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Abstract. We present algorithms to compute with relative root subgroups
of twisted reductive groups. Given a Galois cocycle specifying a twisted form,
we can find the relative root datum and Tits index, and carry out operations
involving root elements. We can also find a presentation of the unipotent
subgroup. Given a Tits index and the anisotropic subgroup, we can determine
a cocycle with that index, if one exists.

1. Introduction

In this paper, we describe algorithms for computing with relative root elements in
twisted reductive groups over arbitrary perfect fields, as described in [BT65]. This
builds on the algorithms for element arithmetic in the Steinberg presentation of
untwisted groups of Lie type given in [CMT04, CHM08]. These forms are classified
by Galois cohomology, as in [Spr98, Ser02]. Here we assume that the Galois cocycle
is provided by the user, but algorithms for computing Galois cohomology can be
found in [Hal05], extending the work of [Hol85]. All algorithms presented here have
been implemented by the second author in Magma [BC97].

The following notation is used throughout the paper. Let G be a split reductive
linear algebraic group defined over the perfect field k. We consider twisted forms
of G which are split over a given finite Galois extension K of k. Since every twisted
form of G splits over some such extension, we do not lose any generality. Let
A := Aut(G) be the group of algebraic automorphisms of G and let Γ := Gal(K:k).
The twisted forms of G splitting over K are now classified by the Galois cohomology
H1(Γ, A). For a given cocycle α ∈ Z1(Γ, A), the twisted form is written Gα and
its group of k-rational points is

Gα(k) = {g ∈ G(K) | gγαγ = g for all γ ∈ Γ}.
Recall that the Steinberg presentation for G determines a standard maximal torus T
and standard unipotent subgroup U . We can assume that our cocycle stabilizes T
by Springer’s Lemma [Ser02].

From the definition, it is easy to test if an element of G(K) is in Gα(k). We
call this an extrinsic description of the twisted group, since it is given in terms
of a larger group. This paper is part of a program to determine computationally
effective BN-pairs and presentations for Gα(k), ie, an intrinsic description. In this
paper we make some progress towards this by giving algorithms for the relative root
elements. Our main result is:
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Main Theorem. Let k be a perfect field with finite Galois extension K, and let
Γ = Gal(K:k). Let G be a split reductive algebraic group over k described by
its Steinberg presentation. Let T be the standard maximal torus and let U be the
standard unipotent subgroup. Given a cocycle α ∈ Z1(Γ, Aut(G)) normalizing T
we can compute:

(1) the relative root system and Tits index of Gα with respect to T ;
(2) the relative root subgroups of Gα with respect to T , given as parametrised

subgroups of G(K); and
(3) an explicit presentation for Uα(k) := Gα(k) ∩ U(K).

We apply our algorithms to several examples: 2E35
6,1(k), 3D9

4,1(k), and 6D9
4,1(k).

In these examples, the field k need not be specified beforehand. In fact, given a
Tits index for G and an intrinsic description of the anisotropic kernel, we can give
explicit conditions on k for the cocycle to exist, as well as a method for constructing
it. Another application, given in [Hal05], is to compute twisted maximal tori of
reductive groups, and then use them to compute all Sylow subgroups of a finite
group of Lie type.

In Section 2 we describe algorithms for extended root data, relative root data,
and Tits indices. In Section 3 we describe relative root elements and relative root
subgroups, as well as relations between them. Finally in Section 4 we apply our
techniques to several important examples, some of which have not been explicitly
described before now, to the best of our knowledge.

Note that the methods presented here do not work for types 2B2,
2G2, and 2F4,

since the map induced by the Dynkin diagram symmetry on the full root lattice
X is not linear. We expect though that our method will work if we replace the
Z-module X by a (Z + Z

√
2)-module in cases 2B2 and 2F4 or a (Z + Z

√
3)-module

in the case 2G2. This construction is given for groups over finite fields in [BM92].

2. The relative root datum and Tits index

In this section we describe the extended root datum, relative root datum, and
Tits index for the twisted reductive group Gα. We also outline algorithms for
these structures. See [Dem65] on the theory of root data and see [CMT04] for
computational methods. Our description of relative root data is based on [Sat71]
and [Sch69].

Let R = (X, Φ, Y, Φ⋆) be the root datum of G. Let Π be a fundamental system
of Φ and define the positive roots Φ+ accordingly. Recall that an algebraic group
can be identified with its elements defined over k̄, the algebraic closure of k. The
Steinberg presentation of G has generators xr(a), for r ∈ Φ a root and a ∈ k̄, and
y⊗t, for y ∈ Y and t ∈ k̄×. The relations are given in [CMT04, Section 4.1] and the
action of a field automorphism γ is given by xr(a)γ = xr(a

γ) and (y⊗ t)γ = y⊗ tγ .
The standard torus T = Y ⊗ k̄× is now the subgroup generated by the elements
y ⊗ t, for y ∈ Y and t ∈ k̄×. The standard unipotent subgroup U is generated by
the elements xr(a) for r ∈ Φ+ and a ∈ k̄. Finally the root subgroup of the root r is
Xr = {xr(a) | a ∈ k̄} ∼= k̄+.

