A BASIS FOR THE SYMPLECTIC GROUP BRANCHING ALGEBRA

SANGIJIB KIM AND ODED YACOBI

ABSTRACT. The symplectic group branching algebra, B, is a graded algebra whose
components encode the multiplicities of irreducible representations of Span—2(C) in
each finite-dimensional irreducible representation of Sp2n(C). By describing on B an
ASL structure, we construct an explicit standard monomial basis of B consisting of
Sp2n—2(C) highest weight vectors. Moreover, B is known to carry a canonical action of
the n-fold product SL, x --- x SL,, and we show that the standard monomial basis is
the unique (up to scalar) weight basis associated to this representation. Finally, using
the theory of Hibi algebras we describe a deformation of Spec(B) into an explicitly
described toric variety.

1. INTRODUCTION

Let us consider a pair of complex reductive algebraic groups G and H with embedding
H C G, and irreducible representations Vg and Vi of G and H, respectively. A descrip-
tion of the multiplicity of Vy in Vg regarded as a representation of H by restriction is
called a branching rule for (G,H). By Schur’s lemma, the (branching) multiplicity
space, Homy(VH, Vi), encodes the branching rule.

In this paper, we study the branching multiplicity spaces for the symplectic group
SPyn (C) of rank n down to the symplectic group Sp,,,_,(C) of rank n—1 by investigating
the associated branching algebra. The branching algebra is a subalgebra of the ring of
regular functions over Sp,, (C). Moreover, it is graded, having the branching multiplicity
spaces as its graded components:

B= GB Homs, | (TT?_],TF ).
(DVF)EATlf],'ﬂ.
Here D and F run over highest weights for Sp,n 2(C) and Spy,(C) respectively, and
Tan_z and TTFl are the associated finite-dimensional irreducible representations.

Branching rules for (Spon(C), Span_2(C)), especially their combinatorial aspects, are
well known (e.g., [Le71, Ki71, Ki75, KT87, KT90, Pr94]). The main goal of this paper
is to investigate the branching algebra B which governs the branching of symplectic
groups. Our main results are several-fold. Firstly, we describe on B an algebra with
straightening law (ASL) structure which presents B simply in terms of generators and
relations. Secondly, we show that this ASL structure is compatible with a canonical
weight basis of B coming from a “hidden symmetry” of B, namely an action of the n-
fold product of SL, which acts irreducibly on the graded components of B. Finally, we
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unify these algebraic results with previously known combinatorial rules governing the
branching of symplectic groups via a toric degeneration of B into an explicitly described
toric variety.

In Section 2, we construct the branching algebra B and review branching rules for
(Sp2n(C), Span_2(C)). Then in Section 3, we study B from the perspective of an ASL
over a distributive lattice. Our first result shows that 55 has a natural standard monomial
basis which satisfies simple straightening relations. As a corollary we obtain a finite
presentation of B in terms of generators and relations.

Then, in Section 4, we recall a theorem from [Yacl0] which shows that the natural
SL, action on B can be canonically extended to an action of

L =SL, x -+ x SLy (n copies)

in such a way that each multiplicity space Homsphfz((c)(ftg_],’rfl) is an irreducible
L-module. In particular, this theorem describes a canonical decomposition of B into
one-dimensional spaces. Our second result shows this decomposition is compatible with
the ASL structure on B. In other words, the standard monomial basis is the unique (up
to scalar) weight basis for the action of L on B.

In Section 5, we show that B can be flatly deformed into a Hibi algebra, and, as
a corollary, that Spec(B) is a deformation of an explicitly described toric variety. In
particular, this connects our enumeration of standard monomials with the more common
description of branching rules using diagrams of interlacing weights.

In future work we will apply these results to study properties of the canonical weight
basis for irreducible representations of the symplectic group arising from this work.

Acknowledgment. We express our sincere thanks to Roger Howe for drawing our
attention to this project. We also thank the two anonymous referees for their careful
reading and many helpful comments and suggestions which greatly improved the paper.

2. BRANCHING ALGEBRA FOR (Sp,,(C), Sprn_»(C))

In this section we introduce our main object of study, the branching algebra for the
pair (Spon(C), Sp2n—2(C)).

2.1. Symplectic Groups. Let Qn = (qq,p) be the n x n matrix with qqny1—q =1 for
1 < a <n and 0 otherwise. Then we define the symplectic group

Gn = Sp(C*™, Qn)

of rank n as the subgroup of the general linear group GL(2n,C) preserving the skew
symmetric bilinear form on C?™ induced by

0 Qn
[_Qn 0]'

Let {e.} be the elementary basis of C?™, and denote by {eq, e} the isotropic pairs,
where eg = exni1-q for 1 < a < n. With respect to this bilinear form, we can take the
subgroup U;, of Gy, consisting of upper triangular matrices with 1’s on the diagonal as a
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maximal unipotent subgroup of G,. We let U, denote the subgroup of lower triangular
matrices with 1’s on the diagonal.

Let us identify G,,_1 with the subgroup of G, which acts as identity on the isotropic
space spanned by {en, ew }. Then G,,_; can be embedded in G, via

A0 B
(2.1) {QE]H 0 1 0
C oD

where A,B,C,D are (n — 1) x (n — 1) matrices, I is the 2 x 2 identity matrix, and 0’s
are the zero matrices of proper sizes.

