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A multiplicity formula for tensor products of SL, modules
and an explicit Spy, to Spy,_o x Sp, branching formula.

Nolan Wallach and Oded Yacobi

ABSTRACT. In the restriction of an irreducible representation of Span to the
standard Span—2 the multiplicity spaces are naturally Sp2 = SLy modules.
We show that these multiplicity spaces are each equivalent to a specified tensor
product of n irreducible SLz modules. The key to these results is a generaliza-
tion of the Clebsch-Gordan formula and a result of J. Lepowsky that gives the
Cr, branching to Cp,_1 x Cq as a difference of two simple partition functions.

1. Introduction

The purpose of this note is to give an elementary decomposition of the
restriction of an irreducible representation of C,, to C,,_; x Cy. By a decomposition
we mean an explicit description of the C;-module structure of the multiplicity spaces
that occur in the restriction of an irreducible representation of Cp to C—1. By
elementary we mean using relatively simple combinatorial methods. In principle
the results of this note can be derived from those of [[4], Theorem 5.2] which
uses the theory of Yangians and is far from elementary. As a byproduct of our
work we derive a formula for the decomposition of arbitrary tensor products of
irreducible representations of SLy, generalizing the Clebsch-Gordan formula. Here
the multiplicities are given as a difference of two generalized Kostant partition
functions.

2. Tensor products of SL(2,C) representations

Let H = SL(2,C) and let F* be the irreducible representation of H of
dimension k + 1. The Clebsch-Gordan formula implies that if 7; > ry then

(21) F™ @ 2 o~ Fritre P Fritra—2 @ @FTT2,
In this section we extend the Clebsch-Gordan formula to an arbitrary tensor product

of representations of H.
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We begin by setting up some notation. Let {vy, ..., Un} be the standard basis
for R™ and set X,, = {v1 £ vy, ..., 01 = Un}. We identify R with (R™)**; thus
if v € R", e¥ is a function on (R™)*. Denote by P, (v) the coefficient of eV in the
formal product

1
H l—ew’

wED,
This says that P, (v) is the number of ways of writing

v = chw,cweN.

wED,

Finally let
my(ry,...,rn) = dim Homp (FL, F" @ ... @ F™),
The following is a reinterpretation of formula, (2.1).

LEMMA 2.1. Letri,7m9,l € N. Then
my(r1,7m2) = Pa(rivy + rovg — lvg) = Po(rivy + rovg + (1 + 2)v).

Proor. Note that Pa(avy + bvy) = 1 if and only if b € {~a,2—-a,..,a—2,a}.
The result follows by considering the cases r; < ro and ry > 7y separately. a

The result of this section is a generalization of Lemma 2.1 to a tensor product
of an arbitrary number of irreducible H-modules. First we develop some combi-
natorial properties of P,,.

Let XF = {v1 + v, ..., 1 + vn} and X = {v; — vp, ..., U1 — vn}. Denote
by PZ(v) the coefficient of ¥ in

|
»
s’
s
|

| It is easy to see that

Since ¥}, ¥ are linearly independent the corresponding partition functions take
only values 0 or 1. Furthermore, one can easily check that
n—1
Pj(alvl +- - t+apvn) =1%ayq,...,a,_1 € N and Zaj =a,
Jj=1
n—1
Pr (bivr + -+ +byv,) =1 by, ... by 1 €N and > bj=-b,
=1
Let v = cjvg; + -+ 4 ¢pvp, and suppose v = u + w with « = ajv; + -+ + a,v,, and
w=bivi+- - +byvn. Thenaj+bj =cjforj=1,.. n If P (w)P,; (w) = 1 then

n—1
(2.2) Cn = Z a; — b;.
j=1

Define a bisection of a natural number m to be a two-part partition of m. Then
Pr(v) counts the number of bisections of C1, ..., Cn—1 that satisfy (2.2). This de-
scription provides a useful recursive formula.

_
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LEMMA 2.2.
Cn—1
Pplcivi + -+ cpn) = Z Pr-1(c1v1 + -+ + cn—2Un_2 + (Cn—1 + cn — 20)Un_1)
i=0

PROOF. The i*" summand on the right hand side counts the number of bisec-
tions of ¢, ..., cn—o that satisfy ¢,—1 + ¢, —2i = E;:f a; —bj. (Here c; =a; +b;
for j = 1,...,n —2.) These bisections correspond to the bisections of ci,...,cn_1

that satisfy ¢, = Z;l:_f a; —bj with a1 =4 and b1 =cp—1 — % O

THEOREM 2.3. Let ry,...,7n,l € N. Then

my(r1, .., Tn) = Po(rivr + - + rpUp — ln) — Pp(rivy + -+ + v + (14 2)vy).