As usual, set A := Aut(G), Γ := Gal(K:k), and let α ∈ Z1(Γ, A) be a fixed
cocycle normalising T . A cocycle is determined by the images of the generators
of Γ, and we use this fact to represent our cocycle computationally. Given a fixed
generating set γ1, . . . , γm for Γ, we write [[a1, . . . , am]] to denote the cocycle α with
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αγi
= ai for each i. The cocycle determines a twisted action on Gα where γ ∈ Γ

acts by g 7→ gγαγ .
The automorphism group of R is a semidirect product DW , where the Weyl

group W := NG(T )/T is normal and D is the group of automorphisms of the
Dynkin diagram of R. Now NA(T ) is a semidirect product (DW )T with T normal.
For τ ∈ D or w ∈ W there is an easily computed T -coset representative denoted τ̇
or ẇ (see [CMT04]). Since α normalizes T , for each γ ∈ Γ we have αγ = τ̇ ẇt for
some τ ∈ D, w ∈ W , t ∈ T . The action of γ on R is now given by τw. This is the
Γ-action in [Sch69]. The root datum R together with the action of Γ on R induced
by the cocycle α is called an extended root datum and denoted by Rα.

In Magma, we generally use a representation of Galois cocycles which explicitly
stores the action of Γ on R. If αγ is just given as a map G(K) → G(K), we need
to compute this action. If G is semisimple, we can proceed as follows:

(1) Take a generating set γ1, . . . , γm for Γ, and let Π = {r1, . . . , rℓ}.
(2) For each γi and rj compute xrj

(1)αγi . This has the form xs(λ) for s = rαγ

and some λ ∈ k.
(3) We now have the action of αγ on the roots, so we can compute its action

on X by linear algebra over Q. The action on Y is the dual of this action.

If G is not semisimple, we need to look at the action on toral elements: Let f1, . . . , fn

be a basis of Y and suppose f
αγi

j =
∑

m amfm. Then we have, for t ∈ K,

(fj ⊗ t)αγi =
∏

m

fm ⊗ tam .

If necessary we can find the am by a Gröbner basis computation. For many fields
there is a faster method however: For example, if K is finite we can use discrete
logarithms, or if K is a number field we can use the algorithm of [FdG08]. Once
again the action on X is the dual.

Let Oα(χ) denote the orbit of χ ∈ X under the Γ-action corresponding to the
cocycle α. For r ∈ Φ, [Sch69, (16)] shows that either Oα(r) is contained in Φ+, or
it is contained in Φ−, or the sum of the roots of Oα(r) is zero. In the latter case,
we have

∑

γ∈Γ rαγ = 0, which is equivalent to
∑

s∈Oα(r)

s = 0,(1)

since
∑

γ∈Γ rαγ = m
∑

s∈Oα(r) s, where m is the order of the stabilizer of r in Γ.

Put

X0 := {χ ∈ X |
∑

γ∈Γ

χαγ = 0}.(2)

Let Φ0 := Φ∩X0 and Π0 := Π∩X0. Then, by [Sch69, Section 1], X0 is a submodule
of X , Φ0 is a subsystem of Φ, and Π0 is a fundamental system of Φ0. Note that Π0

is not necessarily a basis of X0 (a counterexample is given in Example 2.1).
Set X̄ := X/X0 and let πX : X → X̄ be the standard projection. Then X̄ is

a free Z-module. Let Ψ and ∆ be the images under πX of Φ \ Φ0 and Π \ Π0,
respectively. Write π for the restriction of πX to Φ. Dually we can define Ȳ and
Ψ⋆. Then S = (X̄, Ψ, Ȳ , Ψ⋆) is a root datum and ∆ is a fundamental system of
it. We call Ψ the relative root datum and ∆ the relative fundamental system. Note
that Ψ need not be irreducible nor reduced even if Φ is. The relative rank of Rα is
|∆|, whereas the absolute rank is |Π|. Let Ψ+ and Ψ− denote the images under π



4 ARJEH M. COHEN, SERGEI HALLER, AND SCOTT H. MURRAY

of Φ+ \ Φ0 and Φ− \ Φ0. When X0 = X , the relative root system is an empty set
and the twisted form Gα is called anisotropic.

Let δ ∈ Ψ+ be a relative root. We fix a set of representatives of the orbits Oα(r)
with the property π(r) = δ and call this set Jδ. Then, by [Sch69, Section 2],

π−1(δ) =
˙⋃

r∈Jδ

Oα(r).(3)

Once the action of Γ on X and Y is known, the other properties of an extended
root datum can be computed from the definitions. The action of Γ on X can be
found as an integral matrix group. Now X0 is the intersection of the nullspaces of
the generators, and π can be computed by linear algebra. The action on Φ can be
found as a permutation group The orbits can be calculated by the standard orbit
algorithm, and the representative sets Jδ can be chosen arbitrarily. We can also
compute basic properties of the relative root datum. For example, the Cartan ma-
trix can be found by looking at root strings. In type A20, all of these computations
take less than 2 seconds on a Pentium 1.6 GHz.