A Young diagram is a finite left-justified array of boxes with weakly decreasing row
lengths, such as

We shall identify a Young diagram F with its sequence of row lengths (fy,f2,...). By
reading column lengths of F, we obtain its associated Young diagram F! called the trans-
pose of F. We write {(F) for the number of non-zero entries in F and call it the length of
F. The Young diagram in the above example is (6,4, 2,1) or equivalently (6,4,2,1,0,...)
and {(F) = 4. Its transpose F'is (4,3,2,2,1,1).

Recall that every finite-dimensional irreducible representation of G,, can be uniquely
labeled by a Young diagram with less than or equal to n rows by identifying its highest
weight pr with Young diagram F = (fy,--- ,fn):

ME(t) = ] i
Here t is an element of the maximal torus T, of G,
TTL - {dlag(t]) o )tTL)tT_llv' tr )t]_1)}

and F € Z™ with f; > --- > f, > 0. See [GWO09, Section 3.2.1] for details. We let Tfl
denote the irreducible representation of G, labeled by Young diagram F.

To encode the branching multiplicities of 1271 in Tfl for all pairs of Young diagrams
(D, F), we will use the following semigroup

An-in ={(D,F) € Z%," x Z% : {(D) < n —1,0(F) <n}

and construct an algebra graded by A,_j,. The semigroup structure of A1 is
induced by the natural embedding of A;,_1 in ZT;E] x Z%, with addition.
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2.2. Branching Algebra B. On the ring R(G;,) of regular functions over G,,, we have
the natural action of G,, x Gy, given by

(2.2) ((91,02) - ) (x) = (g 'xg2)

for f € R(Gn) and (g1, 92) € G, X Gn. With respect to this action, let us consider the
affine quotient of G, by U x 1.

Lemma 2.1 ([GWO09, Theorem 12.1.5]). As a G-module under right translation the
(U, x T)-tnvariant subalgebra of R(Grn) contains every irreducible rational repre-
sentation of Gn with multiplicity one:
(2.3) R(Gn)" ! = € Th

FEAR
The algebra R(Gn)Un*" is graded by the semigroup of dominant weights for G, or
equivalently the set A, of Young diagrams of length less than or equal to n.

In this setting, the irreducible representation ! is the weight space of R(Gy)"n*!

under the left action of the maximal torus T,, with weight p_p), ie.,
tof= (t;‘c1 -.-t;f“) f
for f € 1 and t € T,. See [GWO09, Section 12.1.3] for further details.

By highest weight theory (e.g., [GWO09, Section 3.2.1]) the subspace of T invariant
under the maximal unipotent subgroup of G,,_; is spanned by highest weight vectors
of G,,_j-irreducible representations in Tfl. Therefore, the U, _j-invariant subalgebra
of R(Gn)"n*" contains the information of the branching multiplicities for (G, Gn_1).

That is,

Proposition 2.2. The (U x Uy_1)-invariant subalgebra of the ring R(Gn) decom-
poses as

— un—1
RG> Ut = @) Homg, (R, ) @ (7)
(DVF)EAnan

Note that by Schur’s lemma the dimension of Homg, |, ('rTll],TfL
F

multiplicity of 11?71 in T;,.

) is equal to the

Definition 2.3. We call R(Gn)"n*Un—1 the branching algebra for (Gn,Gn_1) and
denote it by
B =R(Gy)!"n"Un-1

The algebra B has an action of T,, x T,,_1, and the weight space corresponding to the
T, weight (—F) and T,,_; weight D is precisely the component

un—]
B(D,F) := Homg, _, (Tr?,l,’rfl) & (TE,]>

appearing in Proposition 2.2. Since the dimension of (TT?71 )Un—1 is one, we can consider
B(D, F) as the branching multiplicity space for (Gn, Gn_1):

(2.4) B(D,F) = Homg, _, (qu,’tfl)
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Therefore the dimension of B(D,F) is exactly the multiplicity of the irreducible repre-
sentation qu appearing in Ti. Moreover, by keeping track of T, x T, weights, it is
straightforward to check that this defines a A,,_1 ,-graded algebra structure on B:

B= & BDOF.
(D,F]G/\n,] ,T
The dimensions of the graded components of B are given by the following combinatorial
rule. For two Young diagrams F = (fy,f,,---) and D = (dy,dy,-- - ), we say D interlaces
F and write D C F, if f; > di > fiy for all i.

Lemma 2.4. (1) (See, e.g., [GWO09, Theorem 8.1.5]) For Young diagrams D and

F with (D, F) € An_1n, the multiplicity of Tgil m Tfl as a G_1 representation

1s nonzero if and only if

f; > dj > fj12
forj=12--- ,n—1. Here we assume f, 1 =0.
(2) (See, e.g., [Pr94, Proposition 10.2]) The multiplicity of T2 ; in T as a Gn_1
representation 1s equal to the number of Young diagrams E = (e7,...,en)

satisfying the conditions DCE and ECF, 7.e.,

e1>di>ey>--->en1>dn1 >eq;
fizer>fa>ex > >en g >1fh >en.
If DC Eand E C F for some E then, we say that the pair (D,F) (or the triple
(D, E,F), if E should be specified) satisfies the doubly interlacing condition. Note that
the branching for (G, Gn_1) is not multiplicity free, and D C E C F does not imply

D C F. We also note that the conditions in the second statement can be visualized as,
by using the convention of Gelfand-Tsetlin patterns,

fl fZ T fn fn
e.l ez . e eT‘L*] e'ﬂ.
d1 t dnf1 dn

where the entries are weakly decreasing from left to right along the diagonals.

