8 ], that are connected by edges E_0 = [ [ 1, 2 ], [ 1, 4 ], [ 1, 5 ], [ 5, 6 ], [ 5, 8

] ] are:

The families of type (2, 0) are [ [ [ 1, 5 ], [ ] ] ].

The families of type (1, 2) are [ [ [ 1 ], [ 2, 4 ] ], [ [ 5 ], [ 6, 8 ] ] ].

For this to be the set of families it is necessary that each vertex of V_1 occurs exactly once, the vertices in a family from V_1 are connected50

to those in that family from V_0 and these connections form all the edges in E_0. This can all be easily checked.

QED(FamilyBlocks)

Now we calculate the stabilizer (H) of the reduction (G) that leaves the list of sets of families invariant. Note that a family is a list of sets

of vertices, so the action will be on tuples of sets of tuples of sets [add reference ?/need to change with color].

A stabilizer proof was hidden.55

QED(pointwise stabilizer)

Now extend each generator of the stabilizer to A_0.

The extension of (1,5) is (1,5). Now we show that (1,5) is in A_0:

The element a = (1,5) can be written as follows as a word in the generators of A_0: a = a_01, and so belongs to A_0.

QED(isin)60

The extension of (1,5) to a permutation that leaves E_0 invariant is (1,5)(2,6)(4,8)

Proof:

The permutation (1,5)(2,6)(4,8)|_G_0 = (1,5) and (1,5)(2,6)(4,8) is an automorphism of G_0. This can all be easily verified.

QED(GetFamilyPerm)

QED(Step 2)65

These are formed by the symmetric groups of the vertices in V_1 for each family.

Step 3: Proposition: the automorphisms on V_1 that leave V_0 invariant are (2,4) and (6,8).

The family [ [ 1 ], [ 2, 4 ] ] adds the generators [ (2,4) ].

The family [ [ 5 ], [ 6, 8 ] ] adds the generators [ (6,8) ].

QED(Step 3)70

By combining these steps we find that A_1 is [ (6,8), (2,4), (1,5)(2,6)(4,8) ]

QED(A_0->A_1)

Proposition: A_2 = [ (6,8), (2,4) ].

Proof:

We now calculate A_2 in three steps.75

Step 1: Proposition: the vertexwise stabilizer (H) of A_1(=A) on V_1 is the group generated by ().

A stabilizer proof was hidden.

QED(pointwise stabilizer)

QED(Step 1)

Step 2: Proposition: the extensions of the automorphisms that don’t leave V_1 invariant are (6,8) and (2,4)80

The reduction of A_1 to V_1 is [ (6,8), (2,4), (2,6)(4,8) ]

It is easy to verify that these are the cycles of permutations in A_1 that contain only vertices in V_1 (note that a cycle containing one vertex

of V_1 must contain only vertices in V_1).

Now we calculate the families.

The families between V_1 = [ 2, 4, 6, 8 ] and V_2 = [ 3, 7 ], that are connected by edges E_1 = [ [ 2, 3 ], [ 3, 4 ], [ 6, 7 ], [ 6, 8 ], [ 7, 885

] ] are:

The families of type (2, 0) are [ [ [ 6, 8 ], [ ] ] ].

The families of type (2, 1) are [ [ [ 2, 4 ], [ 3 ] ], [ [ 6, 8 ], [ 7 ] ] ].

For this to be the set of families it is necessary that each vertex of V_2 occurs exactly once, the vertices in a family from V_2 are connected

to those in that family from V_1 and these connections form all the edges in E_1. This can all be easily checked.90

QED(FamilyBlocks)

Now we calculate the stabilizer (H) of the reduction (G) that leaves the list of sets of families invariant. Note that a family is a list of sets

of vertices, so the action will be on tuples of sets of tuples of sets [add reference ?/need to change with color].

A stabilizer proof was hidden.

QED(pointwise stabilizer)95

Now extend each generator of the stabilizer to A_1.

The extension of (6,8) is (6,8). Now we show that (6,8) is in A_1:

The element a = (6,8) can be written as follows as a word in the generators of A_1: a = a_11, and so belongs to A_1.

QED(isin)

The extension of (6,8) to a permutation that leaves E_1 invariant is (6,8)100

Proof:

The permutation (6,8)|_G_1 = (6,8) and (6,8) is an automorphism of G_1. This can all be easily verified.

QED(GetFamilyPerm)

The extension of (2,4) is (2,4). Now we show that (2,4) is in A_1:

The element a = (2,4) can be written as follows as a word in the generators of A_1: a = a_12, and so belongs to A_1.105

QED(isin)

The extension of (2,4) to a permutation that leaves E_1 invariant is (2,4)

Proof:

The permutation (2,4)|_G_1 = (2,4) and (2,4) is an automorphism of G_1. This can all be easily verified.

QED(GetFamilyPerm)110
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QED(Step 2)

These are formed by the symmetric groups of the vertices in V_2 for each family.

Step 3: Proposition: there are no automorphisms on V_2 that leav V_1 invariant.

QED(Step 3)

By combining these steps we find that A_2 is [ (6,8), (2,4) ]115

QED(A_1->A_2)

Proposition: A_3 = [ (6,8), (2,4) ].

Proof:

We now calculate A_3 in three steps.

Step 1: Proposition: the vertexwise stabilizer (H) of A_2(=A) on V_2 is the group generated by (6,8) and (2,4).120

A stabilizer proof was hidden.

QED(pointwise stabilizer)

QED(Step 1)

Step 2: Proposition: all automorphisms leave V_2 invariant.

The reduction of A_2 to V_2 is [ () ]125

It is easy to verify that these are the cycles of permutations in A_2 that contain only vertices in V_2 (note that a cycle containing one vertex

of V_2 must contain only vertices in V_2).

Now we calculate the families.

The families between V_2 = [ 3, 7 ] and V_3 = [ ], that are connected by edges E_2 = [ ] are:

For this to be the set of families it is necessary that each vertex of V_3 occurs exactly once, the vertices in a family from V_3 are connected130

to those in that family from V_2 and these connections form all the edges in E_2. This can all be easily checked.

QED(FamilyBlocks)

Now we calculate the stabilizer (H) of the reduction (G) that leaves the list of sets of families invariant. Note that a family is a list of sets

of vertices, so the action will be on tuples of sets of tuples of sets [add reference ?/need to change with color].

A stabilizer proof was hidden.135

QED(pointwise stabilizer)

Now extend each generator of the stabilizer to A_2.

The extension of () is (). Now we show that () is in A_2:

The element a = () can be written as follows as a word in the generators of A_2: a = (), and so belongs to A_2.

QED(isin)140

QED(Step 2)

Step 3: V_3 is empty, so there are no nontrivial automorphisms to add here.

QED(Step 3)

By combining these steps we find that A_3 is [ (6,8), (2,4) ]

QED(A_2->A_3)145

QED(GraphAutomorphism)

QED(case v = 1)

case v = 2

From G and H we now construct a new graph F by relabelling G with (), relabelling H with (1,5)(2,6)(3,7)(4,8) and by joining the images of 1 of G and 2

of H with a new edge.150

The resulting graph F has vertices [ 1 .. 8 ], edges [ [ 1, 2 ], [ 1, 4 ], [ 1, 6 ], [ 2, 3 ], [ 3, 4 ], [ 5, 6 ], [ 5, 8 ], [ 6, 7 ], [ 6, 8 ], [ 7, 8

] ] and new coloring [ 1 6 | 2:5 7 8 ].

We now calculate the automorphism group of F and check whether there exists an automorphism that transforms 1 to 6.

First we split V and E depending on the distance to e. The proof as done is by checking.

Proposition: on the graph with vertices V=[1..8] and edges E=[ [ 1, 2 ], [ 1, 4 ], [ 1, 6 ], [ 2, 3 ], [ 3, 4 ], [ 5, 6 ], [ 5, 8 ], [ 6, 7 ], [ 6, 8155

], [ 7, 8 ] ], the edge e=[ 1, 6 ] splits the vertices and edges thus:

V is split in V_i, sets of vertices at distance i to e:

V_0 = [ 1, 6 ],

V_1 = [ 2, 4, 5, 7, 8 ] and

V_2 = [ 3 ].160

E is split in E_i, sets of edges between vertices at distance i to e and vertices of distance i or i+1 to e:

E_0 = [ [ 1, 2 ], [ 1, 4 ], [ 1, 6 ], [ 5, 6 ], [ 6, 7 ], [ 6, 8 ] ] and

E_1 = [ [ 2, 3 ], [ 3, 4 ], [ 5, 8 ], [ 7, 8 ] ].