We now construct an action of Γ on Π induced by the action on Φ. Let γ ∈ Γ
and recall that αγ acts on R as τw for some τ ∈ D, w ∈ W . Then γ acts on Π
by r 7→ rτ . This is the [Γ]-action of [Sch69]. The cocycle α and the corresponding
twisted form Gα are called inner if the [Γ]-action is trivial and outer otherwise.
Let [O]α(r) be the orbit of r ∈ Π under this action. Then, by [Sch69, Proposition
3.5],

[O]α(r) = Π ∩ π−1(π(r)).

In order to compute the [Γ]-action on the Dynkin diagram, first consider the Γ-
action as a permutation group on Φ. Then D is the subgroup normalising the set
Π, which can be found by standard permutation group algorithms.

Example 2.1. We illustrate this by a small example. Let Φ be a root system of
type A3 and let Π = {r1, r2, r3} be a fundamental root system of Φ with the Dynkin
diagram:

bc bc bc

r1 r2 r3

Then the Weyl group W is generated by fundamental reflections s1, s2, and s3. Let
Γ = 〈γ〉 be of order 2. Choose the cocycle α = [[τ̇ ṡ2]], where τ is the non-trivial
Dynkin diagram symmetry. Then

X0 = 〈r2, r1 − r3〉, Φ0 = {±r2}, and Π0 = {r2}.
The orbits of the actions of Γ on Φ and Π are

Oα(r1) = {r1, r2 + r3}, [O]α(r1) = {r1, r3},
Oα(r2) = {r2,−r2}, [O]α(r2) = {r2},
Oα(r3) = {r3, r1 + r2},

Oα(r1 + r2 + r3) = {r1 + r2 + r3},
together with the orbits lying entirely in Φ−, which are determined by negating the
orbits in Φ+. The relative root system is Ψ = {±δ1,±2δ1} with δ1 = π(r1). This
is a root system of type BC1 with the fundamental system ∆ = {δ1}. Furthermore

π−1(δ1) = Oα(r1) ∪̇ Oα(r3) and π−1(2δ1) = Oα(r1 + r2 + r3).
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Now we describe briefly the graphic notation for relative root systems called the
Tits index [Tit66]. It is the Dynkin diagram of R with additional data describing
the [Γ]-actions. We call a vertex of the Dynkin diagram distinguished if the cor-
responding fundamental root is not in Π0. The vertices of the fundamental roots
belonging to the same [Γ]-orbit are placed “next” to each other. If a vertex is dis-
tinguished, then all roots in its [Γ]-orbit are distinguished as well, and we circle the
orbit. Thus, the example from the previous section has the Tits index

bc

bc

bc

r1

r2

r3

.

Let S be a maximal k-split torus contained in T . The commutator subgroup
of the centraliser CG(S) is a semisimple k-anisotropic group and is called the
anisotropic kernel of Gα. The anisotropic kernel is also a reductive group and
the diagram of the anisotropic kernel is obtained from the index of Gα by remov-
ing all distinguished vertices. Note that the anisotropic kernel is not completely
determined by the Tits index, so different forms may have identical indices. The
Tits index determines the extended root datum, up to isomorphism.

We use the same terminology for the Tits indices as in [Tit66]: A Tits index
is denoted by gM t

n,ℓ, where Mn is the Cartan type of the Dynkin diagram, g is

the order of the quotient of Γ modulo the kernel of the [Γ]-action, n and ℓ are the
absolute and the relative ranks, and t denotes the degree of a division algebra that
occurs in the definition of the form in the case of classical types and it denotes the
dimension of the anisotropic kernel in the case of exceptional types (including D4).
To emphasize the difference in the notation, t is put in parentheses for the classical

types. The Tits index in the above example has type 2A
(2)
3,1. We obviously have

g = 1 for inner forms, in which case g is usually omitted. In the one case where
t does not uniquely determine which index is intended, they are distinguished by
primes: 2E16′

6,2 and 2E16′′

6,2 .
We have seen how to compute Φ0 and the [Γ]-action. So, in order to compute

the Tits index from a cocycle, it only remains to find the value of t. In the clas-
sical cases, t can computed from the action on the natural module for the group;
in the exceptional cases, compute the dimension of the reductive Lie subalgebra
corresponding to Φ0. We have now proved part (1) of the Main Theorem.

Conversely, given a Tits index we can compute an extended root datum by
extending the [Γ] action linearly to all of Φ. A cocycle can also be computed
provided that we have an intrinsic description of the anisotropic radical, as we see
in Section 4.

3. Root subgroups

The (standard) unipotent subgroup of Gα(k) is Uα(k) := U(K) ∩Gα(k). In this
section, we describe the relative root elements and relative root subgroups, and use
them to compute a presentation of Uα(k).

Recall that the only scalar multiples of a root δ in a (not necessarily reduced)
root system are ± 1

2δ, ±δ, and ±2δ. We use the following lemma repeatedly:
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Lemma 3.1. Let δ, ǫ ∈ Ψ+ and r ∈ π−1(δ), s ∈ π−1(ǫ). If ir + js ∈ Φ for positive
integers i and j, then iδ + jǫ ∈ Ψ+ and π(ir + js) = iδ + jǫ. In particular, if δ = ǫ,
then we must have i = j = 1 and π(r + s) = 2δ.