3. A STANDARD MONOMIAL THEORY FOR B

In this section we show that B carries a standard monomial theory, in the sense that it
has a natural basis which satisfies a straightening algorithm. For the concept of standard
monomial theory and its development, we refer to [LR08] and [La03, Mu03].

3.1. Distributive Lattice for 5. Let M>,, = M3, (C) be the space of 2n x 2n complex
matrices. For a subset C of {1,2,---,2n} of cardinality r, let

5ctM2n—>(C

denote the map assigning a matrix X € My, the determinant of the r X r minor formed
by taking rows {1,2,--- ,r} and columns {cq,cp, - ,Cr}:
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X],C] X],Cz o X],Cr
X2c1 X2 0 X2c
(3.1) 5¢c(X) = det '
Xrcy Xrex 0 Xrer

for 1 < ¢y < -+ < ¢r. We note that 6¢ is a weight vector under the left and right
multiplication of the diagonal subgroup of GL,,(C), i.e.,

(3.2) (t,8)-6¢c = <t;‘ ---t;‘) (S¢; -~ Sc,) O

In particular, the weight under the left and right actions encode the size of C and the
entries of C respectively.

For the branching algebra 5, we shall use the following subsets of {1,2,--- ,n,n+ 1}
for column indexing sets C:
L = {1,2,---,i}
i = {1,2,---,j,n}
o= 1,2, jn+1)
Ky = {1,2,--- ,k,n,n+1}

for 1<i<n—1,0<j<n—1and 0 <k <n-—2, with the convention of Jy = {n},
b=Mm+1}and Ko ={n,n+1}

Definition 3.1. The distributive lattice L for (G.,Gn_1) s the poset consisting
of

{Ii, ], 05, Kk : 1 <i<n—=1,0<j<n—-1,0<k<n-—2}
with the following partial order <:

/
i—1

I /Ii | \KH
N

Ji

Ji

for1 <i<n-—1.
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Note that the join and meet of incomparable elements can be easily found as

(3.3) LAK, = J
LVKig = Jia

for each i. This poset structure is very useful to organize the relations among 6¢ for
C € L. The following can be shown by a simple computation, or see [BH98, Lemma
7.2.3].

Proposition 3.2. For 1 <i<n—1, the following identities hold
O 8k, 4 = Oy 85y — 80y,
over the space My, and therefore over Gn.

Note that in the above Proposition, on the left hand side, I; and K;_; are incomparable,
while on the right hand side J{ < Ji_y and J; < J{_ ;. In other words, by applying
these relations, we can express any quadratic monomial in {6c : C € L} as a linear
combination of quadratic monomials whose indices are linearly ordered with respect to
<. In this sense, we call these relations straightening relations, and we can study
the branching algebra B in the context of an algebra with straightening law (ASL) (cf.
[BH98, DEP82, Eig0]).

Definition 3.3 ([Ei80]). Let R be a ring, A an R-algebra, H a finite partially ordered
set contained in A which generates A as an R-algebra. Then A 1is an algebra with
straightening law on H over R, if

(1) The algebra A is a free R-module whose basis is the set of monomaials of the
form o - o where o7 < -+ < o 1 H.
(2) If x and B in H are incomparable, then

ap = ch%” .. .y](;)
i
where ygi) <. <L y](:_}, and, for i such that ci # 0, rgi) <a,fB.

In the following section we show the branching algebra B is an ASL on {6¢ : C € L}
over C.

3.2. Standard monomials for B. Let us recall that a Young tableau is a filling of a
Young diagram with positive integers. A Young tableau is called a semistandard Young
tableau, if its entries in each row are weakly increasing from left to right, and its entries
in each column are strictly increasing from top to bottom.

Young tableaux with entries from {1,---, m} may be identified with a product of
determinants of minors over the space M,, as follows. If the i-th column of a Young
tableau T contains the entries

i <tri < - <tya
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for 1 <1 <s, then the corresponding polynomial in C[M,,] is
(34) 6T = H 6{t],iw~-»tri,i}

1<i<s
.t,. ;) is as defined in (3.1). See Example 3.10 below. This type of corre-
spondence between the set of Young tableaux and the set of products of determinants
plays an important role in standard monomial theory of Grassmann and flag varieties.
For this direction, we refer to, e.g., [Km08, LR08, MS05].

