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Dynamical Systems
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Noncompact Phase Space
• The pendulum is completely integrable. 

Liouville’s theorem guarantees that the solution 
can be obtained by quadratures.

• However, this theorem requires that the phase 
space be compact. 

• What can we do if it isn’t?  

• Elliptic functions provide instructive examples.



Elliptic Functions
• Weierstrass elliptic functions

}00(t) = 6}2(t)� g2
2
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Elliptic Functions
ẅ = 6w2 � g2
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�
t� t0; g2, g3

�
)

We have a conserved Hamiltonian, but the 
phase space is not compact, due to the poles of 
the solutions. 
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Level Curves

y

2 = 4x3 � g2 x� g3

In phase space,  the conserved 
quantity becomes

defining an elliptic curve, or,  Weierstrass’ cubic.

•Initial values determine     and provide the phase.g3

•Each value of     defines a level curve of g3

f(x, y) = y

2 � 4x3 + g2 x

ẇ = y, w = x,



Geometry

Level curves of y

2 � 4x3 + 12x
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Algebraic Curves

• Curves provide a geometric way of 
studying the functions (x(t), y(t)) that 
parametrize them.

• But the unique continuation of (x(t), y(t)) 
can fail at two kinds of points: 

‣ (i) singularities 

‣ (ii) base points



Singularities
• On a curve given by f(x, y)=0, a point (x0, 

y0) is called a singularity if 

rf
���
(x0,y0)

= 0

• For example 
f(x, y) = y

2 � 4x3

rf = (�12x2
, 2 y)

) (x0, y0) = (0, 0)



Singular Elliptic Curve
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f(x, y) = y

2 � 4x3 + 12x ) rf = (�12x2 + 12, 2 y)

rf = 0 on f(x, y) = g3 ) (x0, y0) = (±1, 0), g3 = ⌥8



Resolution of Singularities

y

2 = x
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(x, y) = (x1, x1 y1) ) f(x, y) = y
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(x, y) = (x1, x1 y1) ) f(x, y) = y
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(x1, y1) = (x2 y2, y2) ) f

(1)(x1, y1) = y

2
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= x3 (y3 � 1)
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Good Resolution

• When all curves intersect each other 
transversally at distinct points, the result is 
called a “good resolution”.

• Hironaka’s theorem guarantees this in 
complex projective space.

• Note: each transformation had the form

x1 = x, y1 = y/x



Blowing up at a base pt
Blowing up at a base point

Figure 4.2.1: Real blowing up: a Möbius strip
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Resolved Dynamics

• The phase space of the system after a 
“good resolution” is compact.

• The motion is globally regularised on the 
curves in the blown-up space.

• Is this useful for all non-compact phase 
spaces ?



Motivation
• Dubrovin, Grava and Klein J. Nonlin. Sci (2009) analysed 

critical behaviour of a fluid system in an elliptic region

error proportional to �a with a = 1.94, a correlation coefficient r = 0.9995 and standard error
⇥a = 0.03. In the non-symmetric case, we find a = 1.98, r = 0.999996 and ⇥a = 0.003.

Close to the critical time the semiclassical solution only provides a satisfactory descrip-
tion of the NLS solution for large values of |x � xc|. In the breakup region it fails to be
accurate since it develops a cusp at xc whereas the NLS solution stays smooth. This behavior
can be well seen in Fig. 8 for the symmetric initial data. The largest difference between the
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Figure 8: The blue line is the function u of the solution to the focusing NLS equation for
the initial data u(x, 0) = 2 sech x and � = 0.04 at the critical time, and the red line is
the corresponding semiclassical solution given by formulas (2.4). The green line gives the
multiscales solution via the tritronquée solution of the Painlevé I equation.

semiclassical and the NLS solution is always at the critical point. We find that the L⇥ norm
of the difference scales roughly as �2/5 as suggested by the Main Conjecture. More precisely
we find a scaling proportional to �a with a = 0.38 and r = 0.999997 and ⇥a = 4.2 ⇥ 10�4.
For the non-symmetric initial data, we find a = 0.36, r = 0.9999 and ⇥a = 0.002. The
corresponding plot for u can be seen in Fig. 9.

The function v for the same situation as in Fig. 8 is shown in Fig. 10. It can be seen that
the semiclassical solution is again a satisfactory description for |x � xc| large, but fails to
be accurate close to the breakup point. The phase for the non-symmetric initial data can be
seen in Fig. 11. In the following we will always study the scaling for the function u without
further notice.
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The First Painlevé Equation

• In system form PI becomes

• PI has t-dependent Hamiltonian

d

dt

✓
w1

w2

◆
=

✓
w2

6w2
1 � t

◆

H =
w2

2

2
� 2w3

1 + t w1

• PI : ẅ = 6w2 � t



Perturbed Form
• Or, in Boutroux’s coordinates:

• A perturbation of a Hamiltonian system:

E =
u2
2

2
� 2u3

1 + u1 ) dE
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=
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Initial Value Space

• To describe all solutions in the limit,         
we study them in the (unsteady) phase 
space or the space of initial values first 
constructed by Okamoto (1979).