Proof. Since r /∈ Φ0, the coefficient of at least one fundamental root in Π \ Π0 is
positive in the linear combination of r. Hence the same coefficient in ir + js is
positive and so ir + js ∈ Φ+ \ Φ0. Since πX is a homomorphism of Z-modules, we
have π(ir + js) = iπ(r) + jπ(s) = iδ + jǫ ∈ Ψ+.

If δ = ǫ, then π(ir + js) = (i + j)δ. This can only be a root in Ψ if i + j = 2
since i and j are positive integers. �

For δ ∈ Ψ+, define

Uδ =
∏

s∈π−1(δ)

Xs =
∏

r∈Jδ

∏

γ∈Γ

Xrαγ ,

with the whole product taken in the ordering of the roots fixed for the unique
decomposition of U in [CHM08]. This is an algebraic subset of G, but not necessarily
a subgroup. The relative root subgroup Xδ is now defined as the k-rational points
of the subgroup of Gα (algebraically) generated by Uδ. In other words,

Xδ := 〈Uδ〉α(k).

First we consider the structure of the algebraic subgroup 〈Uδ〉.

Lemma 3.2. Let δ ∈ Ψ+. If 2δ /∈ Ψ, then Uδ = 〈Uδ〉 is an abelian group. If
2δ ∈ Ψ, then 〈Uδ〉 = UδU2δ, the centre of 〈Uδ〉 is U2δ, and 〈Uδ〉/U2δ is abelian.

Proof. If a, b ∈ Uδ, then a =
∏

r∈π−1(δ) xr(ar) and b =
∏

r∈π−1(δ) xr(br) with each

ar, br ∈ k̄. By collection using the commutator relations, as in [CHM08], we can
write

ab =
∏

r∈π−1(δ)

xr(ar + br)
∏

s

xs(cs)

where each cs ∈ k̄ and s runs over roots which are linear combinations of roots in
π−1(δ) with positive integral coefficients. By Lemma 3.1, it follows that

∏

s xs(cs)
is in 〈U2δ〉. If 2δ /∈ Ψ, such roots s do not exist, and so Uδ is an abelian group. If
2δ ∈ Ψ, then 4δ /∈ Ψ and so U2δ is an abelian group and must contain

∏

s xs(cs).
Hence 〈Uδ〉 ⊆ UδU2δ and (UδU2δ)/U2δ is abelian.

If π(t) = 2δ, then we must have t = r + s for some r, s ∈ π−1(δ). (Otherwise
take a counterexample t =

∑

i tiri with
∑

i ti minimal. Then t − ri ∈ Φ0 for
some i, and hence π(t) = π(r1) which cannot be a double root.) Hence each
Xt = [Xr, Xs] ≤ 〈Uδ〉, and so U2δ ⊆ 〈Uδ〉.

Finally if r ∈ π−1(δ), s ∈ π−1(2δ) and ir+js is a root for some positive integers i
and j, then π(ir+js) = (i+2j)δ ∈ Ψ by Lemma 3.1 and i+2j ≥ 3, a contradiction.
Hence [Xr, Xs] = 1, and so U2δ is the centre. �

Now we describe Xδ, consisting of the elements of 〈Uδ〉 which are fixed by all γαγ .
For δ ∈ Ψ let Vδ be the formal K-vector space with basis Jδ and let t =

∑

r∈Jδ
trr ∈

Vδ. Define

uδ(t) =
∏

r∈Jδ

∏

γ∈Γ

xr(tr)
γαγ ,(4)



COMPUTING IN TWISTED REDUCTIVE GROUPS 7

where the product is in the same order as above. The image under γαγ of the root
element xr(tr) for r ∈ Φ and tr ∈ K, is

xr(tr)
γαγ = xrαγ (λrγtγr ),(5)

where λrγ ∈ K is a constant that depends on the root r and on γ. Since

(

xr(tr)
γ′

αγ′
)γαγ

= xr(tr)
γ′γα

γ

γ′αγ = xr(tr)
γ′γαγ′γ ,

we have uδ(t)
γαγ is the product of the same root elements as uδ(t) taken in a

different order.
If 2δ is not a relative root, then Uδ is an abelian group. Thus the order of terms

in the product uδ(t) is irrelevant and uδ(t)
γαγ = uδ(t). Clearly uδ : Vδ → Uδ

parametrizes the relative root group Xδ = 〈Uδ〉α(k).
If 2δ is a relative root, we define

cδγ(t) = uδ(t)
−1uδ(t)

γαγ for γ ∈ Γ.(6)

By the same collection argument used in the proof of Lemma 3.2, cδγ(t) is contained
in U2δ. Let ρ : Γ → U2δ be defined by γ 7→ cδγ(t). We compute

uδ(t)cδ,γγ′(t) = uδ(t)
γγ′

αγγ′ = (uδ(t)
γαγ )γ′

αγ′ = (uδ(t)cδγ(t))γ′
αγ′

= uδ(t)cδγ′(t)cδγ(t)γ′
αγ′ = uδ(t)cδγ(t)γ′

αγ′ cδγ′(t)

using equation (6) and the fact that U2δ is central. Hence cδ,γγ′(t) = cδγ(t)γ′
αγ′ cδγ′(t)

and so ρ is a cocycle in Z1(Γ, (U2δ)α).
By [Spr98, Corollary 14.3.10], H1(Γ, U) = 1 for every unipotent group U . Hence