PrOOF. We proceed by induction on n > 2. If n = 2 use Lemma 2.1. Now
suppose n > 2 and the claim holds for n — 1. Let 71,...,7,,! € N and to simplify
matters write Sy = E?:l r;vj and Q(t) = Pp—1(Sn—2 +tvp_1). By Lemma 2.2 we
obtain

Tn—1

Poa(Sn—10n) = Pr(Sn+(142)vn) = Y Q(rn_1+rn—2i—1)=Q(rn_147n—2i+1+2).
=0

Ifrn,_1 <rythen r,—1 +7, — 2i > 0 so by the inductive hypothesis
Q(rp_1+7p—2i—1)— Q(rn—1 47— 20 +1+2) =my(ry, ..., "n—2,Tn-1+7n — 2i).
By the Clebsch-Gordan formula

Tn—1

E my(r1, ey Tne2, Tn—1 + T'n — 20) = My (71, ..., 'n—2, Tn—1,Tn)-
i=0

If r,_1 > rp, the situation is not as straightforward. As above we have

Prl(Sn — ) — Pru(Sn + (1 + 2)vn) = my(r1, ..., Tn—2,Tn-1,7n) + E

where
Trn—1 |
E= Y Qra1+rn—2—1)—Q(rn1+7r,—2+1+2). |
i=rp+1
Rewrite F as
Tp—1—Tn

> Qlraa—rn—2—1) = Q(ra—1 —rp — 2 +1+2)
i=1

and notice that
Ppe1 —Tp— 20— 1= —(rp—1 —Tn —2(rp_1 —Tn+1—1%) +1+2).
Therefore if we set C; = rp—1 — 7 — 21 — [ then by rearranging terms

Thn—1"Tn

E= Z Q(Cy) — Q(=Cy).

But clearly Q(t) = Q(—t) so E =0. O
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3. An application to Sp,, branching

Label a basis for C% as e41, ..., e4; where e_; = ei+1—;- Here we view
C? as column vectors. Denote by s; the [ x I matrix with ones on the anti-diagonal
and zeros everywhere else. Set
0 S
J =

and define the skew-symmetric bilinear form Q;(z,y) = x'J;y on C*. Let G =
Sp(C?™,Q,,) and define subgroups

K={keG:ke,=e,and ke_, =e_,}
H={heG:hej=ejforj==1,.,+n—1}

Then K = Sp(C2("~Y Q,_1) and H = Sp(C? Q) = SL(2,C). Let A = (A; >
- > Ay > 0) be a decreasing sequence of natural numbers. We identify the set
of such A with the dominant integral weights of G as in [[1], Proposition 2.5.11].
Let V2 be the finite dimensional irreducible regular representation of G of high
weight A.  Similarly a decreasing sequence of n — 1 natural numbers u = (u; >
© > -1 > 0) is identified with the corresponding dominant integral weights of
K. Let V* be the finite dimensional irreducible regular representation of K of
high weight u.
We say p doubly interlaces A if Ay > pu; > Ajyg for i = 1,...,n — 1 (with
Ani1=0). Given p, A set r(A, p) = z; — y;, where {z; >y; > --- >z, > Yn} s
the decreasing rearrangement of {Aq,..,Ap, p1, ..., tin—1, 0}

THEOREM 3.1 ([1], Proposition 8.1.5). Letn > 2. Then dim Homg (V*, VA) >
0 if and only if p doubly interlaces A. If i doubly interlaces A then dim Hompg (VH, V1) =
n

HrzA,u +1).

Jj=1

This theorem in particular provides the decomposition of K modules

VA = BV @ Homg (V4 V)
n

where the sum is over all u that doubly interlaces A. Here K acts on left factor.
Since H is a subgroup of the centralizer of K in G, H acts on the multiplicity spaces
Homg (VF,VA). One is thus led to the natural question: what is the H-module
structure of Hg (u, A) = Homy (V#, VA)?

The following theorem, due to J. Lepowsky ([3]), provides a partial answer.

THEOREM 3.2 ([2], Proposition 9.5.9). Let A, be as above and set r; =
ri(A, ). Then

dim Hompy (F, Hp (1, A)) = Pr(rivit - +rnvn—1v,) = Pp(riv1++ - 41000+ (142)v,).
We combine this result with Theorem 2.3 to obtain an explicit decomposition
of VA as a K x H module.

THEOREM 3.3. Let A, u be as above and set r; = r;(A, ). Then as a K x H-
module
VAPVER(FM @ @ F™).
w
The direct sum is over all p that doubly interlace A.
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