Coming back to our setting, we will be considering monomials of the form [[;_; éc,
where C; € L (cf. Definition 3.1). These are considered as regular functions on Gy,. From
(3.2), it is straightforward to see that every such monomial is a weight vector under the
left and right actions of the maximal tori of G,, and G, respectively. Moreover, by
definition of the U;; x U;,_; action on R(Gy), the functions 6¢, and hence their products
[Ti; 8c,, are invariant under U, x Un_;. In other words, [[{_; 6c, € B. Let B’ C B
be the subalgebra generated by d¢c for C € L. Clearly, B’ is spanned by monomials
[T o

Now, we can form a Young tableau T by concatenating finitely many elements Cy, ..., Cs
chosen from £ allowing repetition. We further assume that the size of Cj is not smaller
than that of C;; for all i. We note that the weakly increasing condition on the elements
along the rows of T can be replaced by the chain condition on £ with respect to the
partial order <. In other words, the elements Cy,...,Cs of £ are columns of a semistan-
dard tableau T if and only if they are linearly ordered with respect to <. This is true
in a more general setting (cf. [KmO08, Remark 3.3]). With this observation, we define
standard monomials for (G, Gn_1) as follows.

Definition 3.4. A monomial [[6c, in {dc : C € L} is called a standard monomial
for (Gn, Gn_1) #f the column indices C; form a multiple chain A

A:(Cl == Cr)
in the poset L. We write do for [[dc,.

The observation right after Proposition 3.2 now can be generalized in terms of standard
monomials.

Proposition 3.5. The set of standard monomaials for (Gn, Gn_1) spans the subalge-
bra B’ of B generated by {6c : C € L}.

Proof. We want to show that every monomial can be expressed as a linear combination
of standard monomials. Observe that any monomial & =[] 8¢, can be expressed as

& = (81,0K,) - (81, 0k, ,)* ™ 1dA

where 64 is not divisible by [;K;_7 for i = 1,...,n — 1. In particular, 65 is a standard
monomial. We prove the claim by induction on a = )_ aj.

If a =0 then & = 0, is standard, and there is nothing to show. Suppose a > 0, and
hence some a; > 0. Then by Proposition 3.2,

8= (81,8 ) "+ (81,8 )8+ (81, Bk, ) (8y¢8yy — 81,8y )0a
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Since (85,85, , — 85,8y, )84 Is a linear combination of two standard monomials, each of
which is not divisible by ;K;_7 for i =1,...,n — 1, the result follows by induction. [

Remark 3.6. For a quadratic monomaial dcdcr, we can simply apply Proposition
3.2 to express it as a linear combination of quadratic standard monomzials

(3.5) 6C6C’ = ZrhéDhéDﬁ
h

Note that for all h, the numbers of entries equal to i in the disjoint union CUC’ and
in the disjoint union DnUDy, are equal for 1 <1 < n+ 1. Therefore, as tableau,
(Dy, DY) is obtained from (C,C’) just by rearranging the entries of C and C'. In
fact the only difference between the tableauzr (Dy, DY) ts the position of the entries
nand n+1.

In general, once we have a linear combination of standard monomaials for [, dc,

[T3c. =) su]]om..)
i K i

then for each k, we have the semistandard tableau Hy formed by Hy ;’s. Because of
the reason explained above, for all k, the Young diagrams of the Hy’s are the same,
and as tableauzx, their only difference 1s the position of the entries n and n+ 1.

Definition 3.7. The shape of a standard monomial b =[] 0c, is F/D with
Foe (fi )
D = (d],“’,dn,])

where F 1is the transpose of the Young diagram (|Cql,---,|Cy|]) and dx in D 1is the
number of k’s in the disjoint union U;_;C;i for 1 <k < n—1. We write sh(d5) = F/D.

The following lemma is an immediate application of (3.2):

Lemma 3.8. Standard monomials da of shape F/D are weight vectors under the
action of Ty x Th_1, t.e.,

(t,s)-da = (t?ﬁ '~'t.r_1f“> <5?1 siz;]) SA

where t = diag(ty, - ,tn,t;1,--- ’tl_]) and s = diag(sy, - ,sn_1,1,],s;]_],--- ,51_1).
In particular, 4 € B(D, F).

Now let us count the number of standard monomials in B(D, F).
Proposition 3.9. There is a byjection
{6p:sh(bp) =F/D}—={E:DCELCF}
In particular, dimB(D,F) = #{0a : sh(6A) = F/D}.

Proof. The bijection is a variation on the conversion procedure between semistandard
Young tableaux and Gelfand-Tsetlin patterns (cf. [GWO09, Section 8.1.2]). Let us be
more specific about the procedure in our case.
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By the definition of sh(6,), if we erase all the boxes with n and n 4 1 in the semi-
standard tableau A, then the remaining tableau gives the Young diagram D. As an
intermediate step, if we erase only the boxes with (n+ 1), then it gives a Young diagram
Esuchthat DC Eand ECF.

Conversely, given E such that D C E C F, define a semistandard Young tableau of
shape F as follows: label the boxes of F/E by n + 1, the boxes of E/D by n, and the
remaining empty boxes by their row coordinate. The standard monomial corresponding
to E is then constructed from this semistandard tableau.

