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VYACHESLAV FUTORNY, ALEXANDER MOLEV, AND SERGE OVSIENKO

ABSTRACT. We study Harish-Chandra representations of the Yangian Y(gl5)
which admit a decomposition with respect to a natural maximal commutative
subalgebra I' and satisfy a polynomial condition. We prove an analogue of
Kostant theorem showing that the restricted Yangian Y, (gl,) is a free module
over I and show that every character of I' defines a finite number of irreducible
Harish-Chandra modules. We study the categories of generic Harish-Chandra
modules, describe their simple modules and indecomposable modules in tame
blocks.
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1. INTRODUCTION

Throughout the paper we fix an algebraically closed field k of characteristic 0.

The notion of a Harish-Chandra module with respect to a certain subalgebra is
one of the most important in the representation theory of Lie algebras ([IJi]). For

example, weight modules are Harish-Chandra modules with respect to a Cartan
subalgebra. Also the Gelfand-Tsetlin modules ([DEOT]) over the universal envelop-
ing algebra U(gl,,) of the general linear Lie algebra gl,, are Harish-Chandra modules
with respect to a subalgebra generated by the centers of U(gl},), k =1,...,n where

gl; C ... Cgl,. In[DEO2] a general setting has been developed for Harish-Chandra

1

modules over associative algebras. Let U be an associative k-algebra, U — mod be
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the category of finitely generated left U-modules and I' C U be a subalgebra. De-
note by cfs(I") a cofinite spectrum of T', i.e. the set of maximal two-sided ideals of
T" of finite codimension. A module M € U — mod is called Harish-Chandra module
(with respect to I') if M = ®mectst M (m), where

M(m) = {x € M| there exists k > 0, such that m*z = 0}.

A key problem in the classification of all irreducible Harish-Chandra modules is to
study the liftings from a given m € cfs(T") to irreducible Harish-Chandra modules
M with M (m) # 0. When such lifting is unique then irreducible Harish-Chandra
modules are parametrized by the elements of cfs(T"). In the case of Gelfand-Tsetlin
modules over gl,, it was shown in [Ov] that the number of nonisomorphic irreducible
modules defined by a given m € cfs(I") is always nonzero and finite.

In this paper we begin a systematic study of Harish-Chandra modules over the
Yangians.

The Yangian for gl,, is a unital associative algebra Y(gl,,) over k with countably

many generators tz(-jl-), tg), ... where 1 <1i,j <n, and the defining relations
(1.1) (1w — ) [t (), 1 (V)] = g () ta(v) — 1y (0) tu(w),
where

and u,v are formal variables. This algebra originally appeared in the works on
the quantum inverse scattering method; see e.g. Takhtajan—Faddeev [[I'E], Kulish—
Sklyanin [KS]. The term “Yangian” and generalizations of Y(gl,,) to an arbitrary
simple Lie algebra were introduced by Drinfeld [DI]. He then classified finite-
dimensional irreducible modules over the Yangians in [D2] using earlier results of
Tarasov [I1} [T2] for the sl case. An explicit construction of all such modules
over Y (sly) is given in those papers by Tarasov and also in the work by Chari and
Pressley [CP]. Apart from this case, the structure of a general Yangian represen-
tation remains unknown. In the case of Y(gl,,) a description of “generic” modules
was given in [MI] via Gelfand—Tsetlin bases. A more general class of “tame” rep-
resentations of Y(gl,,) was introduced and explicitly constructed by Nazarov and
Tarasov [N'T]. An important role in these works is played by the Drinfeld genera-
tors [D2]

(1.3) ai(u), 1=1,...,n, bi(u), ¢i(u), i=1,....,n—1

of the algebra Y(gl,,) which are defined as certain gquantum minors of the matrix
T(u) = (tij(u)). The coefficients of the series a;(u), i = 1,...,n form a commuta-
tive subalgebra of Y(gl,,) which can be regarded as an analogue of a Gelfand-Tsetlin
subalgebra of the universal enveloping algebra of g, [DEOT] We shall call a repre-
sentation of Y(gl,,) Harish-Chandra if it is a Harish-Chandra module with respect
to this subalgebra. In particular, finite-dimensional Harish-Chandra modules are
precisely the tame modules of [N'T]. Note that Harish-Chandra modules for Y(gl,,)
are analogs of Gelfand-Tsetlin modules for gl,, [DFQOT].