Proof:

It suffices to verify that (i) the V_i and E_i are disjoint, (ii) the union of the V_i is V, (iii) the union of the E_i is E, (iv) the edges in E_i165

are between a vertex in V_i and one in V_i or V_i+1 and (v) V_i is at distance at most i to e.

QED(VertexSets)

A_0 is [ (1,6) ].

Proposition: A_1 = [ (5,7), (5,7,8), (2,4) ].

Proof:170

We now calculate A_1 in three steps.

Step 1: Proposition: the vertexwise stabilizer (H) of A_0(=A) on V_0 is the group generated by ().

A stabilizer proof was hidden.

QED(pointwise stabilizer)

QED(Step 1)175

Step 2: Proposition: all automorphisms leave V_0 invariant.

The reduction of A_0 to V_0 is [ (1,6) ]

It is easy to verify that these are the cycles of permutations in A_0 that contain only vertices in V_0 (note that a cycle containing one vertex

of V_0 must contain only vertices in V_0).

Now we calculate the families.180

The families between V_0 = [ 1, 6 ] and V_1 = [ 2, 4, 5, 7, 8 ], that are connected by edges E_0 = [ [ 1, 2 ], [ 1, 4 ], [ 1, 6 ], [ 5, 6 ], [

6, 7 ], [ 6, 8 ] ] are:

The families of type (2, 0) are [ [ [ 1, 6 ], [ ] ] ].

The families of type (1, 2) are [ [ [ 1 ], [ 2, 4 ] ] ].

The families of type (1, 3) are [ [ [ 6 ], [ 5, 7, 8 ] ] ].185

For this to be the set of families it is necessary that each vertex of V_1 occurs exactly once, the vertices in a family from V_1 are connected

to those in that family from V_0 and these connections form all the edges in E_0. This can all be easily checked.

QED(FamilyBlocks)

Now we calculate the stabilizer (H) of the reduction (G) that leaves the list of sets of families invariant. Note that a family is a list of sets

of vertices, so the action will be on tuples of sets of tuples of sets [add reference ?/need to change with color].190

A stabilizer proof was hidden.

QED(pointwise stabilizer)

Now extend each generator of the stabilizer to A_0.

QED(Step 2)

These are formed by the symmetric groups of the vertices in V_1 for each family.195

Step 3: Proposition: the automorphisms on V_1 that leave V_0 invariant are (2,4), (5,7,8) and (5,7).

The family [ [ 1 ], [ 2, 4 ] ] adds the generators [ (2,4) ].

The family [ [ 6 ], [ 5, 7, 8 ] ] adds the generators [ (5,7,8), (5,7) ].

QED(Step 3)

By combining these steps we find that A_1 is [ (5,7), (5,7,8), (2,4) ]200

QED(A_0->A_1)

Proposition: A_2 = [ (5,7), (2,4) ].

Proof:

We now calculate A_2 in three steps.

Step 1: Proposition: the vertexwise stabilizer (H) of A_1(=A) on V_1 is the group generated by ().205

A stabilizer proof was hidden.

QED(pointwise stabilizer)

QED(Step 1)

Step 2: Proposition: the extensions of the automorphisms that don’t leave V_1 invariant are (5,7) and (2,4)

The reduction of A_1 to V_1 is [ (5,7), (5,7,8), (2,4) ]210

It is easy to verify that these are the cycles of permutations in A_1 that contain only vertices in V_1 (note that a cycle containing one vertex

of V_1 must contain only vertices in V_1).

Now we calculate the families.

The families between V_1 = [ 2, 4, 5, 7, 8 ] and V_2 = [ 3 ], that are connected by edges E_1 = [ [ 2, 3 ], [ 3, 4 ], [ 5, 8 ], [ 7, 8 ] ] are:

The families of type (2, 0) are [ [ [ 5, 8 ], [ ] ], [ [ 7, 8 ], [ ] ] ].215

The families of type (2, 1) are [ [ [ 2, 4 ], [ 3 ] ] ].
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For this to be the set of families it is necessary that each vertex of V_2 occurs exactly once, the vertices in a family from V_2 are connected

to those in that family from V_1 and these connections form all the edges in E_1. This can all be easily checked.

QED(FamilyBlocks)

Now we calculate the stabilizer (H) of the reduction (G) that leaves the list of sets of families invariant. Note that a family is a list of sets220

of vertices, so the action will be on tuples of sets of tuples of sets [add reference ?/need to change with color].

A stabilizer proof was hidden.

QED(pointwise stabilizer)

Now extend each generator of the stabilizer to A_1.

The extension of (5,7) is (5,7). Now we show that (5,7) is in A_1:225

The element a = (5,7) can be written as follows as a word in the generators of A_1: a = a_11, and so belongs to A_1.

QED(isin)

The extension of (5,7) to a permutation that leaves E_1 invariant is (5,7)

Proof:

The permutation (5,7)|_G_1 = (5,7) and (5,7) is an automorphism of G_1. This can all be easily verified.230

QED(GetFamilyPerm)

The extension of (2,4) is (2,4). Now we show that (2,4) is in A_1:

The element a = (2,4) can be written as follows as a word in the generators of A_1: a = a_13, and so belongs to A_1.

QED(isin)

The extension of (2,4) to a permutation that leaves E_1 invariant is (2,4)235

Proof:

The permutation (2,4)|_G_1 = (2,4) and (2,4) is an automorphism of G_1. This can all be easily verified.

QED(GetFamilyPerm)

QED(Step 2)

These are formed by the symmetric groups of the vertices in V_2 for each family.240

Step 3: Proposition: there are no automorphisms on V_2 that leav V_1 invariant.

QED(Step 3)

By combining these steps we find that A_2 is [ (5,7), (2,4) ]

QED(A_1->A_2)

Proposition: A_3 = [ (5,7), (2,4) ].245

Proof:

We now calculate A_3 in three steps.

Step 1: Proposition: the vertexwise stabilizer (H) of A_2(=A) on V_2 is the group generated by (5,7) and (2,4).

A stabilizer proof was hidden.

QED(pointwise stabilizer)250

QED(Step 1)

Step 2: Proposition: all automorphisms leave V_2 invariant.

The reduction of A_2 to V_2 is [ () ]

It is easy to verify that these are the cycles of permutations in A_2 that contain only vertices in V_2 (note that a cycle containing one vertex

of V_2 must contain only vertices in V_2).255

Now we calculate the families.

The families between V_2 = [ 3 ] and V_3 = [ ], that are connected by edges E_2 = [ ] are:

For this to be the set of families it is necessary that each vertex of V_3 occurs exactly once, the vertices in a family from V_3 are connected

to those in that family from V_2 and these connections form all the edges in E_2. This can all be easily checked.

QED(FamilyBlocks)260

Now we calculate the stabilizer (H) of the reduction (G) that leaves the list of sets of families invariant. Note that a family is a list of sets

of vertices, so the action will be on tuples of sets of tuples of sets [add reference ?/need to change with color].

A stabilizer proof was hidden.

QED(pointwise stabilizer)

Now extend each generator of the stabilizer to A_2.265

The extension of () is (). Now we show that () is in A_2:

The element a = () can be written as follows as a word in the generators of A_2: a = (), and so belongs to A_2.

QED(isin)

QED(Step 2)

Step 3: V_3 is empty, so there are no nontrivial automorphisms to add here.270

QED(Step 3)

By combining these steps we find that A_3 is [ (5,7), (2,4) ]

QED(A_2->A_3)

QED(GraphAutomorphism)

QED(case v = 2)275

QED(case distinction)

QED(graphisomorphism)
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Chapter 4

McKay’s algorithm

4.1 Introduction

McKay has developed an algorithm for graph isomorphism [27, 28] that is fast in practice but
not known to be polynomial in time. The current implementation [26] is one of the most efficient
practical graph isomorphism solvers available. We have modified this program to output a human-
readable proof.

We chose not to use the algorithm that gives a canonical labeling and the methods implemented
to reduce the tree by using invariants. It is harder to construct a proof for a canonical labeling than
to construct a proof for the automorphism group of a graph. Furthermore the canonical labeling
may change depending on some settings in the algorithm and therefore does not really give much
information about the graph. The big disadvantage of using the automorphism group is that a
new graph must be constructed from the two earlier graphs and that the resulting graphs is twice
as big as the original graphs. We don’t use the other invariants on colored graphs provided by
nauty to reduce the tree because we would then have to describe and proof all of these invariants
used. It might be possible to rewrite some of these to give enough output so that the result can
be proved or recalculated easily.