• Underlying this geometric construction is 
the theory of complex algebraic curves. 



Projective Space
Affine coordinatesz }| {

[
u

w
:
v

w
: 1] ,

Homogeneous coordinatesz }| {
[u : v : w]CP2 :

CP1 ⇥ CP1 :

Affine coordinatesz }| {⇣h u
w

: 1
i
,
hv
z
: 1

i⌘
,

Homogeneous coordinatesz }| {
([u : w], [v, z])



Homogeneous Curve

• Become in 

F = w v2 � 4u3 + g2 uw
2 + g3 w

3

 all intersecting at [0, 1, 0], which lies at infinity. 

• The level curves �(x, y) = y

2 � 4x3 + g2 x+ g3

P2 :

• [0,1,0] is an example of a base point. 



Base Points
• When all the curves in a pencil (one-

parameter family) intersect at one point, it 
is called a base point.

• The flow through it can also be 
disentangled by using the process of 
resolution.



First Step
• First embed into the projective plane:

[1 : u1 : u2] = [1 : u011 : u012]

[u�1
1 : 1 : u�1

1 u2] = [u021 : 1 : u022]

[u�1
2 : u1 u

�1
2 : 1] = [u031 : u032 : 1]

u021 = 0

u031 = 0 L0

• Line at infinity:



The Projective Plane      CP2



The Projective Plane      
First chart:
u̇021 = �u021u022 + 2(5z)�1u021

u̇022 = u021 + 6u�1
021 � u2

022 � (5z)�1u022

[u�1
1 : 1 : u�1

1 u2] = [u021 : 1 : u022]

CP2



The Projective Plane      
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The Projective Plane      
First chart:
u̇021 = �u021u022 + 2(5z)�1u021

u̇022 = u021 + 6u�1
021 � u2

022 � (5z)�1u022

[u�1
1 : 1 : u�1

1 u2] = [u021 : 1 : u022]

Second chart: [u�1
2 : u1 u

�1
2 : 1] = [u031 : u032 : 1]

u̇031 = �u2
031 � 6u2

032 + 3(5z)�1u031

u̇032 = �u031u032 � 6u�1
031u

3
032 + 1 + (5z)�1u032

base pt b0 : u031 = 0, u032 = 0

CP2



L0b0

[1 : u111 : u112] = [1 : u031/u032 : u032]

[1 : u121 : u122] = [1 : u031 : u032/u031]

• So we need to blow-up at this point. There are 
two charts:



First Blow-up

• Chart (1,2):

u̇121 = u2
121

�
�6u2

122 � 1
�
+ 3 (5z)�1 u121

u̇122 = u�1
121 � 2 (5z)�1 u122

u̇111 = �u111u
�1
112 + 2(5z)�1u111

u̇112 = 1� u111u
2
112 � 6u�1

111u
2
112 + (5z)�1u112

• Chart (1,1):



First Blow-up

• Chart (1,2):

u̇121 = u2
121

�
�6u2

122 � 1
�
+ 3 (5z)�1 u121

u̇122 = u�1
121 � 2 (5z)�1 u122

base pt b1 : u111 = 0, u112 = 0

u̇111 = �u111u
�1
112 + 2(5z)�1u111

u̇112 = 1� u111u
2
112 � 6u�1

111u
2
112 + (5z)�1u112

• Chart (1,1):



b1

Exceptional Lines
• u111=0 defines the proper transform L0

(1), while 
u112=0 is L1. 

• Blowing up at b1 we have two charts:

L0
(1)

L1

L2

[1 : u211 : u212] = [1 : u111/u112 : u112]

[1 : u221 : u222] = [1 : u111 : u112/u111]



Second Blow-Up
•Chart (2,1):

•Chart (2,2):



Second Blow-Up
•Chart (2,1):

•Chart (2,2):

u̇211 = u2
211u

2
212 � 2u211u

�1
212 + 6 + (5z)�1u211

u̇212 = �u211u
3
212 � 6u�1

211u212 + 1 + (5z)�1u212



Second Blow-Up
•Chart (2,1):

•Chart (2,2):

u̇211 = u2
211u

2
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3
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Second Blow-Up
•Chart (2,1):

•Chart (2,2):

u̇211 = u2
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2
212 � 2u211u

�1
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u̇212 = �u211u
3
212 � 6u�1
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Second Blow-Up
•Chart (2,1):