The last statement follows by (2.4) and Lemma 2.4 (2). O

Example 3.10. In studying branching multiplicity spaces for (Gg, G3), the following
monomaal da

da = 8(123415(12450(125)0(14)8(5)
as a regular function on G4 1s a standard monomzial. By concatenating its column
indices to make the semistandard Young tableau
1[1]5]

24
5

Alw|ra|=
SIES .

we see the shape of 65 is F/D = (5,4,3,2)/(4,3,1). By erasing all the bozes with
5’s, we obtain Young diagram E = (4,4,2,1):

Note that the triple (D, E,F) satisfies the doubly interlacing condition.
5 4 3 2

4 3 1

Theorem 3.11. The branching algebra B is an ASL on {6c : C € L} over C. In
particular, standard monomaials form a C-basis of the algebra B, and

B(D,F) = span{da : sh(da) = F/D}.

Proof. Let us check the first condition in Definition 3.3. Recall that B’ is the subalgebra
of B generated by {6c : C € £}, and that by Proposition 3.5, B’ is spanned by standard
monomials. Now consider the space B’ N B(D,F). By Lemma 3.8, this space contains
all the standard monomials of shape F/D, and therefore, it is spanned by standard
monomials of shape F/D. By Proposition 3.9, the number of standard monomials of
shape F/D is equal to the dimension of the space B(D,F). This shows that, for all
doubly interlacing pairs (D,F) € /An_1n, the standard monomials of shape F/D are a
basis of B(D,F). Since B = ®p pB(D,F) and the dimension of B(D,F) is zero unless
(D, F) satisfies the doubly interlacing condition (Lemma 2.4), standard monomials form
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a C-basis of B. With Proposition 3.2, which shows that 5 satisfies the second condition
in Definition 3.3, this shows that the branching algebra B for (G, G,,_1) is an ASL on
{6c:C e L} over C. O

Definition 3.12. The basis {6a} from Theorem 3.11 is called the standard mono-
mial basis of B.

4. THE STANDARD MONOMIAL BASIS AS A CANONICAL WEIGHT BASIS

In this section we give an interpretation of the standard monomial basis of the previous
section as a canonical weight basis. In section 4.1 we recall a theorem in [Yacl0] which
shows that the natural SI, action on B can be canonically extended to an action of an n-
fold product of SL,’s in such a way that the multiplicity spaces B(D, F) are irreducible. As
a corollary of this theorem we obtain a canonical decomposition of B into one-dimensional
spaces. We then show in section 4.2 that these one-dimensional spaces are exactly the
spans of standard monomial basis elements.

4.1. An irreducible action on the multiplicity spaces . The branching algebra B
carries a natural algebraic representation of SL,. Indeed, there is a copy of SL, in G,
that commutes with G,,_1 C Gn (cf. (2.1)). This copy of SL, acts on the branching
multiplicity spaces B(D, F), i.e. on the graded components of /3. This action is described
as follows: an element b € B(D, F) is a G, equivariant map from TE_] to 1, and given
x € SL,, x.b is another such morphism defined by (x.b)(v) = x.b(v) for any v € TE_1.
Therefore B is a graded SL,-algebra. We refer to this action as the “natural” SL, action
on B.

The branching multiplicity spaces are not irreducible SL,-modules. Indeed, they are an
n-fold tensor product of irreducible SL;-modules (see Theorem 4.3 below). Nevertheless,
the natural SL, action can be uniquely extended to an irreducible action of a product of
SL,’s. In this section we explain how this is done.

Let L = SL, x --- x SL, be the n-fold product of SL;. We want to construct an
irreducible action of L on B(D,F), in such a way that the diagonally embedded S, C L
recovers the natural action. Notice that in this formulation L is not the product of
SL,’s that lives in G,,. Indeed, the latter product of SL,’s does not act on the multi-
plicity spaces. The existence of this [-action is more subtle, and can only be “seen” by
considering all multiplicity spaces together, i.e. by considering the branching algebra.

For two Young diagrams F = (f;,f2,---) and D = (dy,d,---), the inequalities in
doubly interlacing condition for (D, F) given in Lemma 2.4, i.e.

fi > di > fi2

do not constrain the relation between d; and f;; ;. In other words, we can have either
di > fi11, or dy < fiy1, or both. This motivates the following:

Definition 4.1. An order type o is a word in the alphabet {>,<} of length n —1.
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Suppose (D,F) € An_1n and 0 = (07---0n_1) is an order type. Then we say (D, F)
is of order type ciffori=1,...,n—1,

oi="“2" = di > fin
0 =“<” = di < fiyg

For example, consider the pair (D, F), where F = (3,2,1) and D = (3,0). Since d; > >
and d; < f3, the pair (D, F) is of order type o = (><).

It will also be useful to introduce the notion of a generalized order type: if di = i
then we place an “=" in the i'" position to denote that (D, F) satisfies order types with
both > and < in the ith position. For example, if F is as above and D = (2,0) then we
say (D, F) is of generalized order type (=<), since in this case (D, F) satisfies both types
(<) and (<<).

Let X be the set of order types, and for each o € X set

An—1n(0o) ={(D,F) € A1 :(D,F) is of order type o}.
Lemma 4.2. For 0 € X, An_1n(0) 15 a sub-semigroup of An_1n.

