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Linear algebraic groups

A subgroup of GL,, (k) defined by polynomial equations,
k a perfect field

eg: GL,(k), SL,(k),
group of lower triangular matrices,
group of lower unitriangular matrices
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Soluble and unipotent groups

We consider k-split connected soluble groups G, ie,
G=G>2Gy,>--->G, >1

with quotients G; /G, 1 isomorphic to k™ or k*

Unipotent matrix: Only eigenvalue is 1
Unipotent group: Every element unipotent
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Triangularisation

soluble <=> conjugate into the group of lower triangular matrices
unipotent <> conjugate into the group of lower unitriangular matrices

G = U x T where

U is unipotent (conjugate into the group of unitriangular matrices),
T is a direct sum of copies of £~
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Presentations for unipotent groups

Generalise the PC-presentation

Take z; : k™ — U; splitting U; — U;/U; 4

Generators: z;(a) fori =1,... ,manda € k
Relations:

zi(a)z;(b) = x;(a + b)
zj(b)zi(a) = zi(a)z;(b) ) 2 (Cijn(a, b))

for polynomials C;;;,
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Root orderings for U < SL4

1

app 1

a3 Q3 1
Qg Gy Qzq 1

Height ordering: 12, 23, 34, 13, 24, 14
Additive ordering: 12, 13, 23, 14, 24, 34
Weight ordering: 12, 13, 23, 14, 24, 34
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Collection example 1

For the height ordering, collect with

Tim(b)Tij(a) = Ti5(a)T1m(b) - Tin(5510D) T j1(—0imab)

12,23, 34,13, 24, 14, 12
12,12,23,13, 34, 13,24, 14, 14
12,12,23,34, 13, 14,13, 24, 14, 14
12,12,23,34, 13,13, 14, 24, 14
12,12,23,34, 13,13, 14, 14, 24
12,23, 34,13, 14, 24

«<A>» / department of mathematics and computer science 7/11



I! ! { technische universiteit eindhoven

Collection example 2

For the additive ordering, collect with

Tim(b)Tij(a) = Tij(a) - 21j(=0imab)Tmi(d51ab) - T4 (b)

12,13,23, 14,24, 34, 12
12,12,13, 13,23, 14, 14, 24, 34
12,13,23, 14,24, 34
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Noncollection example

For the weight ordering, compute Hall polynomials from the representation:

1
ap 1
12(012)13(013) %23 (A23) T14(014) T24 (020) T34 (031) = az a1

a1y Gog Ggq 1
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Extensions

e Soluble groups: action of the torus on the unipotent

e Disconnected groups: action of finite group on connected
e Group schemes: Frobenius kernel 1,

e Nonsplit groups: Twisted tori

e Converting between presentation and representation
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