4.2 Definitions and variables

Let G = (V,E) be a graph. In Section 2.7, a partition of a graph was used to refer to a coloring of
a graph with a finite ordered color set C that is onto. In this chapter it is also called a partition of
the vertices (of the graph). A partition is denoted by sorting the vertices according to their color,
for example by π = [1 | 2 4 | 3], we mean π(1) < π(2) = π(4) < π(3). A set consisting of vertices
with the same color is called a cell. A partition is called discrete if all vertices have a different
color, for example [1 | 2 | 3 | 4] is discrete. Let π and π′ be partitions of a set of vertices V . Then π
is called finer than π′ if every cell of π is a subset of a cell in π′ and π′(v) > π′(v′) ⇒ π(v) > π(v′);
π′ is then called coarser than π. Note that π is both finer and coarser than itself. If π is finer
(or coarser) than π′ and π 6= π′ then π is called strictly finer (or strictly coarser) than π′. The
number of cells of π is denoted by |π|. Let v ∈ V and W ⊆ V . Define adjW (v) to be the number
of elements of W which are adjacent to v in G. A partition is equitable (with respect to G) if for
all pairs of cells c, d ∈ π and u, v ∈ c, adjd(u) = adjd(v).

Let π = [V1 | . . . | Vk] be a partition of V . Let v ∈ Vi, for some i. If |Vi| > 1 then π ◦ v is
(V1, . . . , Vi−1, {v}, Vi \ {v}, Vi+1, . . . , Vk). [

The basic search tree

Let G = (V,E, γ) be a colored graph. A discrete partition gives a labeling of G. With two discrete
partitions of the same vertices it is possible to construct the vertex map that takes a vertex to the
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vertex in the second partition with the same index. It is then possible to check whether this map
is an automorphism. Now let p be a discrete partition finer than π0 = γ(V ). If we check for each
discrete partition p′ finer than π0, whether the map between p and p′ is an automorphism then
we have found all automorphisms in the automorphism group of G.

Checking all discrete partitions is not efficient. Fortunately it is possible to reduce the number
checks by refinement and further it is sufficient to not generate the full automorphism group but
only generate its generators. This means that known automorphisms can be used to reduce the
number of possibilities. In this subsection we describe the basic search tree and the methods to
reduce the number of checks.

Algorithm 7 Finding all isomorphisms (1)

Input: G is a graph (used to check automorphism), p is the reference discrete partition, π is a
partition finer than π0 and π̃ is the set of cells with which to refine

Returns: result is (the set of generators of) the group of automorphisms of G that fix π
1: function FindAutomorphisms(G, p, π)
2: var
3: c:cell . c is the first cell of π of maximal length
4: v:vertex . v ∈ c
5: π′:partition . a partition finer than π
6: end var
7: π′ := R(G, π, π)
8: result := ∅
9: if π′ is discrete then . p and π′ define a map

10: if the map from (p, π′) denotes an automorphism then
11: result := {that automorphism}
12: else
13: result := ∅
14: end if
15: else . recursion; this terminates since the number of cells in π will increase
16: c :=the first cell of π′ of maximal length
17: for v ∈ c do
18: result := result∪FindAutomorphisms(G, p, π′ ◦ v).
19: end for
20: end if
21: return result
22: end function

We now define the search tree T (G, π) on the nodes labeled by partitions of V . The root is π.
A node in the tree with a discrete partition is a leaf. Let the partition π be a node in the tree
that is not discrete. Then the children of π are the partitions π ⊥ w for each w in the first cell of
π with maximal length.

A leaf gives a labeling of the graph. From two discrete partitions on the same set of points
it is possible to construct a vertex map taking a vertex to the vertex in the second partition with
the same as index as the vertex in the first partition.

By comparing all leaves with the first leaf, the complete automorphism group can be obtained.

Using an indicator function (or partition invariant)

Let G = (V,E) be a graph. Let ρ be the root node in a basic search tree of G with partition
πρ. Let ν be a node in that basic search tree with partition πν . Let σ ∈ Sym(V ). Let Λ be
a function on all combinations of G, ρ, πρ and πν to an ordered set ∆. If Λ has the property
that ΛGσ,πσ

ρ
(πσ

ν ) = ΛG,πρ
(πν) then we call it an indicator function or partition invariant.Let

ρ = ν1, . . . , νk = ν be the path from the root node ρ to ν and let Λ be an indicator function.
We can now define another indicator function Λ̃G,π(ν) = (ΛG,π(ν1),ΛG,π(ν2), . . . ,ΛG,π(νk)) to
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Algorithm 8 Finding all isomorphisms (2)

Input: G is a graph (used to check automorphism), p is the reference discrete partition, π is a
partition finer than π0, π̃ is the set used to refine

Returns: result is (the set of generators of) the group of automorphisms that of G that fix π.
1: function FindAutomorphisms(G, p, π, π̃)
2: var
3: c:cell . c is the first cell of π of maximal length
4: v:vertex . v ∈ c
5: π′:partition . π′ is finer than π
6: end var
7: result := ∅
8: π′ := R(G, π, π̃)
9: if π′ is discrete then . p and π′ define a map

10: if the map from (p, π′) denotes an automorphism then
11: result := {that automorphism}
12: else
13: result := ∅
14: end if
15: else . recursion; this terminates since the number of cells in
16: c :=the first cell of π′ of maximal length
17: for v ∈ c do
18: if an automorphism σ of G is known such that σ(π′) = π′ and such that there exists

a marked v′ ∈ c with σ(v′) = v then
19: do nothing . no new generator will be found, v does not have to be marked
20: else
21: result := result∪FindAutomorphisms(G, p, π′ ◦ v, (v))
22: mark v
23: end if
24: end for
25: end if
26: return result
27: end function
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Figure 4.1: A graph and the corresponding new labeling resulting from the partition
[1|5|3|7|2|4|6|8]

the set ∆+, with the lexicographic ordering induced by the ordering of ∆. ∆+ is here the set
∆ ∪ ∆ × ∆ ∪ ∆3 ∪ · · · .

Leaves with partitions with different values of Λ represent nonisomorphic labelings. Therefore
graphs colored according to nodes with different values of Λ̃ cannot be isomorphic. At the moment
none of the partition invariants used by McKay are used. We use something comparable though:
we check if p and p′ are refined in the same way; if they are not, they can not result in an
automorphism.

Refinement function

Let G = (V,E) be a graph. Let π = (V1, . . . , Vk) be a partition of V . Let α = (Vi1 , . . . , Vil
) be a

sequence of distinct cells of π. Let RG,π(α) be a partition of V , with the following properties:

1. RG,π(α) is finer than π

2. RGσ,πσ(ασ) = RG,π(α)σ , for all σ ∈ Sym(V ).

A function defined this way is called a refinement function. Now we will give an example of a
refinement function (this is algorithm 1 from [27] and algorithm 2.5 in [28]). This is the standard
algorithm that in nauty. For some types of graphs other refinement functions might give better
results.

The idea behind the algorithm is looking at the number of edges between cells of a partition.
Let Vi be cells of a partition π. Let Vj be another cell of π. Now calculate the value of adjVi

(·)
for the points in Vj . If the value is not the same for all points, then it is possible to make a finer
partition, in which is Vj is split according to the different values.

This function can be used to narrow down the number of possibilities. The number of cells
can be increased in a way that is invariant under automorphisms. When using a reference discrete
partition it is also possible to check if the adjv(·) values are the same. If they are not, then
no map from a partition finer than the current partition and the reference partition can be an
automorphism. This has been implemented in the proof assistant.

Define π ⊥ v to be the refinement R(G, π ◦ v, ({v})). If |Vi| = 1 then π ◦ v is π.
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Algorithm 9 Refinement algorithm

Input: G is a graph (used to calculate d), π is the partition that needs to be refined and α =
(W1 . . .WM ) is a list of cells, with which the partition will be refined.

Returns: π̃, a partition finer than π . more can be said, but this is not needed to generate a
proof

1: function R(G, π, α)
2: var
3: π̃:partition . a partition finer than π
4: π′:partition . a partition finer than π
5: α̃:partition . a partition finer than α
6: m:integer . index of α̃
7: t:integer . position in π′

8: end var
9: π̃ := π . π̃ is finer than π

10: α̃ := α
11: m := 1 . M = α̃ only grows if π̃ becomes strictly finer.
12: while m ≤ |α̃| and π̃ is not discrete do
13: k := 1 . Let |π̃| = K. Then K − k decreases and is nonnegative.
14: while k ≤ |π̃| do
15: calculate the partition π′ = (X1, . . . , Xs) of π̃[k] ordered by adjα̃[m].
16: let t be the index of the first set in π′ with maximal size

17: if π̃[k] = α̃[j], for any j then
18: replace α̃[j] by π′[t]
19: end if

20: for i := 1 to t− 1 do
21: append π′[i] to α̃
22: end for
23: for i := t+ 1 to |π′[i]| do
24: append π′[i] to α̃
25: end for

26: update π̃ by splitting the cell π̃[k] into the cells X1, . . . , Xs in that order.
. π̃ becomes finer.

