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Dynamical Systems




Phase Space
[ ilt) = (o)

| 0(t) = —sin(u(t))




Noncompact Phase Space

® The pendulum is completely integrable.
Liouville’s theorem guarantees that the solution
can be obtained by quadratures.

® However, this theorem requires that the phase
space be compact.

® What can we do if it isn’t?

® Elliptic functions provide instructive examples.



Elliptic Functions

® Weierstrass elliptic functions ¢(?)




Elliptic Functions
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We have a conserved Hamiltonian, but the
phase space is not compact, due to the poles of
the solutions.



| evel Curves

In phase space, w = y,w = z, the conserved
quantity becomes

?/2:4373—92513—93

defining an elliptic curve, or, Weierstrass’ cubic.

*[nitial values determine g3 and provide the phase.

eEach value of g5 defines a level curve of

fle,y) =y° —42° + ga






Algebraic Curves

® Curves provide a geometric way of
studying the functions (x(t), y(t)) that
parametrize them.

® But the unique continuation of (x(t), y(t))
can fail at two kinds of points:

p (i) singularities

p (ii) base points



Singularities

® On a curve given by f(x, y)=0, a point (xo,
yo) is called a singularity if

i — 0

(fL’o,yo)

® For example
f(xay) — y2 - 4$3
Vf=(-122%2y)

= (20,%0) = (0,0)



Singular Elliptic Curve

flz,y)=y>—42°+ 122 = Vf = (122" +12,2y)

Vf:OOﬂ f(xay) = g3 = (ZUQ,y()) _(
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Resolution of Singularities
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Good Resolution

When all curves intersect each other

transversally at distinct points, the result is
called a “good resolution™.

Hironaka’s theorem guarantees this in
complex projective space.

Note: each transformation had the form

vy =T,y =y/u



Blowing up at a base pt
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From || Duistermaat, QRT Maps and Elliptic Surfaces, Springer Verlag, 2010




Resolved Dynamics

® The phase space of the system after a
“good resolution” is compact.

® [he motion is globally regularised on the
curves in the blown-up space.

® |s this useful for all non-compact phase
spaces !



Motivation

® Dubrovin, Grava and Klein J. Nonlin. Sci (2009) analysed
critical behaviour of a fluid system in an elliptic region
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Figure 8: The blue line is the function u of the solution to the focusing NLS equation for
the initial data u(z,0) = 2sechz and ¢ = 0.04 at the critical time, and the red line is
the corresponding semiclassical solution given by formulas (2.4). The green line gives the
multiscales solution via the tritronquée solution of the Painlevé I equation.
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The First Painleve Equation

® P: w=6w’—t

® |n system form P| becomes

i w1\ w9
dt \wa) \6w?—t

® P| has t-dependent Hamiltonian

wy

H: 9 Qwi’—ktwl




Perturbed Form

® Or,in Boutroux’s coordinates:

4
wy = 12 uq(2), we =13 ug(z) 2= —t/4
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® A perturbation of a Hamiltonian system:
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Perturbed Form

® Or,in Boutroux’s coordinates:

® A perturbation of a Hamiltonian system:

w2 db 1
E =2 _9¢5 - = __(6F + 4
. ud 4 uy — 5t( + duy )




Initial Value Space

® Jo describe all solutions in the limit,
we study them in the (unsteady) phase
space or the space of initial values first
constructed by Okamoto (1979).

® Underlying this geometric construction is
the theory of complex algebraic curves.



Projective Space

Af fine coordinates .
1 Homogeneous coordinates
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Homogeneous Curve

e The level curves ¢(z,y) =y* —42° + gox + g3

® Become in P?

F=wv®—4u’ + gouw® + g3 w°

all intersecting at [0, |, 0], which lies at infinity.

® [0,1,0] is an example of a base point.



Base Points

® When all the curves in a pencil (one-
parameter family) intersect at one point, it
is called a base point.

® The flow through it can also be
disentangled by using the process of
resolution.