Proof. Suppose (D,F),(D’,F) € Ay_1n(0), and suppose oy = “ >". Then d; > fi; and
d{ > f{,, which of course implies that d;+d{ > fi;1+f{ ;, and hence (D+D’,F+F') €
An—1n(0). The argument for o; = “ <” is entirely analogous. O

Since B is An_1n-graded, in particular
B(D,F)B(D',F') c B(D+ D', F+F)
for (D,F),(D’,F') € Aqy_1n. Therefore, by the above lemma,
B(o) = 4 B(D,F)

(D)F)GAnfl ,n[o_)

is a subalgebra of B. Note that B(c) has unit the trivial function on G,,, which is an
element of the (0,0)-component.

To each (D,F) € A1, we associate an irreducible [-module as follows. Let Vi be
the irreducible SL,-module of dimension k+1. Set D = (dy,...,dn_1) and F = (fq,...,fn),
and let (x; > y7 > -+ > Xn > Yn) be the non-increasing rearrangement of the elements
{dq,...,dn_1,f1,...,Tn}. Define r{(D,F) =x; —y; for i = 1,...,n, and let A(D,F) be the

irreducible [-module
n

A(D,F) = Q) Vs, 0.

i=1
Theorem 4.3 ([Yacl0, Theorem 3.5]). There ts a unique representation (®,B) of L
satisfying the following two properties:
(1) For all (D,F) € Aqn_1n, B(D,F) is an irreducible L-invariant subspace of B.
If B(D,F) s nonzero, then B(D,F) s isomorphic to A(D,F).
(2) For all 0 € X, L acts as algebra automorphisms on B(0).

Moreover, Resng(CD) recovers the natural action of SL, on B.
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Let Tsp, be the torus of SL, consisting of diagonal matrices. Let Ty = Tsy, x--- x Tsp,
be the diagonal torus of L. The action of Ty on B(D,F) decomposes it uniquely into
weight spaces, which, by the above theorem, are one-dimensional.

Remark 4.4. The Ty weight spaces of B(D,F) are also weight spaces for the natural
SLy-action, via the diagonally embedding Tsi, C L. Moreover, Ty is the unique
mazimal torus of L containing Tsy,. Therefore, the decomposition we obtain in this
way 1s the unique decomposition of B(D,F) into spaces which are simultaneously
weight spaces for a torus of L and weight spaces for Tsi,. Moreover, the choice
of the torus Tsy, s induced by our choice of torus of Gn. In other words, the
decomposition of B(D,F) into one dimensional spaces depends only the choice of
torus of Gp.

We now make this decomposition precise. Suppose (D, F) € A,,_1, and (D, F) satisfies
the doubly interlacing condition (so that B(D,F) is nonzero). Then the weight spaces
of Ty on A(D,F), and hence B(D,F), are indexed by Young diagrams E satisfying the
condition D C E C F. Indeed, the diagram E = (ej, es,...) corresponds to the weight

n
(4.1) (t1,...,th) € TL. — Htizeifxi*yi

i=1
(cf. (Lemma 7.1, [Yacl0])). Let B(D,E,F) denote the one dimensional weight space of
B(D, F) parameterized by E.

Corollary 4.5. There 1s a canonical decomposition of B into one dimensional Ty
weight spaces
B= & B(D,EF).
DLCECF
In particular, B has a T weight basts which is unique up to scalar.

4.2. The standard monomial basis is the canonical weight basis . We now show
that the standard monomials basis defined in Theorem 3.11 is compatible with the canon-
ical decomposition appearing in Corollary 4.5. In other words, the standard monomial
basis is the unique (up to scalar) Ty weight basis of B.

Suppose A C L is a chain, and the corresponding standard monomial 65 has shape
F/D. We say A is of order type o € X if the pair (D, F) is of type 0. The following lemma
shows that order types are intimately connected to the distributive lattice L.

Lemma 4.6. A set of column indices {Ci:1=1,...,7} form a chain A= (C; < ---
C:) if, and only if, they satisfy a common order type o € L.

IA

Proof. First we note that

I; 1is of generalized type

—

J; is of generalized type

N

J; is of generalized type

Ky is of generalized type

,ﬁ,ﬁ,_\ﬁ
—_—
—
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where in the first line the “>” sign appears in the i'" position, and in the last line the
“<” sign appears in the k 4+ 1" position.
Now suppose a set of column indices {C;:1=1,...,r} form a chain in £. Then for all
i > 1 we know that
{Ii, Kizg ) €{Cy, ..., Cr)

Define a generalized order type 0 = (07 - 0n_1) by

if I; €{Cy,...,Cy}

if Ki_1 € {C1 y ooy CT}
otherwise

Clearly the set {Cy, ..., C,} satisfies the type o.

Conversely, suppose the elements of A = {Cy,...,C,} satisfy a common order type
0=(07---0n_1). Then

0] =

VARV

o ="“2"=LeAK 1¢A
0 ="“<"=L&AK €A
oi="“="=LZAK 1 €A
Therefore {I;,Ki_1} € A for all i, i.e. Ais a chainin L. O

Theorem 4.7. The standard monomial basts is the unique (up to scalar) Ty weight
basis of the representation (®,B) of L.