27: k := k + 1
28: end while
29: m := m+ 1
30: end while
31: return π̃
32: end function
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4.3 Implementation

We have chosen to determine the automorphism group of a graph rather than the canonical
labeling, because the latter is dependent on the version of the nauty program and harder to
understand. To check whether two graphs are isomorphic we use the construction from Section
5.1.

A pair of discrete partitions of the same graph gives a map from V to V . If such a map keeps
the edges invariant it is an automorphism. Note that it is possible to generate the automorphism
group by fixing one discrete partition and letting the other run through the possibilities.

These possibilities can be narrowed down by using the refinement function R. Let π and π′ be
partitions of the same graph. Suppose there exists an automorphism σ such that for every vertex v
π(v) = π′(σ(v)), then because of the nature of the refinement function (R(π))(v) = (R(π′))(σ(v)).
In general it is not necessary to prove the full refinement procedure. It is enough to show that
the step, in which the partitions are made finer goes parallel (if it doesn’t then there cannot be
an automorphism and we’re finished).

For the children of the node, it is enough to look at vertices in different orbits. Suppose π
is a partition in the tree and u1 and u2 are vertices to split and a is an automorphism such
that a(u1) = u2, then for every vertex v : a((π ⊥ u1)(v)) = (π ⊥ u2)(v). This means that the
node π ⊥ u2 has only leaves as descendants that are either not isomorphic or isomorphic with an
automorphism already calculated from the descendants of π ⊥ u1.

Each leaf, or discrete partition in the search tree, is compared with the fixed partition. If the
resulting map is an automorphism it is added to the generators of the automorphism group.

McKay has written an implementation of his algorithm called nauty [26]. This implementation
is in C [23]. Included in the implementation is an interactive program called dreadnaut. It has
options to give more information. We have extended these options so that with new options turned
on dreadnaut will produce output that can be used to proof theorems in GAP. For this callback
functions for entering nodes and (partial) refining were added and calls to these were added to
the nauty functions. Where possible these were added in different files or otherwise surrounded
by #ifdef GRAPHISO to indicate which code is McKay’s.

This modified dreadnaut program is called from GAP. The data from the calculation in dread-
naut is sent to standard output in XML form and parsed using the XML parser included in GAP
with the automatically loaded package GAPDoc. The resulting tree is then traveled recursively
and transformed into a human readable proof using the functions created for Luks to give struc-
tured output. At the moment a lot of information is sent from dreadnaut to GAP in this way. It
should be possible to reduce this amount to improve performance.

4.4 Example

We want to check whether the two graphs are isomorphic, but the part of nauty that we use gives
the automorphism group of a colored graph. It is then possible to check whether a vertex can
be mapped to a vertex of the other graph by creating a new graph by adding an edge between
two vertices of the same color of different graphs, coloring these two vertices in a new color and
running the algorithm on that graph and that edge. It is clear that if for all pairs of vertices there
are no automorphisms that exchange the graphs, there is no graph isomorphism. It is sufficient
to fix a vertex in one of the graphs and to only use one vertex in an orbit of the other graph.

Now look at the graphs in Figure 4.2. We use the upper left vertex of the right graph and
look at the orbits of the left graph. All vertices are in the same orbit (under rotation). So it is
sufficient to do the construction on the upper right vertex: see Figure 4.3.

The search tree in Figure 4.4 is formed by refining and case distinction. The root of the search
tree is the starting partition [15|234678]. From looking ahead at the algorithm output, we get the
reference partition p = [1|5|3|7|2|4|6|8]. The starting partition can be refined to [1|5|3|7|24|68] in a
number of steps. Since there has not been case distinction yet, all discrete partitions p′ finer than
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Figure 4.2: Two graphs
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Figure 4.3: The two graphs connected by an edge

the starting partition can be refined in the same way and we will not prove this for each refining
step.

If we look at how the cell 234678 is connected to 15 we see that 3 and 7 are the only two vertices
that have no connection to 15 and we can therefore split the partition to [15|37|2468]. Now we
look at how 2468 is connected to itself. The vertices 6 and 8 are connected to another vertex in
2468 but 2 and 4 are not. The partition can now be split further to [15|37|24|68]. Now we look at
how 15 is connected to 24. 1 is connected to 24, but 5 is not. The partition can therefore be split
to [15|37|24|68]. Finally we look at how 37 is connected to 24. 3 is connected to two vertices of
24 and 7 is connected to none. So we end get the partition [1|5|3|7|24|68].

Since this partition cannot be split further by refinement (it is not necessary to prove this, we
would just be doing more work), the tree is split by case distinction of 24: we can color 24 so that
γ(2) < γ(4) or so that γ(4) < γ(2) (where γ is the coloring).

In the left branch we have a case distinction again for the cell 68 and we get our first two
end-nodes. The graphs represented by these end-nodes are isomorphic with isomorphism (6, 8).
The first leaf we get is [1|5|3|2|4|6|8] which is our reference partition p. If p′ = p we get the
identity. The second leaf is p′ = [1|5|3|7|2|4|8|6], which leads to the automorphism (6, 8).

Now we return to the case γ(4) < γ(2). Since we know that 6 and 8 are in the same orbit
under permutations that stabilize 2 and 4 we can to assume γ(6) < γ(8). This gives us another
end-node p′ = [1|5|3|7|4|2|6|8], which gives another isomorphism with the first end-node: (2, 4).

The automorphism group now becomes 〈(2, 4), (6, 8)〉. There are no automorphisms that in-
terchange 1 and 5, and therefore the graphs are not isomorphic.

Algorithm Output
Proposition: the graph G with vertices [ 1, 2, 3, 4 ] and edges [ [ 1, 2 ], [ 1, 4 ], [ 2, 3 ], [ 3, 4 ] ] and the graph H with vertices [ 1, 2, 3, 4 ] and

edges [ [ 1, 2 ], [ 1, 4 ], [ 2, 3 ], [ 2, 4 ], [ 3, 4 ] ] are not isomorphic.

Proof:

Suppose that p is an isomorphism that transforms G to H. Let v = 1^p. For all vertices v of H we show that there are no isomorphisms transforming 1 to v.

To prove this we can use information about the orbits of H under automorphisms on H. If a is an automorphism and v^a=v’, then 1^p = v’ if and only if5

1^p^(a^-1) = v. In other words it is enough to verify for all v in different orbits.

Let A be the group generated by (2,4) and (1,3). It is straightforward to verify that A is a group of automorphisms of H. Then we calculate the orbits.

Proposition: The orbits of A are [ 1, 3 ] and [ 2, 4 ].

Proof:

Proposition: the orbit of x = 1 under A, the group generated by a1 = (2,4) and a2 = (1,3), is X = [ 1, 3 ].10

Proof:

By the straightforward check that the cycles containing points of X do not contain points not in X, it follows that each generator of A leaves X

invariant. It remains to show that the points in X are images of x under elements of A:
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[1|5|3|7|4|2|6|8]

Figure 4.4: The search tree in McKay’s algorithm

1 = 1^()

3 = 1^(1,3) = 1^a215

QED(orbit of x = 1)

Proposition: the orbit of x = 2 under A, the group generated by a1 = (2,4) and a2 = (1,3), is X = [ 2, 4 ].

Proof:

By the straightforward check that the cycles containing points of X do not contain points not in X, it follows that each generator of A leaves X

invariant. It remains to show that the points in X are images of x under elements of A:20

2 = 2^()

4 = 2^(2,4) = 2^a1

QED(orbit of x = 2)

It is straightforward to verify that the orbits [ 1, 3 ] and [ 2, 4 ] are disjoint and their union is [ 1, 2, 3, 4 ], so we are done.

QED(all orbits)25

It suffices to consider one vertex for each orbit i.e. the cases for v = 1 and v = 2.

case v = 1

From G and H we now construct a new graph F by relabelling G with (), relabelling H with (1,5)(2,6)(3,7)(4,8) and by joining the images of 1 of G and 1

of H with a new edge.

The resulting graph F has vertices [ 1 .. 8 ], edges [ [ 1, 2 ], [ 1, 4 ], [ 1, 5 ], [ 2, 3 ], [ 3, 4 ], [ 5, 6 ], [ 5, 8 ], [ 6, 7 ], [ 6, 8 ], [ 7, 830

] ] and new coloring [ 1 5 | 2:4 6:8 ].