•Chart (2,2):

u̇211 = u2
211u

2
212 � 2u211u

�1
212 + 6 + (5z)�1u211

u̇212 = �u211u
3
212 � 6u�1

211u212 + 1 + (5z)�1u212
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222 + 2(5z)�1u221

u̇222 = �u2
221u

2
222 + 2u�1

221 � 6u2
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b2 : u211 = 0, u212 = 0



Exceptional Lines

b2 L0
(2)

L1
(1)

L2

L3



From First to Ninth
• Altogether there are nine blow-ups:

• Only the last one differs from the elliptic case.

b0 : u031 = 0, u032 = 0

b1 : u111 = 0, u112 = 0

b2 : u211 = 0, u212 = 0

b3 : u311 = 4, u312 = 0

b4 : u411 = 4, u412 = 0

b5 : u511 = 0, u512 = 0

b6 : u611 = 0, u612 = 0

b7 : u711 = 32, u712 = 0

b8 : u811 = � 28

(5 z)
, u812 = 0



Ninth Blow-Up



Ninth Blow-Up
• Chart (9,1): 

u̇911 =

✓
4 + 32u4

912 + u911u
6
912 �

28

(5z)
u5
912

◆�1

⇥
h
u912

⇣
�211 � 26 · 5u911u

2
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� 32u2
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4
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� 2

(5z)

⇣
22 · 3u911 � 212 · 32u2

912 � 25 · 32 · 7u911u
4
912

+ 215 · 3 · 5u6
912 + 3u2

911u
6
912 + 210 · 17u911u

8
912

+ 217 · 19u10
912 + 213 · 3 · 7u911u

12
912 + 27 · 23u2

911u
14
912

⌘
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i



Ninth Blow-Up Ct’d
u̇912 = �

✓
4 + 32u4

912 + u911u
6
912 �

28

(5z)
u5
912

◆�1

⇥
h
2� 24u4

912 � u911u
6
912 + 28u8

912

+ 23u911u
10
912 + 210u12

912 + 26u911u
14
912 + u2

911u
16
912

� (5z)�1u912

�
22 � 25 · 7u4

912 � u911u
6
912 + 211u8

912

+ 214u12
912 + 29u911u

14
912

�
+ 28(5z)�2u6

912

�
1 + 28u8

912

�i



Ninth Blow-Up Ct’d
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4 + 32u4
912 + u911u6

912 � 28

(5z)u
5
912 = 0• The equation

is the proper transform L(9)
0 of the line at infinity.
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Exceptional Lines
Line of polesL9
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Regularised Dynamics in 
Okamoto’s Space

• Definition:  For z ∈ ℂ\{0}, let S denote the 

fibre bundle of the Okamoto surfaces S9(z) 
and

I(z) := [8
i=0L

(9�i)
i (z)

This is the infinity set.

• Proposition:   I(z) is a repellor for the flow.



Elements of Proof
• The “energy” function    E := u2

2
2 � 2u3

1 � u1

and the Jacobian of the coordinate change 
to each chart 

wij =
�uij1

�u1

�uij2

�u2
� �uij1

�u2

�uij2

�u1

provide a “distance” function to I which 
allow us to bound the flow near I.

• Near          we use        while near        
we use      . In the overlap, 

I\L(1)
8 L(1)

8

w92 2E w92 ! 1
1/E



The Limit Set
• Definition:  For every solution U(z) ∈ S9(z)\I(z), 

let 

This is the limit set.

�U =
n

s ⇤ S9(⇥)\I(⇥)
�

�

�

⌅ {zj} s.t. zj � ⇥,

U(zj) � s as j � ⇥
o

• Lemma:      is a non-empty, connected and 
compact subset of Okamoto’s space.

⌦U



• Lemma: Every solution of the first Painlevé equation 
has infinitely many poles.

If       intersects L9 then we get infinitely many poles. 
If not, then      must be a compact subset of S9\{S9,∞ 

U L9}. Since holomorphic, the limit set must equal 
one point. But the autonomous system has two 
points ⇒ contradiction.

How many poles?

⌦U

⌦U



Near Equilibria
• Perturbing around the equilibria of  the limiting system

• We study a rescaled system
dp

dt
= v(t�1, p)

u̇1 = u2 � 2 (5 z)�1 u1,

u̇2 = 6u1
2 + 1� 3 (5 z)�1 u2.

and find solutions analytic in a half-plane, i.e., tronquée 
and tritronquée solutions.



Summary
• Phase spaces of dynamical systems can be non-

compact, e.g., when solutions become unbounded. 
Such spaces can be compactified and regularised.

• This powerful geometric process provides a global 
description of all solutions, including in the 
neighbourhoods of singular points.

• Particularly useful for systems that asymptote to 
elliptic functions; ; deserves to be used more widely in 
applied mathematics.