Proof. First we prove that if C € £ then ¢ is a weight vector for the action of Ty on B.
Suppose F/D is the shape of dc. Since D and F are both columns, by Theorem 4.3(1)
B(D, F) is isomorphic either to a trivial L-module, or to

Vo®---Vi---®Vp

where the term V; occurs, say, in the it" position.
In the first case, 6¢ is clearly a weight vector since it is invariant under L. Consider
now the second case, and let t = (ty,...,tn) € T.. Then

-,

O(t)(dc) = @((t,...,14))(dc)
= t.0¢c
where the second equality follows since Resls-LZ (@) is the natural action of SL, on B (by

Theorem 4.3). So now it suffices to see that ¢ is a weight vector under the natural torus
action of Tsr, on B. Indeed, for t € Ts;, we have

Lo, = o
t.5]j = téjj
— s,
t.5]; =t 5]j
t-éKk = 6Kk

where 1 <i<n—-1,0<j<n—land 0<k<n—2.
We’ve shown so far that for any C € L, 6¢ is a weight vector for the action of T
on B. We now show this is true for any standard monomial 654 = d¢c, ---6c,. Indeed,
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by Lemma 4.6, the column indices {Cy, ..., C,} satisfy a common order type. Then by
Theorem 4.3(2), for any L € L

D(1)(da) = @(V(6¢,) - DU (3¢, ).

Since each 0c, is a weight vector for the action of Ti, it follows that 64 is also. By
Theorem 3.11 and Corollary 4.5 we conclude that the standard monomials are the unique
(up to scalar) weight basis of the representation (@, B) of L. O

We remark that our labeling of standard monomials is compatible with the decom-
position of B appearing in Corollary 4.5. Indeed, suppose 64 is a standard monomial.
In section 3.1 we showed how to associate a triple of doubly interlacing Young diagrams
DA E Ep E Fp to 84. Then we have:

(4.2) 6a € B(Da,Ea,Fa).

Example 4.8. Consider 6o as in Example 3.10. Let t=(ty,..,ts) € Ty. By the
same reasoning as in the proof of Theorem 4.7 we compute that

D(1)(84) = t; tat3 404,

On the other hand, using (4.1), it’s easy to see that B(Da,Ea,Fa) ts a weight space
of Ty corresponding to the character g tf1t2t§]t4.

5. Toric DEGENERATION AND HiBI ALGEBRA FOR (Gn, Gn_1)

In this section, we show that B can be flatly deformed into an affine semigroup ring.
This will provide another combinatorial description of branching multiplicity spaces.

5.1. Flat Deformation. From Theorem 3.11, we can realize the branching algebra B
as an ASL, i.e., the quotient algebra

B=Clzc:Ce L]/T
whose defining ideal 7 is generated by
(5.1) {zlizKM —zpzy, tzpzp 1 <i<n— 1}

On the other hand, we can define a semigroup ring whose multiplicative structure is
compatible with the lattice structure of £ (cf. [Hi87]).

Definition 5.1. The Hibi algebra H over L is the quotient of the polynomaial ring
Clzc : C € L] by the ideal Iy generated by

{zlizKF1 —Zyzy 1<i<n— 1} .

We note that each generator of 7y can be written as zy,zx, , — zr, Ak, ,Z1,vK, ; BY
(3.3), and also it is the first two terms of the longer relation (5.1) for 5. In what follows,
by using an analog of the SAGBI degeneration ([CHV96, Theorem 1.2]), we show that
B is a flat deformation of H.
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Theorem 5.2. The branching algebra B can be flatly deformed into the Hibt algebra
‘H over L.

Proof. Our goal is to construct a flat C[t] module R whose general fiber is isomorphic
to B and special fiber is isomorphic to the Hibi algebra H. Let us impose a filtration on
B by giving the following weight on each monomial. Fix a large integer N greater than
2n, and for C ={c; < -+ < cq} € L we define its weight as

wt(C) = Z c N T
r>1

Also, we define the weight of 6¢ as the weight wt(C) of its indexing set C, and the weight
of a product [[dc, as the sum ) wt(C;) of the weights of its factors.

Recall that from Theorem 3.11, every element in B can be expressed uniquely as
a linear combination of standard monomials 5o = [[&c, with multiple chains A =
(Cq,--+,Cx). Set Fy*(B) to be the space spanned by standard monomials whose weights
are not less than d:

{6A IWt(éA) > d}
This filtration FW' = {F‘(’in} is well defined from the following observation: every product

[I6c, can be expressed as a linear combination of standard monomials with bigger
weights, because in the straightening laws (5.1) we have

wt(L;) + wt(Ki1) = wt(Ji) +wt(Ji1)
= Z N4 (n 4+ ONYE 4 (n )N

1<r<i—1
wt(J) +wt(Ji ) = ) N4 (n+it NNt
1<r<i—1
and therefore for each i,
wt(L) + wt(Kiq) = wt(J) +wt(Ji1)

< wt(Ji) +wt(Ji_4)
Then we can construct the Rees algebra R of B with respect to FW!:

R=EFy (B!
d>0
and by the general property of the Rees algebras, it is flat over C[t] with its general fiber
isomorphic to B and special fiber isomorphic to the associated graded ring.