ρ is a coboundary, that is, there is a solution vδ(t) ∈ U2δ(K) for the system of
equations

cδγ(t) = vδ(t)vδ(t)
−γαγ , for all γ ∈ Γ.(7)

An algorithm for finding vδ(t) is given at the end of this section.
Now fix a particular solution vδ(t) for each t ∈ Vδ and define relative root elements

by

xδ(t) =

{

uδ(t) if 2δ 6∈ Ψ ,

uδ(t)vδ(t) if 2δ ∈ Ψ .
(8)

We will now show that

Xδ =

{

{xδ(t) | t ∈ Vδ} if 2δ 6∈ Ψ ,

{xδ(t)x2δ(s) | t ∈ Vδ, s ∈ V2δ} if 2δ ∈ Ψ .
(9)

If 2δ is a relative root, then

(xδ(t))
γαγ = uδ(t)

γαγ vδ(t)
γαγ = uδ(t)cδ,γ(t)vδ(t)

γαγ

= uδ(t)vδ(t)vδ(t)
−γαγ vδ(t)

γαγ = xδ(t),

and so xδ(t) is in Xδ. Clearly X2δ ⊆ Xδ.
The fact that every element of Xδ is of the form xδ(t)x2δ(s) follows immediately

from:

Lemma 3.3. For given cδγ(t), γ ∈ Γ, the set of solutions vδ(t) ∈ U2δ for (7) is the
coset wδ(t)X2δ, where wδ(t) is any particular solution for this equation system.
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Proof. Let wδ(t) be a solution of (7) and x ∈ X2δ. Then wδ(t)x ∈ U2δ and

(wδ(t)x)(wδ(t)x)−γαγ = wδ(t)xx−γαγ wδ(t)
−γαγ

= wδ(t)xx−1wδ(t)
−γαγ = wδ(t)wδ(t)

−γαγ

= cδγ(t)

for all γ ∈ Γ. If on the other hand, v1, v2 ∈ U2δ are two solutions for (7), then

v2v
−γαγ

2 = cδγ(t) = v1v
−γαγ

1 and so v−1
1 v2 = v

−γαγ

1 v
γαγ

2 = (v−1
1 v2)

γαγ , for all

γ ∈ Γ. Thus v−1
1 v2 ∈ X2δ. �

Next we want to show that Uα(k) is generated by the root subgroups. Let
u ∈ Uα(k) be an arbitrary element. Write u as a product of root elements with the
roots in order of increasing height, as in [CHM08]. Let xr(a) be the first nontrivial
root element occurring in this decomposition. Since xr(a) occurs in this product,
xr(a)γαγ must also occur in the product for each γ ∈ Γ, since u is fixed by γαγ . In
particular, Oα(r) must be contained in Φ+, hence δ := π(r) ∈ Ψ+. Now let t ∈ Vδ

with tr = a and ts = 0 for r 6= s ∈ Jδ. Thus u = xδ(t)u
′ and all root elements

occurring in the decomposition of u′ correspond to roots larger than r. Since the
number of roots is finite, we conclude by induction that

Uα(k) =
∏

δ∈Ψ+

Xδ

where the ordering on the Ψ+ is induced by the ordering on Φ+.
We have now shown:

Theorem 3.4. The relative root groups and root elements in Gα(k) satisfy the
following properties:

(1) For all δ ∈ Ψ and t ∈ Vδ we have xδ(t) ∈ Gα(k).
(2) If 2δ 6∈ Ψ, then Xδ is an abelian group isomorphic to the additive group of

the vector space Vδ.
(3) If 2δ ∈ Ψ, then Xδ is nilpotent of class 2, then Xδ =

{

xδ(t)x2δ(s) | t ∈
Vδ, s ∈ V2δ

}

, X2δ is the centre of Xδ, and Xδ/X2δ is abelian.
(4) Uα(k) =

∏

δ∈Ψ+ Xδ.

Note that the relative root elements and relative root subgroups for negative
relative roots can be constructed in a similar way.

Only one thing remains to finish our proof of part (2) of the Main Theorem.
We need an algorithm for computing a solution vδ(t) ∈ X2δ for the system of
equations (7).

Recall the definition of λr,γ from (5).

Lemma 3.5. For any γ ∈ Γ and any s ∈ Φ, we have

|γ|−1
∏

j=1

λγj−1

sα
−j
γ ,γ

= λ−1
s,γ .