First Step

® First embed into the projective plane:

1 :iug tue] = |1 uotr : uoi2
=1 .14 .., —1 1 — T .1 - '
Uq .1.u1 UQ_—_U()Ql.l.uQQQ_
=1, —1 .91 — T : . 1]
Uy U Uy .1_—_UQ31.UQ32.1_

® Line at infinity:

up21 = 0

up31 = 0



The Projective Plane CF




The Projective Plane C

First chart: [ul_l 1 Ul_l ug| = |uo21 1 : uga2]

. 1
Up21 = —Ug21Up22 + 2(52)” " ugo1

. —1 2 —1
Up22 — Up21 + 6U021 — Upog — (52) Up22




The Projective Plane C

First chart: [ 1 ug . UQ] = [U021 1 UOQQ]
Up21 = —U021UE22 T 2(52)_1u021

2 —1
u022 = Up21 + 6U021 Ugoo — (52) U292

Second chart; [ - D Uq u2 . : 1] — [Uogl . Up39 - 1]

Uo31 = —Uggy — 6ugse + 3(52) T upss

. —1
Up3z2 — —Up31Up32 — 6u031u032 + 1+ (52) Up32



The Projective Plane C
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The Projective Plane C

First chart: [ 1wy . UQ] = [U021 1 UOQQ]
Up21 = —U021UE22 T 2(52)_1%21

2 —1
u022 = Up21 + 6U021 Ugoo — (52) U292

Second chart; [ - D Uq u2 . : 1] — [Uogl . Up39 - 1]

Uo31 = —Uggy — 6ugse + 3(52) T upss

: —1
Up32 = —UE31U032 —@)31%32 + 1+ (52) "uo32

— ~ basept bo: up31 = 0,up32 =0



be Lo

* So we need to blow-up at this point. There are
two charts:

1 wugqr urie] = |12 wes1/uos2 © uos2]

1 wugo1 tuige] = |1t ups1 ¢ uos2/Uo31]



First Blow-up

® Chart (I,1):

- = 1
U111 = @111“1% 2(52) "u111

y 2 —1 2 —1
12 = 1 — ity —Guiiuiy)+ (52) uns

® Chart (1,2):

”L.L121 — u%Ql (-6%%22 — 1) -+ 3 (52)_1 U121

?l122 — u1_211 — 2 (52)_1 U129



First Blow-up

® Chart (I,1):

- = 1
U111 = @111“1% 2(52) "u111

y 2 —1 2 —1
12 = 1 — ity —Guiiuiy)+ (52) uns

® Chart (1,2):

”L.L121 — u%Ql (-6%%22 — 1) -+ 3 (52)_1 U121

?l122 — u1_211 — 2 (52)_1 U129

—_— base Pt b1 : U111 = O,u112 =0



Exceptional Lines

® u;;;=0 defines the proper transform Lo("), while
ur12=0is L.

® Blowing up at b; we have two charts:

1 w2 fu2i2] = |1t uri1 /U2 < ui12)

[1 . U221 - UQQQ] — [1 - U111 - u112/u111]

»,

b Lo"



Second Blow-Up

*Chart (2,1):

*Chart (2,2):



Second Blow-Up

eChart (2, |)-

2

lla12 = —Ug11Us e — BUS U212 + 1+ (52) tuars

*Chart (2,2):



Second Blow-Up

*Chart (2,1):

. 2 2

U212 = —u211u212 6u2_111u212 + 1+ (52) U212
*Chart (2,2):
U221 = u222 + 2(5Z) U221

: 2 92 2 —1
U222 = —Us91Un99 T 2U221 Oug99 — (52) U222



Second Blow-Up

*Chart (2,1):

- 2 9 — 1
U211 = U511 Us10 — A211Us o)+ 6 + (52) "u211

U212 = —u211u212 6u2_111u212 + 1+ (52) U212
*Chart (2,2):
U221 = u222 + 2(5Z) U221

: 2 92 2 —1
U222 = —Us91Un99 T 2u221 Oug99 — (52) U222



Second Blow-Up

*Chart (2,1):

- 2 9 — 1
U211 = Up11Up1p — AU211Ugpo)T 6 + (52) "u211

lla12 = —Ug11Us e — BUS U212 + 1+ (52) uars
*Chart (2,2):

U221 = u222 + 2(5Z) U221

U2 = U%mugm T 2u221 6“%22 — (52)_1U222

e = baiug11 =0,u212 =0



Exceptional Lines




From First to Ninth

® Altogether there are nine blow-ups:
bo : up31 = 0,u032 =0
b1 :u111 = 0,u112 =0
ba : ug11 = 0,u212 =0
b3 : uz11 = 4,uz12 =0
by : ug11 = 4, U412 =0
bs : us11 = 0,u512 =0
b6 : ug11 = 0,ug12 =0
b7 : u711 = 32, U719 =0
98
52)

b83u811:_( ,ugra = 0

® Only the last one differs from the elliptic case.