For all incomparable pairs (A, B) = (I;,Ki_1) € L, since wt(A)+wt(B) = wt(AAB)+
wt(AV B), 5,0 and dpAB0AvE belong to the same associated graded component of R.
Therefore, we have ya -gr Y8 = YaAB -gr YAVB Where yc are elements corresponding to
dc in the associated graded ring of R. Then it follows that the associated graded ring
of R is isomorphic to the Hibi algebra H over L. O
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5.2. Affine Semigroup. Now we want to realize the Hibi algebra H over £ as an affine
semigroup ring, i.e., a ring generated by a finitely generated semigroup isomorphic to a
subsemigroup of ZN containing 0 for some N (cf. [BH98, Section 6]). Since B is a flat
deformation of H, we expect that combinatorial properties of branching rules give rise
to the affine semigroup structure of H.

Let us define the poset I" consisting of t)m forn—1<i<n+1land 1 <j<min(i,n)
which we shall arrange as

tgnﬂ) t(2n+1] t1(111+1)
_ (n) (n) ()
- R (n—1) E (n—1) "
n— n—
t] tnf1
with )" > ¢/ > /1" for all i and ;.

j j+1
The set P(T") of all order preserving maps from I' to non-negative integers forms a
monoid generated by the characteristic functions xs on S = I/S’ for order decreasing

subsets S’ of T

Furthermore, by imposing the following partial order on the set of order decreasing
subsets of T, we can identify the Hibi algebra H with the semigroup ring C[P] of P =
P(T): for two order decreasing subsets S| and S} of ', we say S} is bigger than S/, if
S5 € S as sets.

Lemma 5.3. There 1s an order isomorphism between L and the set of order de-
creasing subsets of T.

This is an easy computation similar to [Km08, Theorem 3.8]. Let us specify this
isomorphism. For each C € L, we define the complement Sc of the corresponding order
decreasing subset S(- of I' as the union of

(K) (k) (k) (k)
Se :{q et }

for n—1 <k < n+1 where m(k) is the number of entries in C less than or equal to k. It
is straightforward to check that this correspondence gives an order isomorphism. This,
in fact, is an example of Birkhoff’s representation theorem or the fundamental theorem
for finite distributive lattices ([Sta97, Theorem 3.4.1]). See also the example below.

Example 5.4. Let us consider the follounng elements from the distributive lattice
L for (G4,G3): A =1[1,2,4,5], B=11,2,5], and C = [1,4]. Then the corresponding
character functions can be visualized as, by identifying them with their values at
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ta €T,

Xsn = 1 1 1 0

1 1 1
Xs, = 1 1 0 0

o

-y
—_
o

XSe = 1 1 0 0
1 0 0

Note that for T = A,B,C, the number of 1’s in the first, second, and third row of
XT s the number of entries less than or equal to 5, 4, and 3 wn T respectively. The
order A X B < C can be related to the inclusion order on order decreasing subsets

St = X§T1 (0) of T:
Xs, (0) € x5, (0) € x5 (0).

Proposition 5.5. There 1s a byjection between the set of multiple chains in L and
the set of order preserving maps from I' to non-negative integers.

Proof. The bijection in the above lemma provides the bijection between £ and the set
of characteristic functions on the complements of order increasing subsets of I'. This
map can be extended to the multiple chains in £ as follows. Let A = (C; < -+ < C¢)
be a multiple chain in £ and for each 1i, let x; be the characteristic function on Sc,
corresponding to C; given in the above lemma. Then we can consider the following
correspondence:

(5.2) A=(Cr = 2C)=plA)=) xi
r=1

Recall that starting from A, by considering Young diagrams containing entries less
than or equal to n — 1,n, and n + 1 we obtain Young diagrams D,E, and F respectively
with D C E C F. Now let us consider the following order preserving map p: ' — Z>g

1
Pt = £
pt™) = e
(n—1) .
p(tk ) - dk

for T<i<n,1 <k<n-—1. Then from the construction of x; corresponding to C;, one
can check that p = p(A) and this correspondence gives a bijection. For further details,
see [KmO8|[HwO05]. See also the example below. O
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Example 5.6. Let us consider the chain A < B <X C giwven by the elements in
Ezample 5.4. By concatenating them we have the semistandard tableau A of the
shape F/D = (3,3,2,1)/(3,2):

—_—

1
2|4
5

\m#w—a

Then the corresponding order preserving map gwen in the above proof is Xs, +
Xsg T Xsc
3 3 2 1
p(A) = 3 3 1 0
3 2 0

Note that the first row (3,3,2,1) corresponds to the Young diagram F of the
tableau A. By erasing the bozes with 5 in the tableau, we obtain the Young diagram
corresponding to the second row E = (3,3,1,0), and finally by erasing the bozes with
4, we obtain the Young diagram D corresponding to the third row (3,2,0).

In fact, from the multiplicative structure given in (5.2), this bijection is a semigroup
isomorphism. Therefore, we have

Corollary 5.7. The Hibi algebra H over L is isomorphic to the semigroup ring C[P]
generated by P ="P(T).

Consequently, Spec(H) is an affine toric variety in the sense of [Stu95, MS05|, and
Theorem 5.2 shows that Spec(B) is a toric deformation of Spec(H).
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