Proof. By induction we get for any γ ∈ Γ:

xs(ts)
(γαγ)−|γ|

= xs

(

(

|γ|−1
∏

j=1

λγj−1

sα
−j
γ ,γ

)

λs,γts

)

.
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On the other hand, xs(ts)
(γαγ)−|γ|

= xs(ts). Now the lemma follows by comparing
the coefficients. �

We can now give an algorithm for finding vδ(t). Fix generators γ1, . . . , γm for Γ.
For i := 1, . . . , m, write

cδγi
(t) := u2δ(ci)

for ci ∈ V2δ. So cir is the entry of the rth root element of cδγi
(t) in the unique

decomposition. Similarly write vδ(t) = u2δ(v), where the vr are to be found. Then

vδ(t)vδ(t)
−γαγ =

∏

r∈π−1(2δ)

xrαγ (vrαγ − λrγvγ
r ),

From the equations cδγi
(t) = vδ(t)vδ(t)

−γiαγi (i = 1, . . . , m) we obtain a system of
equations over K:

ci,r
αγi = vr

αγi − λrγi
vγi

r for r ∈ π−1(2δ), i = 1, . . . , m.(10)

Or equivalently

vr = ci,r + λ
r

α
−1
γi ,γi

vγi

r
α

−1
γi

for r ∈ π−1(2δ), i = 1, . . . , m.(11)

For each s ∈ J2δ, consider the subsystem of equations for r ∈ Oα(s). Then,
applying (11) repeatedly starting with s, we get

vs = ci,s + λ
r

α
−1
γi ,γi

vγi

s
α

−1
γi

= ci,s + λ
s

α
−1
γi ,γi

(c
i,s

α
−1
γi

)γi + λ
s

α
−1
γi ,γi

λγi

s
α

−2
γi ,γi

(c
i,s

α
−2
γi

)γ2
i + · · · +





|γ|−1
∏

j=1

λ
γ

j−1

i

s
α

−j
γi ,γi



 v
γ
−1

i
s

Now we bring the last summand from the right hand side to the left hand side and
replace the product in this summand by λ−1

s,γi
using Lemma 3.5. What is left on

the right hand side, we abbreviate by Lis. Note that it is known. We end up with

vs − λ−1
s,γi

v
γ
−1

i
s = Lis for s ∈ J2δ, i = 1, . . . , m(12)

for each i and s. Our algorithm for finding vδ(t) is:

(1) Compute the constants Lis for each i = 1, . . . , m and s ∈ J2δ.
(2) Solve the system of k-linear equations (12). We get a value vs for each

s ∈ J2δ.
(3) Use Equation (11) to get vr, r ∈ Oα(s) for each orbit representative s.

Note that we could have just solved the k-linear equations (10), but this method is
more efficient.

This algorithm allows us to do more than just solve for vδ(t) for a particular
t ∈ Vδ however. Take E to be the polynomial ring over K with indeterminates tγr
and uγ

s for r ∈ Jδ, s ∈ Jǫ, γ ∈ Γ. Let Γ act on E in the obvious way, and call
its elements Γ-polynomials. Then we can extend G and α to E in Magma, and
compute the solutions vs above symbolically over E. So we have Γ-polynomials
vr(t) such that

vδ(t) =
∏

r∈π−1(2δ)

xr(vr(t)).

We have now computed parametrisations of the relative root subgroups, and so
proved part (2) of the Main Theorem.
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We can apply the same method to find commutator relations. Suppose that
δ, ǫ ∈ Ψ+. Then

xδ(t)xδ(u) = xδ(t + u)x2δ(fδ(t, u)), and(13)

[xδ(t), xǫ(u)] =
∏

xiδ+jǫ(gδǫij(t, u))(14)

where i and j run over all nonegative positive integers, not both zero, such that
iδ + jǫ is a relative root and the product is in the ordering described above. Here
fδ(t, u) and gδǫij(t, u) are Γ-polynomials, which are computed by collecting the
roots elements in order of increasing height as in the proof of Theorem 3.4(4) given
above. This finishes the proof of part (3) of the Main Theorem.

4. Important examples

In this section, we present several important examples. We compute the sub-
group generated by the root subgroups for twisted groups of Lie type 2E35

6,1(k),
3D9

4,1(k), and 6D9
4,1(k). Another example 2E16′

6,2 is given in [HS05], including com-
mutators between the two relative root subgroups.

In this section we assume that the characteristic of k is not 2.

4.1. A twisted form of E6 of rank 1: 2E35
6,1(k). Let R = (X, Φ, Y, Φ⋆) be the

adjoint root datum of type E6 and G(k) = E6(k) be given by the Steinberg presen-
tation. Let Π be a fundamental system with the following Dynkin diagram:

bc bc bc bc bc

bc

r1

r2

r3 r4 r5 r6

Denote the highest root by r∗. We also use the notation acdef
b

for the root ar1+br2+
· · · + fr6. In this section, we compute relative root elements and root subgroups
for the twisted group of Lie type corresponding to the Tits index 2E35

6,1(k):

bc bc

bc

bc

bc

bc

r1

r2

r3

r4

r5 r6

Note that 35 is the dimension of the anisotropic kernel of type A5. This form is
known not to exist over finite fields, over p-adic fields, or over R. There are number
fields k over which this form exists (see for example Selbach [Sel76]). We compute
relative root subgroups of 2E35

6,1(k) as a subgroup of E6(K), where K is a quadratic
extension of k. Denote by γ the non-trivial automorphism in Γ := Gal(K:k).