Ninth Blow-Up



Ninth Blow-Up

® Chart (9,1):

. 28 _1
U911 = (4 T 32“312 T u911u812 — @Ugm)

11 §) 2 13 4
X U912 (—2 — 275 ’LL911U912 —+ 2 . 7’LL912

22 4 12 6 16 o, 8 3 2.2 8
— 3%Ug11Ugro T 2 U1 UG 9 + 27 - SUgyg + 27 - 37U UG

+ 2" Bugriugie + 2° - 1lug ugis + 23%11%4112)
- (5—2Z) (22 “Bugrr — 27 3%ugy — 27 37 - Tugriugyy
+21°.3. 516812 - 3U§2)11U812 +2'9. 17u911u312
+217. 19u912 +21%.3. 7U911U912 +27. 23“911“5191112)
+ 27 (52) 2ugys (—26 -3+ 5+ Bugr1ug s + 2 UGy,

+ 2% Bugyy +2° - 11U911U592) — 2% 7(52)” 3“5%2}



Ninth Blow- Up Ct'd

Ug12 = (4 -+ 32f“912 + U911 UG (52) U912>

4 4 6 8. 8
X [2 — 27 Ug 9 — Ug11Ug1o + 27Ug o

3 10 6 14 16
+ 2%ug11Ug o + 2 u912 + 2%ug11ugys + UGy UGt

—1 2 5 6 11,8

+ 2% gty + 2%ug11ugys) 4 2°(52) Pugy (1 + 28’“312)}



Ninth Blow- Up Ct'd

Ug12 = (4 -+ 32f“912 + U911 UG (52) U912>

4 4 6 8. 8
X [2 — 27 Ug 9 — Ug11Ug1o + 27Ug o

3 10 10 6 14 16
+ 2%ug11Ugly + 20U Ty + 20Ug11Ug Ty + Us {US

— (52)_1u912 (22 —2°. 7u912 — U911U812 T 211ugm
+ 2Mugt, + 29u911u912) +2°(52) Pug;, (1 T 28“312)}

8
* The equation 4+ 32Ug o + U911 US 5 (iz)uglz —

is the proper transform LS of the line at infinity.



Exceptional Lines
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Regularised Dynamics in
Okamoto’s Space

e Definition: For z € C\{0}, let S denote the

fibre bundle of the Okamoto surfaces $9(z)

and |
I(z) = U3_o L7 (2)

This is the infinity set.

® Proposition: I(z) is a repellor for the flow.



Elements of Proof

2

* The “energy” function E := =2 —2u} — w4

and the Jacobian of the coordinate change
to each chart
- Ougjr Ougja Ougjn Ougjo
Wi = 3u1 5’u2 8u2 6u1
provide a “distance” function to | which
allow us to bound the flow near |.

e Near I\L\"” we use 1/E while near L\
we use wo2. In the overlap, 2 Ewgy — 1



The Limit Set

® Definition: For every solution U(z) € So(z)\I(z),
let

QU:{sesg( JAVALe. |E|{zj}st Zj — 00,
U(z;) = sasj %oo}
This is the limit set.

® [emma: {2y is a non-empty, connected and
compact subset of Okamoto’s space.



How many poles!?

® [emma: Every solution of the first Painleve equation
has infinitely many poles.

If {217 intersects Lo then we get infinitely many poles.
If not, then ();ymust be a compact subset of S9\{S9
U Ly}. Since holomorphic, the limit set must equal
one point. But the autonomous system has two
points = contradiction.



Near Equilibria

® Perturbing around the equilibria of the limiting system
iLl — U9 — 2 (5 Z)_l ui,

?.LQ — 6u12 -+ 1 —3(52)_1 U9.

® We study a resc%aled system
P

N
P v(t™, p)

and find solutions analytic in a half-plane, i.e., tronquée
and tritronquée solutions.



Summary

® Phase spaces of dynamical systems can be non-
compact, e.g., when solutions become unbounded.
Such spaces can be compactified and regularised.

® This powerful geometric process provides a global
description of all solutions, including in the
neighbourhoods of singular points.

® Particularly useful for systems that asymptote to
elliptic functions; ; deserves to be used more widely in
applied mathematics.