In this paper we are concerned with Harish-Chandra representations of the Yan-
gian Y(gly). Recall that every irreducible finite-dimensional Y (gl,)-module contains
a unique vector ¢ annihilated by ¢12(u) and which is an eigenvector for the Drinfeld
generators aj(u) and as(u) defined by

(1.4) a1 (u) = tn(u) tgg(u — 1) — tgl(u) tlg(’u, — 1), ag (u) = tgg(u);
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see [1T1 [T2] and [CP]. Moreover, there exists an automorphism ¢;; (u) +— c(u) t;;(w)
of Y(gly), where c(u) € 1+ u~1k[[u~}]], such that the eigenvalues of ¢ become
polynomials in ©~! under the twisted action of the Yangian. This prompts the
introduction of the class of Harish-Chandra polynomial modules over Y(gl,), i.e.,
such Harish-Chandra modules where the operators a1 (u) and as(u) are polynomials.
More precisely, by (L) it is natural to require that for some positive integer p the
polynomials a1 (u) and as(u) have degrees 2p and p, respectively. Note that a;(u)
is the quantum determinant of the matrix T'(u) [[K], [KS]. Its coefficients are
algebraically independent generators of the center of Y(gl,).

We can interpret the definition of Harish-Chandra polynomial modules using the
algebra Y, (gl,) called the Yangian of level p; see Cherednik [CTL [C2)]. It is defined

as the quotient of Y(gl,) by the ideal generated by the elements tl(;) with r > p+1.
A Harish-Chandra polynomial module over Y (gl5) is just a Harish-Chandra module
over Y,(gl,) for some positive integer p.

For another interpretation consider the Yangian for sls which is the subalgebra
Y(slz) of Y(gly) generated by the coefficients of the series e(u), f(u) and h(u) [D2)
defined by

e(u) = taa(u)~Mt1a(u),
(1.5) fu) = to1(u) taa(u) ',
h(u) = t11(u) tog (u) ! *tzl(u)t22(u)71t12(u)t22(u)71~
)

Note that the series h(u) can also be given by
(1.6) h(u) = a1(u) ag(u) tag(u — 1)1
(

so that the coefficients of h(u) form a commutative subalgebra of Y(slz). Therefore,
the restriction of a Harish-Chandra Y(gl,)-module to Y(sly) admits an eigenbasis
for this subalgebra. We also point out that both the above interpretations extend
to an arbitrary Yangian Y(gl,,).

In this paper we study Harish-Chandra polynomial modules over Y(gly). We
consider the class of modules admitting a central character so that the coefficients of
a1 (u) act as scalars. This class contains all irreducible Harish-Chandra polynomial
modules. We study the properties of the subalgebra I" of Y(gl,) generated by the
coefficients of aq(u) and as(u). In particular we show that Y(gl,) is free as a left
and as a right I'-module (Theorem [M) which is an analogue of Kostant theorem [K].
Moreover, we show that I' is a Harish-Chandra subalgebra (Theorem B) in the sense
of [DEO2] and that each character of I' extends to a finitely many non-isomorphic
irreducible Y(gly)-modules (Theorem Hl). This gives an equivalence between the
category H(Y(gl5),T") of Harish-Chandra polynomial modules and the category of
finitely generated modules over a certain category A whose objects are the maximal
ideals of I'. A full subcategory HW (Y (gly),I") consisting of weight polynomial
Harish-Chandra modules, when the action of as(u) is diagonalizable, is equivalent
to the category of finitely generated modules over a certain quotient category of A
(see Section 2.1 for details). An important role in our study is played by certain
universal weight polynomial Harish-Chandra modules (Section 3, Theorem B) such
that every irreducible module in HW (Y(gl,),I") is a quotient of the corresponding
universal module. In section 7 we study a full subcategory in HW (Y(gl,),I") of
generic modules, this imposes a certain integrability condition on the eigenvalues
of ag(u) while those of ai(u) are arbitrary. In particular, we give a complete
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description of irreducible modules (Theorem E) and indecomposable modules in
tame blocks of this category (Theorem [l).

2. PRELIMINARIES

2.1. Harish-Chandra subalgebras. In the setting of [DFO?] the subalgebra I'
need not to be commutative. But in this paper we will only deal with the com-
mutative case, hence cfs(T") coincides with the set Specm T of all maximal ideals in
T.

When for allm € SpecmI' and all z € M (m) holds mz = 0 such Harish-Chandra
module M is called weight (with respect to I').

All Harish-Chandra modules (with respect to I') form a full abelian subcategory
in the category of U — mod which we will denote by H(U,T'). A full subcategory
of H(U,T) consisting of weight modules we denote by HW (U, T"). The support of a
Harish-Chandra module M is a set Supp M C SpecmI' consisting of such m that
M(m) # 0. For D C Specm I denote by H(U, T', D) the full subcategory in H(U, T")
formed by M such that Supp M C D. For a given m € SpecmT let xm : I' — I'/m
be a character of I'. If there exists an irreducible Harish-Chandra module M with
M (m) # 0 then we say that xm, extends to M.