4.1.1. The cocycle. First we compute a cocycle of Γ on Aut(G) defining a twisted
form corresponding to the above index. As described in Section 2, this amounts to
finding a Weyl group element w, such that τw has the needed action on Φ and Π,
where τ is the non-trivial symmetry of D. Recall the notation τ̇ from Section 2.
Next we have to find a torus element h, such that

α := [[τ̇ ẇh]]

is a cocycle.
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We know from the Tits index that Π0 = {r1, r3, . . . , r6} and Φ0 is the subsystem
of Φ spanned by Π0 of type A5. The longest word w for the subsystem Φ0 has the
required properties for the Γ-action on Φ. The orbits of Γ on Φ that sum up to 0
and those contained in Φ+ are given by

Oα(r) = {r,−r} if r ∈ Φ0,

Oα(r∗) = {r∗},
Oα(r) = {r, r∗ − r} if r ∈ Φ+ \ Φ0 and r 6= r∗.

The relative root system Ψ = {±δ,±2δ} has type BC1 with

π−1(δ) =
˙⋃

r∈Jδ

Oα(r),

π−1(2δ) = Oα(r∗)

where Jδ = { 00000
1

, 00100
1

, 01100
1

, 00110
1

, 11100
1

}. We denote the elements of Jδ by β1, . . . , β5

and set βi := βτw
i−5 for i = 6, . . . , 10.

Now that we have the required action of Γ on Φ, we have to choose a torus
element h =

∏6
i=1 r⋆

i ⊗ hi, where hi ∈ k∗. For α to be a cocycle, γαγ must have
order 2, which is true if, and only if,

h1h
2
2h

2
3h

3
4h

2
5h6 = −1.

Hence h1 is determined by h2, . . . , h6:

h1 = −(h2
2h

2
3h

3
4h

2
5h6)

−1.

By construction, γαγ leaves the subgroup A5(K) := 〈Xr(K) | r ∈ Φ0〉 of G(K)
invariant and the restriction of the action to this subgroup is also an algebraic
automorphism defining a cocycle.

Further we assume the existence of h1, h2, h3, . . . , h6 ∈ k∗, such that the group
(A5)α(k) is an anisotropic twisted group of Lie type. Basically, this means that
the standard representation of the torus element

∏

i r⋆
i ⊗ hi in SL6(K) defines an

anisotropic unitary form q on K6 and (A5)α(k) ≃ SU6(k, q).

4.1.2. Relative root elements. We use methods from Section 3. By (4), we have

x2δ(t) = u2δ(t) = xr∗(tr∗ − tγr∗
).

For the root δ, we first define uδ(t) as in Equation (4) and cδγ(t) can be computed,
but we omit the details. To compute vδ(t), we introduce constants

cr =
6

∏

i=1

s
〈r,r⋆

i 〉
i ∈ k∗.

Then for t ∈ K:

xr(t)
αγ = xrτw(Nr,rτwcrt),

xr∗(t)
αγ = xr∗(cr∗ · t),

where Nr,rτw is the structure constant defined in [CMT04]. We introduce a k-valued
bilinear form g : Vδ × Vδ → k:

g(t, u) :=
10
∑

i=1

cβi
tβi

uγ
βi

.
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Since the characteristic is not 2, a solution vδ(t) for the equation (7) is

vδ(t) = xr∗(− 1
2g(t, t))

and the relative root element is xδ(t) = uδ(t)vδ(t). The commutator relation (13)
has been computed but is too long to state here.

4.2. The groups 3D9
4,1(k) and 6D9

4,1(k). Let R = (X, Φ, Y, Φ⋆) be the adjoint
root datum of type D4. In this section, we compute the root elements of the
twisted groups of Lie type corresponding to the Tits diagrams 3D9

4,1 and 6D9
4,1,

both corresponding to the following figure:

bc

bc

bc

bcr2

r1

r3

r4

Both of these groups were of recent interest, see for example [PRS04].
We start by computing the relative root systems and the root orbits under the

actions of Γ on Φ and Π as described in Section 2. We use the notation of that
section and denote the highest root by r∗.

The group of all its symmetries of the Dynkin diagram is D = 〈τ3, τ2〉, where
τ3 = (r1, r3, r4) and τ2 = (r3, r4). Recall the notation τ̇ from Section 2.

4.2.1. Type 3D9
4,1. If Γ has order 3, then there is no cocycle in Z1(Γ, DW ) with the

properties

Oα(r2) ⊂ Φ+,
∑

γ∈Γ

rγ
i = 0 for i = 1, 3, 4.

The smallest possible field extension, for which such a cocycle exists, has cyclic
Galois group of order 6, which we consider in the following construction. Let
Γ = 〈γ〉.

Then the cocycle α = [[τ3s1s3s4]] admits the above Tits index. The Γ-orbits are:

Oα(r1) = {±r1,±r3,±r4},
Oα(r2) = {r2, r1 + r2 + r3 + r4},

Oα(r1 + r2) = {r2 + r1, r2 + r3, r2 + r4,

r2 + r1 + r3, r2 + r2 + r4, r2 + r3 + r4},
Oα(r∗) = {r∗}.