We now calculate the automorphism group of F and check whether there exists an automorphism that transforms 1 to 5.

The automorphism group of the coloured graph G with vertices [ 1 .. 8 ] and edges [ [ 1, 2 ], [ 1, 4 ], [ 1, 5 ], [ 2, 3 ], [ 3, 4 ], [ 5, 6 ], [ 5, 8

], [ 6, 7 ], [ 6, 8 ], [ 7, 8 ] ] and colored by the partition [ 1 5 | 2:4 6:8 ]is generated by the permutations[ (6,8), (2,4) ].

Proof:35

Lemma: The permutations [ (6,8), (2,4) ] are automorphisms.

Proof:

This is straightforward to verify.

QED(the permutations are automorphisms)

Any automorphism can be written in the form p^-1 p’, with p a fixed permutation and p’ a variable permutation.40

Let p be [ 1 | 5 | 3 | 7 | 2 | 4 | 6 | 8 ] i.e. (2,5)(4,7,6) in cycle notation.

If [ 1 2 | 3:8 ]^p’ = [ 1 5 | 2:4 6:8 ] then [ 1 | 2 | 3 | 4 | 5 6 | 7 8 ]^p’ =[ 1 | 5 | 3 | 7 | 2 4 | 6 8 ].

Proof:

Lemma (refine part)

If [ 1 2 | 3:8 ]^p’ = [ 1 5 | 2:4 6:8 ] then [ 1 2 | 3 4 | 5:8 ]^p’ = [ 1 5 | 3 7 | 2 4 6 8 ].45

Proof:

Look at [ 1 2 ]^pi and how it is connected to [3:8]^pi, for pi=p,p’.

First for p

[ 1 2 ]^p = [ 1 5 ].

[ 3:8 ]^p = [ 2:4 6:8 ].50

The vertices 3 7 are not connected to any vertices of [ 1 5 ].

The vertices 2 4 6 8 are each connected to 1 vertex of [ 1 5 ].

QED(p)

Then for p’

[ 1 2 ]^p’ = [ 1 5 ].55

[ 3:8 ]^p’ = [ 2:4 6:8 ].

The vertices 3 7 are not connected to any vertices of [ 1 5 ].

The vertices 2 4 6 8 are each connected to 1 vertex of [ 1 5 ].

QED(p’)

If p^-1p’ is an automorphism then it transfers [ 1 5 ] to [ 1 5 ] and [ 2:4 6:8 ] to [ 2:4 6:8 ] and must therefore transfer [ 3 7 ] to [ 3 7 ]60

and [ 2 4 6 8 ] to [ 2 4 6 8 ].

Since [ 1 2 | 3 4 | 5:8 ]^p = [ 1 5 | 3 7 | 2 4 6 8 ], we now know that [ 1 2 | 3 4 | 5:8 ]^p’ = [ 1 5 | 3 7 | 2 4 6 8 ].

QED(refine part)

Lemma (refine part)65

If [ 1 2 | 3 4 | 5:8 ]^p’ = [ 1 5 | 3 7 | 2 4 6 8 ] then [ 1 2 | 3 4 | 5 6 | 7 8 ]^p’ = [ 1 5 | 3 7 | 2 4 | 6 8 ].

Proof:

Look at [ 5:8 ]^pi and how it is connected to [5:8]^pi, for pi=p,p’.

First for p

[ 5:8 ]^p = [ 2 4 6 8 ].70

The vertices 2 4 are not connected to any vertices of [ 2 4 6 8 ].

The vertices 6 8 are each connected to 1 vertex of [ 2 4 6 8 ].

QED(p)

Then for p’

[ 5:8 ]^p’ = [ 2 4 6 8 ].75

The vertices 2 4 are not connected to any vertices of [ 2 4 6 8 ].

The vertices 6 8 are each connected to 1 vertex of [ 2 4 6 8 ].

QED(p’)

If p^-1p’ is an automorphism then it transfers [ 2 4 6 8 ] to [ 2 4 6 8 ] and must therefore transfer [ 2 4 ] to [ 2 4 ] and [ 6 8 ] to [ 6 8 ].

80

Since [ 1 2 | 3 4 | 5 6 | 7 8 ]^p = [ 1 5 | 3 7 | 2 4 | 6 8 ], we now know that [ 1 2 | 3 4 | 5 6 | 7 8 ]^p’ = [ 1 5 | 3 7 | 2 4 | 6 8 ].

QED(refine part)

Lemma (refine part)

If [ 1 2 | 3 4 | 5 6 | 7 8 ]^p’ = [ 1 5 | 3 7 | 2 4 | 6 8 ] then p^-1p’ does not interchange 1 and 5.
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Proof:85

Look at [ 7 8 ]^pi and how it is connected to [1 2]^pi, for pi=p,p’.

First for p

[ 7 8 ]^p = [ 6 8 ].

[ 1 2 ]^p = [ 1 5 ].

The vertex 1 is not connected to any vertices of [ 6 8 ].90

The vertex 5 is connected to 2 vertices of [ 6 8 ].

QED(p)

Then for p’

[ 7 8 ]^p’ = [ 6 8 ].

[ 1 2 ]^p’ = [ 1 5 ].95

The vertex 1 is not connected to any vertices of [ 6 8 ].

The vertex 5 is connected to 2 vertices of [ 6 8 ].

QED(p’)

If p^-1p’ is an automorphism then it transfers [ 6 8 ] to [ 6 8 ] and [ 1 5 ] to [ 1 5 ] and must therefore transfer [ 1 ] to [ 1 ] and [ 5 ] to [

5 ].100

Since [ 1 | 2 | 3 4 | 5 6 | 7 8 ]^p = [ 1 | 5 | 3 7 | 2 4 | 6 8 ], we now know that [ 1 | 2 | 3 4 | 5 6 | 7 8 ]^p’ = [ 1 | 5 | 3 7 | 2 4 | 6 8 ].

QED(refine part)

Lemma (refine part)

If [ 1 | 2 | 3 4 | 5 6 | 7 8 ]^p’ = [ 1 | 5 | 3 7 | 2 4 | 6 8 ] then p^-1p’ does not interchange 1 and 5.105

Proof:

Look at [ 7 8 ]^pi and how it is connected to [3 4]^pi, for pi=p,p’.

First for p

[ 7 8 ]^p = [ 6 8 ].

[ 3 4 ]^p = [ 3 7 ].110

The vertex 3 is not connected to any vertices of [ 6 8 ].

The vertex 7 is connected to 2 vertices of [ 6 8 ].

QED(p)

Then for p’

[ 7 8 ]^p’ = [ 6 8 ].115

[ 3 4 ]^p’ = [ 3 7 ].

The vertex 3 is not connected to any vertices of [ 6 8 ].

The vertex 7 is connected to 2 vertices of [ 6 8 ].

QED(p’)

If p^-1p’ is an automorphism then it transfers [ 6 8 ] to [ 6 8 ] and [ 3 7 ] to [ 3 7 ] and must therefore transfer [ 3 ] to [ 3 ] and [ 7 ] to [120

7 ].

Since [ 1 | 2 | 3 | 4 | 5 6 | 7 8 ]^p = [ 1 | 5 | 3 | 7 | 2 4 | 6 8 ], we now know that [ 1 | 2 | 3 | 4 | 5 6 | 7 8 ]^p’ = [ 1 | 5 | 3 | 7 | 2 4 |

6 8 ].

QED(refine part)125

QED(refinement)

Now we look at all the different possibilities for [ 1 | 2 | 3 | 4 | 5 6 | 7 8 ]^p’ = [ 1 | 5 | 3 | 7 | 2 4 | 6 8 ] by looking at different

possibilities for 5^p’.

Suppose that 5^p’ = 2.

Now [ 1 | 2 | 3 | 4 | 5 | 6 | 7 8 ]^p’ = [ 1 | 5 | 3 | 7 | 2 | 4 | 6 8 ].130

Now we look at all the different possibilities for [ 1 | 2 | 3 | 4 | 5 | 6 | 7 8 ]^p’ = [ 1 | 5 | 3 | 7 | 2 | 4 | 6 8 ] by looking at different

possibilities for 7^p’.

Suppose that 7^p’ = 6.

Now [ 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 ]^p’ = [ 1 | 5 | 3 | 7 | 2 | 4 | 6 | 8 ].

So p’ = [ 1 | 5 | 3 | 7 | 2 | 4 | 6 | 8 ] or (2,5)(4,7,6).135

Then p^-1p’ = () is an automorphism.

Further more it is included in H (it is the identity).

QED(case 7^p’ = 6)

Suppose that 7^p’ = 8.