The [Γ]-orbits are:

[O]α(r1) = {r1, r3, r4},
[O]α(r2) = {r2},

of which only the latter is distinguished. We have

X0 = 〈r1, r3, r4〉, Π0 = {r1, r3, r4}, Φ0 = {±r1,±r3,±r4}.
Let δ = π(r1). The relative root system is Ψ = {±δ,±2δ} of type BC1 with the
fundamental system ∆ = {δ}. We set Jδ = {r∗} and J2δ = {r2, r1 + r2}. Let
r5 := r1 + r2.
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The [Γ]-action is not faithful. The kernel of the action is 〈γ2〉 and the order of
the quotient is 3. The anisotropic kernel has type A1A1A1 and so its dimension is
9. Thus the index is of type 3D9

4,1.

The cocycle α ∈ Z1(Γ, NA(T )) now has the form [[τ̇3ẇh]], where w = s1s3s4 and
h is conjugation by a torus element. The torus element

∏

i∈{1,3,4} r⋆
1 ⊗ (−1) makes

α is a cocycle. By (4), we have

x2δ(t) = u2δ(t) = xr∗(tr∗ − tγr∗
+ tγ

2

r∗
− tγ

3

r∗
+ tγ

4

r∗
− tγ

5

r∗
).

For the root δ, we first compute

cδγ(t) = xr∗(tr2
tγr2

+ tr2
tγ

3

r2
+ tr2

tγ
5

r2
− tr5

tγ
3

r5
)

for t as in (4). In characteristic not 2, a solution vδ(t) for the equation (7) is

vδ(t) = xr∗

(

1
2

(

2
∑

i=0

(−1)i(tr2
tγ

3

r2
)γi −

2
∑

i=0

(−1)i(tr5
tγ

3

r5
)γi

+

4
∑

i=0

(−1)i(tr2
tγr2

)γi

+ tr2
tγ

5

r2

)

)

and the relative root element is

xδ(t) = uδ(t)vδ(t).

Finally the commutator relation (13) holds with the Γ-polynomial

fδ(t, u) := −tγ01u01 − tγ11u
γ4

11 + tγ
3

11u11 − tγ
5

11uγ2

11 .

where t = t01r2 + t11(r1 + r2) and u = u01r2 + u11(r1 + r2).

4.2.2. Type 6D9
4,1. Consider a Galois extension K of k with Galois group isomorphic

to Σ3 and generators γ3, γ2 of orders 3 and 2 respectively. Then the cocycle α =
[[τ3, τ2s1s3s4]] admits the above Tits index. The Γ- and [Γ]-orbits are the same as in
the case of 3D9

4,1, as are X0, Π0, and Φ0. The relative root system is Ψ = {±δ,±2δ}
of type BC1 with the fundamental system ∆ = {δ}. We set Jδ = {r∗} and J2δ =
{r2, r5}, as above.

This time the [Γ]-action is faithful, thus the index is of type 6D9
4,1.

The cocycle α ∈ Z1(Γ, NA(T )) now has the form [[τ̇3h, τ̇2n1n3n4h
′]], where h

and h′ are conjugations by torus elements. The torus elements h = 1 and h′ =
∏

i∈{1,3,4} r⋆
i ⊗ (−1) make α a cocycle. By (4) and (8), we have

x2δ(t) = u2δ(t) = xr∗(t∗ − tγ2

∗ − tγ2γ3

∗ − tγ3γ2

∗ + tγ3

∗ + tγ3γ3

∗ ).

where t = t∗r∗ ∈ V2δ. For the root δ, we first compute

cδγ2
(t) = xr∗(tr2

tγ2

r2
− tγ2γ3

r2
tγ3

r2
− tγ2γ3

r2
tγ3γ3

r2
− tγ3γ2

r2
tγ3

r2

− tγ3γ2

r2
tγ3γ3

r2
− tr5

tγ2

r5
+ tγ2γ3

r5
tγ3

r5
+ tγ3γ2

r5
tγ3γ3

r5
),

cδγ3
(t) = xr∗(tr2

tγ2

r2
+ tr2

tγ2γ3

r2
+ tr2

tγ3γ2

r2
− tγ2

r2
tγ3

r2
− tγ2γ3

r2
tγ3

r2

− tγ3γ2

r2
tγ3

r2
− tr5

tγ2

r5
+ tγ2γ3

r5
tγ3

r5
),

for t as in (4). In characteristic not 2, a simultaneous solution vδ(t) for the equation
system

cδγ2
(t) = vδ(t)vδ(t)

−γ2αγ2 , cδγ3
(t) = vδ(t)vδ(t)

−γ3αγ3
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is

vδ(t) = xr∗

(

1
2

(

a − tγ2

r2
t
γ2
3

r2
− tγ2γ3

r2
t
γ2
3

r2
− tγ3γ2

r2
t
γ2
3

r2
+ tγ3γ2

r5
t
γ2
3

r5

)

)

,

where a is the field element occurring in cγ3
(t), and the relative root element is

xδ(t) = uδ(t)vδ(t).
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