Now [ 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 ]^p’ = [ 1 | 5 | 3 | 7 | 2 | 4 | 8 | 6 ].140

So p’ = [ 1 | 5 | 3 | 7 | 2 | 4 | 8 | 6 ] or (2,5)(4,7,8,6).

Then p^-1p’ = (6,8) is an automorphism.

Further more it is included in H (it is a generator of H).

QED(case 7^p’ = 8)

QED(case distinction 7^p’)145

QED(case 5^p’ = 2)

Suppose that 5^p’ = 4.

Now [ 1 | 2 | 3 | 4 | 5 | 6 | 7 8 ]^p’ = [ 1 | 5 | 3 | 7 | 4 | 2 | 6 8 ].

Now we look at all the different possibilities for [ 1 | 2 | 3 | 4 | 5 | 6 | 7 8 ]^p’ = [ 1 | 5 | 3 | 7 | 4 | 2 | 6 8 ] by looking at different

possibilities for 7^p’.150

Suppose that 7^p’ = 6.

Now [ 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 ]^p’ = [ 1 | 5 | 3 | 7 | 4 | 2 | 6 | 8 ].

So p’ = [ 1 | 5 | 3 | 7 | 4 | 2 | 6 | 8 ] or (2,5,4,7,6).

Then p^-1p’ = (2,4) is an automorphism.

Further more it is included in H (it is a generator of H).155

QED(case 7^p’ = 6)

QED(case distinction 7^p’)

QED(case 5^p’ = 4)

QED(case distinction 5^p’)

QED(automorphismgroup)160

QED(case v = 1)

case v = 2

From G and H we now construct a new graph F by relabelling G with (), relabelling H with (1,5)(2,6)(3,7)(4,8) and by joining the images of 1 of G and 2

of H with a new edge.

The resulting graph F has vertices [ 1 .. 8 ], edges [ [ 1, 2 ], [ 1, 4 ], [ 1, 6 ], [ 2, 3 ], [ 3, 4 ], [ 5, 6 ], [ 5, 8 ], [ 6, 7 ], [ 6, 8 ], [ 7, 8165

] ] and new coloring [ 1 6 | 2:5 7 8 ].

We now calculate the automorphism group of F and check whether there exists an automorphism that transforms 1 to 6.

The automorphism group of the coloured graph G with vertices [ 1 .. 8 ] and edges [ [ 1, 2 ], [ 1, 4 ], [ 1, 6 ], [ 2, 3 ], [ 3, 4 ], [ 5, 6 ], [ 5, 8

], [ 6, 7 ], [ 6, 8 ], [ 7, 8 ] ] and colored by the partition [ 1 6 | 2:5 7 8 ]is generated by the permutations[ (5,7), (2,4) ].

Proof:170

Lemma: The permutations [ (5,7), (2,4) ] are automorphisms.

Proof:

This is straightforward to verify.

QED(the permutations are automorphisms)

Any automorphism can be written in the form p^-1 p’, with p a fixed permutation and p’ a variable permutation.175

Let p be [ 6 | 1 | 3 | 2 | 4 | 5 | 7 | 8 ] i.e. (1,6,5,4,2) in cycle notation.

If [ 1 2 | 3:8 ]^p’ = [ 1 6 | 2:5 7 8 ] then [ 1 | 2 | 3 | 4 5 | 6 7 | 8 ]^p’ =[ 6 | 1 | 3 | 2 4 | 5 7 | 8 ].

Proof:

Lemma (refine part)

If [ 1 2 | 3:8 ]^p’ = [ 1 6 | 2:5 7 8 ] then [ 1 2 | 3 | 4:8 ]^p’ = [ 1 6 | 3 | 2 4 5 7 8 ].180

Proof:

Look at [ 1 2 ]^pi and how it is connected to [3:8]^pi, for pi=p,p’.

First for p

[ 1 2 ]^p = [ 1 6 ].

[ 3:8 ]^p = [ 2:5 7 8 ].185

The vertex 3 is not connected to any vertices of [ 1 6 ].

The vertices 2 4 5 7 8 are each connected to 1 vertex of [ 1 6 ].

QED(p)

Then for p’

[ 1 2 ]^p’ = [ 1 6 ].190
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[ 3:8 ]^p’ = [ 2:5 7 8 ].

The vertex 3 is not connected to any vertices of [ 1 6 ].

The vertices 2 4 5 7 8 are each connected to 1 vertex of [ 1 6 ].

QED(p’)

If p^-1p’ is an automorphism then it transfers [ 1 6 ] to [ 1 6 ] and [ 2:5 7 8 ] to [ 2:5 7 8 ] and must therefore transfer [ 3 ] to [ 3 ] and [195

2 4 5 7 8 ] to [ 2 4 5 7 8 ].

Since [ 1 2 | 3 | 4:8 ]^p = [ 1 6 | 3 | 2 4 5 7 8 ], we now know that [ 1 2 | 3 | 4:8 ]^p’ = [ 1 6 | 3 | 2 4 5 7 8 ].

QED(refine part)

Lemma (refine part)200

If [ 1 2 | 3 | 4:8 ]^p’ = [ 1 6 | 3 | 2 4 5 7 8 ] then [ 1 2 | 3 | 4 5 | 6:8 ]^p’ = [ 1 6 | 3 | 2 4 | 5 7 8 ].

Proof:

Look at [ 3 ]^pi and how it is connected to [4:8]^pi, for pi=p,p’.

First for p

[ 3 ]^p = [ 3 ].205

[ 4:8 ]^p = [ 2 4 5 7 8 ].

The vertices 2 4 are each connected to 3.

The vertices 5 7 8 are not connected to 3.

QED(p)

Then for p’210

[ 3 ]^p’ = [ 3 ].

[ 4:8 ]^p’ = [ 2 4 5 7 8 ].

The vertices 2 4 are each connected to 3.

The vertices 5 7 8 are not connected to 3.

QED(p’)215

If p^-1p’ is an automorphism then it transfers [ 3 ] to [ 3 ] and [ 2 4 5 7 8 ] to [ 2 4 5 7 8 ] and must therefore transfer [ 2 4 ] to [ 2 4 ]

and [ 5 7 8 ] to [ 5 7 8 ].

Since [ 1 2 | 3 | 4 5 | 6:8 ]^p = [ 1 6 | 3 | 2 4 | 5 7 8 ], we now know that [ 1 2 | 3 | 4 5 | 6:8 ]^p’ = [ 1 6 | 3 | 2 4 | 5 7 8 ].

QED(refine part)220

Lemma (refine part)

If [ 1 2 | 3 | 4 5 | 6:8 ]^p’ = [ 1 6 | 3 | 2 4 | 5 7 8 ] then p^-1p’ does not interchange 1 and 6.

Proof:

Look at [ 4 5 ]^pi and how it is connected to [1 2]^pi, for pi=p,p’.

First for p225

[ 4 5 ]^p = [ 2 4 ].

[ 1 2 ]^p = [ 1 6 ].

The vertex 6 is not connected to any vertices of [ 2 4 ].

The vertex 1 is connected to 2 vertices of [ 2 4 ].

QED(p)230

Then for p’

[ 4 5 ]^p’ = [ 2 4 ].

[ 1 2 ]^p’ = [ 1 6 ].

The vertex 6 is not connected to any vertices of [ 2 4 ].

The vertex 1 is connected to 2 vertices of [ 2 4 ].235

QED(p’)

If p^-1p’ is an automorphism then it transfers [ 2 4 ] to [ 2 4 ] and [ 1 6 ] to [ 1 6 ] and must therefore transfer [ 6 ] to [ 6 ] and [ 1 ] to [

1 ].

Since [ 1 | 2 | 3 | 4 5 | 6:8 ]^p = [ 6 | 1 | 3 | 2 4 | 5 7 8 ], we now know that [ 1 | 2 | 3 | 4 5 | 6:8 ]^p’ = [ 6 | 1 | 3 | 2 4 | 5 7 8 ].240

QED(refine part)

Lemma (refine part)

If [ 1 | 2 | 3 | 4 5 | 6:8 ]^p’ = [ 6 | 1 | 3 | 2 4 | 5 7 8 ] then p^-1p’ does not interchange 1 and 6.

Proof:

Look at [ 6:8 ]^pi and how it is connected to [6:8]^pi, for pi=p,p’.245

First for p

[ 6:8 ]^p = [ 5 7 8 ].

The vertices 5 7 are each connected to 1 vertex of [ 5 7 8 ].

The vertex 8 is connected to 2 vertices of [ 5 7 8 ].

QED(p)250

Then for p’

[ 6:8 ]^p’ = [ 5 7 8 ].

The vertices 5 7 are each connected to 1 vertex of [ 5 7 8 ].

The vertex 8 is connected to 2 vertices of [ 5 7 8 ].

QED(p’)255

If p^-1p’ is an automorphism then it transfers [ 5 7 8 ] to [ 5 7 8 ] and must therefore transfer [ 5 7 ] to [ 5 7 ] and [ 8 ] to [ 8 ].

Since [ 1 | 2 | 3 | 4 5 | 6 7 | 8 ]^p = [ 6 | 1 | 3 | 2 4 | 5 7 | 8 ], we now know that [ 1 | 2 | 3 | 4 5 | 6 7 | 8 ]^p’ = [ 6 | 1 | 3 | 2 4 | 5 7

| 8 ].

QED(refine part)260

QED(refinement)

Now we look at all the different possibilities for [ 1 | 2 | 3 | 4 5 | 6 7 | 8 ]^p’ = [ 6 | 1 | 3 | 2 4 | 5 7 | 8 ] by looking at different

possibilities for 4^p’.

Suppose that 4^p’ = 2.

Now [ 1 | 2 | 3 | 4 | 5 | 6 7 | 8 ]^p’ = [ 6 | 1 | 3 | 2 | 4 | 5 7 | 8 ].265

Now we look at all the different possibilities for [ 1 | 2 | 3 | 4 | 5 | 6 7 | 8 ]^p’ = [ 6 | 1 | 3 | 2 | 4 | 5 7 | 8 ] by looking at different

possibilities for 6^p’.

Suppose that 6^p’ = 5.

Now [ 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 ]^p’ = [ 6 | 1 | 3 | 2 | 4 | 5 | 7 | 8 ].

So p’ = [ 6 | 1 | 3 | 2 | 4 | 5 | 7 | 8 ] or (1,6,5,4,2).270

Then p^-1p’ = () is an automorphism.

Further more it is included in H (it is the identity).

QED(case 6^p’ = 5)

Suppose that 6^p’ = 7.

Now [ 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 ]^p’ = [ 6 | 1 | 3 | 2 | 4 | 7 | 5 | 8 ].275

So p’ = [ 6 | 1 | 3 | 2 | 4 | 7 | 5 | 8 ] or (1,6,7,5,4,2).

Then p^-1p’ = (5,7) is an automorphism.

Further more it is included in H (it is a generator of H).

QED(case 6^p’ = 7)

QED(case distinction 6^p’)280

QED(case 4^p’ = 2)

Suppose that 4^p’ = 4.

Now [ 1 | 2 | 3 | 4 | 5 | 6 7 | 8 ]^p’ = [ 6 | 1 | 3 | 4 | 2 | 5 7 | 8 ].

Now we look at all the different possibilities for [ 1 | 2 | 3 | 4 | 5 | 6 7 | 8 ]^p’ = [ 6 | 1 | 3 | 4 | 2 | 5 7 | 8 ] by looking at different

possibilities for 6^p’.285

Suppose that 6^p’ = 5.

Now [ 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 ]^p’ = [ 6 | 1 | 3 | 4 | 2 | 5 | 7 | 8 ].

So p’ = [ 6 | 1 | 3 | 4 | 2 | 5 | 7 | 8 ] or (1,6,5,2).

Then p^-1p’ = (2,4) is an automorphism.

Further more it is included in H (it is a generator of H).290

QED(case 6^p’ = 5)

QED(case distinction 6^p’)

QED(case 4^p’ = 4)

QED(case distinction 4^p’)

QED(automorphismgroup)295

QED(case v = 2)
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QED(case distinction)

QED(graphisomorphism)
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Chapter 5

Proof assistant

5.1 Introduction

We have developed a Proof Assistant for Graph Nonisomorphism. This software package auto-
matically constructs a proof of (non)isomorphism of two given graphs. It is possible to ask for a
specific proof by choosing invariants or calling Luks’ algorithm or McKay’s algorithm.

The software can derive the automorphism group of a single graph by calling the algorithm
from Chapter 4. It can further derive a proof of graph nonisomorphism by using the graph
automorphism algorithm from Chapter 4 or 3 in the following way.

Let G = (V,E, γ) and G′ = (V ′, E′, γ′) be two connected graphs. Let v ∈ V and v′ ∈ V ′.
We create a new graph G′′ by relabeling V ′ so that V and V ′ are disjoint, adding an edge {v, v′}
and creating a new coloring function γ ′′ that colors the vertices in V like γ and the vertices in V ′

like γ′ except for v and v′ which are given a new color c that is different from all other colors,
or G′′ = (V ′′ = V ∪ V ′, E′′ = E ∪ E′ ∪ {v, v′}, γ′′(v′′) = {γ(v′′) for v′′ ∈ V \ {v}, γ′(v′′) for
v′′ ∈ V ′ \ {v′}}, c, for v′′ ∈ {v, v′}).

We can now determine whether there is an isomorphism G → G′ that takes v to v′, by running
the automorphism algorithm to compute the group of automorphisms of G′′ (they leave the edge
{v, v′} fixed). If the resulting group of automorphisms contains an element that exchanges v and
v′ then that element gives an isomorphism between G and G′.

Now fix a vertex v ∈ V . Suppose there exists an isomorphism between G and G′. Let σ be such
an isomorphism. Let v′ ∈ V ′ be the image of v under σ. Now construct G′′. If the automorphism
algorithm is called with G′′, then σ can be retrieved from the automorphism group.

Suppose we want to prove that there exist no isomorphisms that transform G to G′. We can
then choose v ∈ V . If an isomorphism σ exists, then for some v′ ∈ V the computed group of
automorphisms of G′′ must contain an element that transfers v to v′. If we can prove that for all
v′ ∈ V ′ the automorphism group of the corresponding G′′ contains no such element then this is a
proof that the graphs are not isomorphic.

If we know automorphisms of G′ then we can use these to reduce the number of checks. Suppose
τ is an automorphism of G′, but not the identity and v′ ∈ V ′ is not fixed under τ , then there is a
u′ = τ(v′) 6= v′. Suppose G is a graph as above and v ∈ V fixed. Now construct G′′ with v′ and
calculate the group of automorphisms A. Now the group of automorphisms for G′′ constructed
with u′ is B = {τστ−1 | σ ∈ A}. It is easy to see that the number of automorphisms that
transform v to v′ in A is equal to the number of automorphisms that transform v to u′ in B.
This means that for a nonisomorphism proof it is sufficient to prove the nonexistence only for one
vertex in each orbit under a group of known automorphisms of G′.

In this chapter we describe how to work with the proof assistant and give examples. First we
describe how to run the program and how to import graphs. We then describe how to determine
whether two graphs are isomorphic, or a proof of graph nonisomorphism by invariants, or by using
Luks’ or McKay’s methods. This is followed by predefined examples and information on how to
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display vertex invariants. We end this chapter with a discussion of the languages and packages
used and a description of the communication between them.

5.2 Starting up and opening graphs

The proof assistant is available both as a stand-alone Java program and as an applet at [31]. At
this URL the Java applet starts automatically. It is also possible to download a .zip file with the
files needed to run the stand-alone program.

Figure 5.1: Applet certificate dialog

Java applets have fewer permissions than stand-alone programs. To get around this restric-
tion the Java code has been signed. This means that a self-created key-pair has been used to
authenticate the code, see [19]. It is also possible to let a trusted third party issue this key-pair,
but we have notdone this. When the applet is started up, the dialog as displayed in Figure 5.1
opens. If the user selects “yes” then he gets the full functionality (by giving us the possibility to
import files from his local file system, retrieving files from global URLs, and by allowing pasting
to a dialog box). If the user selects “no”, he can only open relative URLs or type graphs in the
dialog box. The ways of entering graphs are described below. The images shown in the remainder
of this chapter come from the stand-alone version.

Figure 5.2: Import graph dialog

If a user wants to open a graph he can click one of the “Read left graph” or “Read right graph”
buttons. Then a dialog appears (see Figure 5.2) where the user can indicate whether he wants to
enter a URL, read a local file or enter a graph in the dialog box.

In the URL dialog, see Figure 5.3, the user can import a graph from a file. In the local file
dialog, see Figure 5.4, the user can import a graph from his local file system. The proof assistant
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Figure 5.3: Read URL dialog

supports three file formats: an XML-encoded Java graph object with suffix XML, a graph in GXL
[18] format, and a graph in a nauty-compatible format. In Section 5.8 it is described how to create
a graph in GXL format with GXL Graphpad [15]. The syntax of the nauty-compatible format is
described in Section 5.9.

Figure 5.4: Read file dialog and enter file dialog

It is also possible to enter graphs in a dialog box. Unfortunately, if the proof assistant is
run in applet mode and the certificate is not accepted, it is not possible to paste text to here.
The three file formats described above are all supported, but the most useful is probably the
nauty-compatible file format.

5.3 Graph isomorphism for graphs that are not connected

The proof assistant and most of the algorithms assume that the graphs are connected. For example
Luks’s algorithm fails if the graphs are not connected. However it is possible to reduce graph (non-)
isomorphism of unconnected graphs to graph (non-) isomorphism of connected graphs.

First use nauty to get the canonical labelings of the components of both graphs. As long as
there is a component in a graphs that is isomorphic to a component in the other graph, prove this
with a permutation and remove those components.

If the graphs are isomorphic, all components can be matched to a component in the other
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graph. If the graphs are not isomorphic this stops when there are only nonisomorphic components
left. It is then sufficient to prove that one of the components of a graph is nonisomorphic to all
other components of the other graph.

5.4 Proof assistant example: isomorphic Petersen graphs

In this section we give an example of how the proof assistant works. At the moment there are
8 predefined examples, of which number 7 is the example of two Petersen graphs displayed in
different ways, see also Figure 5.5.

Figure 5.5: Predefined example nr. 7

It is now possible to ask whether the two graphs are isomorphic. This can be done by clicking
the “i” button. The program now calls GAP (and possibly nauty) to determine whether the graphs
are isomorphic. If they are isomorphic an isomorphism is given. If they are not isomorphic a proof
of that fact is given (if known). In the case at hand they are isomorphic and the permutation that
transforms the left graph to the right graph is [1, 2, 3, 4, 9, 6, 10, 7, 5, 8] or (5, 9)(7, 10, 8), see also
Figure 5.6.

It is now also possible to give an animation that transforms the vertices of the left graph to
positions similar to their images in the right graph by pressing the arrows button. The result after
the animation is shown in Figure 5.6. The animation is an adaption of the animation used by [32].
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Figure 5.6: After transformation

5.5 Other predefined examples

Now we give some examples of graphs that are not isomorphic. The Java program calls GAP
and returns the text given by the GAP code explaining why the two graphs are not isomorphic.
In some cases additional information is contained in the proof. This can be information about
vertices and or edges with a certain property. The vertices and edges having this property are
given a new color. These examples can be found in Figures 5.7 to 5.16

5.6 Vertex invariants

In this section we give an example of how to see which vertices can be separated by vertex
invariants. We do this by looking at the graphs with six vertices of Example 3. To compute vertex
invariants, right click on any vertex. Then the vertex invariants dialog, displayed in Figure 5.17,
pops up. In the dialog select the vertex invariants to calculate. In this example we only select the
degree. The result is shown in Figure 5.18.

5.7 Libraries and languages used

The graphical frontend is written in Java. Most of the algorithms are written in GAP. From Java it
is possible to call these through the RIACA GAP Service [12] by the corresponding RIACA GAP
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Figure 5.7: Example 1
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Figure 5.8: Example 2

Figure 5.9: Isomorphism dialog
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Figure 5.10: Isomorphism proof: Luks
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Figure 5.11: Example 3
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Figure 5.12: Example 4
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Figure 5.13: Example 5
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Figure 5.14: Example 6
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Figure 5.15: Example 8, two graphs from [36]
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Figure 5.16: Example with strongly regular graphs

Figure 5.17: Selecting vertex invariants
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Figure 5.18: Result of vertex invariants
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Link [10]. From GAP a modified local copy of dreadnaut is called on demand. The information
to dreadnaut is send in the format used by dreadnaut, the information sent back to GAP is sent
in a simple XML format.

For the Java program we use the packages listed below. We use the graphs libraries JGraph
[20] and JGraphT [21]. Furthermore we use Mapplet [32] for the morphing. For the link with
GAP we use the openmath library [30] and GAP phrasebook [11] from RIACA. They depend on
the parsing library ANTLR [1]. For support of GXL [18] we use the GXL core package [14]. For
the buttons we use the icons from the Java Look and feel Graphics Repository [22].

5.8 Creating graphs: GXL GraphPad

It is possible to use the GXL Graphpad program [15] to construct graphs. If a graph is constructed
with the GXL graph model then it is possible to save as a .gxl file with an accompanying
.gxllayout file. These files can be read from the proof assistant. The position of the vertices will
be read from the layout file if it exists. Note that the GAP code requires numerical node names
{1, . . . , n} and that therefore the nodes in the GXL should be named from 1 to n.

5.9 The nauty-compatible graph format

The number of vertices is set with n=|V |. The number of the first vertex (in our case one) is
set with $=n. The neighbors n1, . . . , ni of a vertex v are set with a line v: n1 . . . ni;. In the
comments (a comment starts with a ! at the beginning of the line) information about the name
and the layout of the graph can be entered.

n=4

$=1

!size(300,300)

g

1:

!pos(50,50)

2 4;

2:

!pos(250,50)

3 4;

3:

!pos(250,250)

4;

4:

!pos(50,250)

;
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Chapter 6

Conclusion

While a lot of graphs can be distinguished by the invariants listed in 2.6, some graphs can not. A
few examples can be found in Section 6.1. It is possible to add more and more invariants, but there
will always be graphs that cannot be told apart. Furthermore, some invariants provide proofs that
are less easy to understand by a human or harder to calculate. There are some invariants on
colored graphs, that are used in nauty that might reduce computation in Chapter 4. It might be
useful to see whether the nauty source code can be studied and adapted in such a way that these
give a refinement-like proof.

The methods we used to give a general proof are not very fast and give long proofs. It might
be possible to make them a bit faster, but the algorithms implemented in the way they currently
are are not useful for comparing graphs with a lot of edges and much more than 10 vertices.

The hierarchical structure of the proofs can be used to display the proof with structure: users
can click on a statement if they want to see a proof and otherwise don’t have to read the proof.
But the fact that such a feature is useful indicates that

The files and information on the structure and how to install them can be found online at [31].
The files have also been added to the RIACA software repository.

6.1 Graphs that can not be distinguished by invariants

Some graphs still can not be handled by the proof assistant. An example is a set of four graphs on
24 vertices constructed by Brouwer with his classification of (0, 2)-graphs [2]. These graphs can
be found with the gap package (graphs/brouwer1.g, graphs/brouwer2.g, graphs/brouwer3.g
and graphs/brouwer4.g). These graphs can be distinguished by the number of occurences of the
subgraph from Figure 6.1.

Some other set of graphs that cannot be distinguished by our approach are the strongly regular
graphs of type (35, 16, 6, 8) [29]. Of the 3853 graphs, only 3486 different values of the list of
invariants can be distinguished. An example of two graphs that cannot be distinguished are the
graphs 331 and 2101. The example examples/groups.g can be used to obtain these numbers and
find all pairs of graphs that take the same value for all of our invariants.

6.2 Things learned from implementing Luks’ algorithm

Luks’ algorithm was implemented first, because it was a logical extension of the permutation
algorithms already available. During this implementation functions were implemented to format
and structure the proof. Some of the algorithms are run twice, first to generate a result and then
to prove the result. It is sometimes possible to only run the algorithm once, and use a temporary
string variable to store a part of the proof.

The formatting functions were also used when implementing McKay’s algorithm. The al-
gorithm is run first (in dreadnaut) and therefore all information is available. Like with Luks’
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23

4

56

Figure 6.1: The number of these prism-like subgraphs can be used as an invariant

algorithm we only prove the things necessary to gain a proof. Some proofs like proving that a
partition can not be refined further are not necessary. Last but not least, the algorithm to prove
graph isomorphism with graph automorphism came from the implementation of Luks’ algorithm.

6.3 Suggestions

There are several things that might be interesting, but that we couldn’t do because due to lack
of time. It might be interesting to transform the algorithms so that they can generate computer
readable proofs as in [4]. We described how the algorithms of Luks and McKay could be used
with colored graphs, but did not implement this. This should not be hard to do. The algorithm
by McKay also works for directed graphs and therefore it should not be hard generate a proof of
nonisomorphism of directed graphs using a modified version of nauty. In Section 5.3 we describe a
method to determine (non-) isomorphism of graphs that are not connected. It should be straight-
forward to implement an algorithm that gives a proof for this. The invariants included in nauty
are currently not used. Most of these can probably be transformed so that a proof can be given,
which can reduce the search tree and may reduce the length of the proof. At the moment a lot of
data is sent from nauty to gap. This seems to be a bottleneck. It is possible to reduce the amount
of data and replace it by checks and minor calculations. This probably will allow processing larger
graphs.
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