The notion of a Harish-Chandra subalgebra ([DFEO2]) gives an effective tool for
the study of the category H(U,T"). A commutative subalgebra I' C U is called a
Harish-Chandra subalgebra in U if for any a € U the I'=bimodule T'al’ is finitely
generated as left and as right I'-=module. In this case for a finite-dimensional
I'~module X the module U ®r X is a Harish-Chandra module.

For a € U let

X, = {(m,n) € SpecmT x SpecmT'|T'/n is a subquotient of T'al'/Tam}.

Equivalently, (m,n) € X, if and only if (I'/n) ®r I'al’ @ (I'/m) # 0. Denote by
A the minimal equivalence on Specm I’ containing all X,, a € U and by A(A,T)
the set of the A—equivalence classes on SpecmI'. Then for any a € U and m €
Specm I' holds

(2.7) aM(m) C > M), HUT)= P HUT,D).
(mn)eX, DEA(U,T)

Define a category A = Ay with ObA = I' and the space of morphisms from m
to n being

(2.8)
A(m,n) = lim U/(n"U +Um™) (equivalently lim I'/n" @r U ®p I'/m™).
Then we have A = @ A(D), where A(D) is the restriction of A on D.

DeA(U,T)
The category A is endowed with the topology of the inverse limit and the category
of k-vector spaces (k — mod) with the discrete topology. Consider the category
A —mody of continuous functors M : A—k — mod ( discrete modules in [DFO2],
1.5). For any discrete A—module N define a Harish-Chandra U—module F(N) =
@meSpeemr N (m) and for 2 € N(m) and a € U define ax = Znespecmr anZ where
an is the image of a in A(m,n). If f : M— N is a morphism in A — mody then
define F(f) = ®mespecmrf(m). Hence we have a functor F : A—mody — H(U,T).
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Proposition 2.1. ([DEO2|, Theorem 17) The functor F is an equivalence.

We will identify a discrete A-module N with the corresponding Harish-Chandra
module F(N). Let 'y, = lim I'/m™ be the completion of T' by m € SpecmT'. Then
“—m

the space A(m,n) has a structure of I'y, — I'yy-bimodule.

For m € Specm I denote by m a completion of m. Consider a two-sided ideal
I C A generated by m for all m € SpecmT" and set Ay = A/I. Then Proposition
1 implies the following statement.

Corollary 1. The categories HW (U,T') and Aw — mod are equivalent.

The subalgebra T is called big in m € SpecmT" if A(m, m) is finitely generated
as I'm—module.

Lemma 2.1. ([DEQ?], Corollary 19) If T is big in m € SpecmI' then there exist
finitely many non-isomorphic irreducible Harish-Chandra U—modules M such that
M(m) # 0. For any such module dim M (m) < co.

2.2. Special PBW algebras. Let U be an associative algebra over k endowed
with an increasing filtration {U,}icz, U-1 = {0}, Uy = k, U;U; C U;4;. For
u € U; \ U;—1 set degu = i. Let U = gr U be the associated graded algebra U =

o0

@ U;/U;_1. For u € U denote by u its image in U and for a subset S C U set S =
i=0

{3|s € S} c U. The algebra U is called a special PBW algebra if any element of U
can be written uniquely as a linear combination of ordered monomials in some fixed
generators of U and if U is a polynomial algebra. Such algebras were introduced
in [FO].

Let A = k[X3,...,X,] be a polynomial algebra. For g1,...,9: € A denote by
V(gi1,..., gt) aset of all zeroes of the ideal generated by the elements g1,...,g:. A
sequence ¢i, ..., g¢ € A is called regular (in A) if the class of g; in A/(g1,...,9i—1)
is non-invertible and is not a zero divisor for any i =1,...,t.

Next proposition contains the basic properties of regular sequences which can be
easily checked or can be found in [BHI.

Proposition 2.2. (1) The sequence X1,...,X,,G1,...Gt with Gy,...,G; €
A is regular in A if and only if the sequence g1, ..., g: is reqular in K[ X, 1,
) Xn]’ where gi(XTJrla s 7Xn) = Gz(oa e 0, X, aXn)
(2) A sequence g1,...g: is reqular in A if and only if the variety V(g1,...,9t)
is equidimensional of dimension n —t.
(3) A sequence g19}, 92, - - -, gt is reqular if and only if the sequences g1, gz, - .., gt
and g1, 92, - .., g: are reqular.

The following analogue of Kostant theorem ([K]) is valid for special PBW alge-
bras.

Proposition 2.3. ([EQ)]) Let U be a special PBW algebra and let g1, ..., g € U
be mutually commuting elements such that Gy, ..., g, is a reqular sequence in U,
I =Kklg1,-..,9t]. Then U is a free left (right) T'—module. Moreover T is a direct
summand of U.
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3. FREENESS OF Y,(gly) OVER ITS COMMUTATIVE SUBALGEBRA

Let p be a positive integer. The level p Yangian Y ,(gl,) for the Lie algebra gl,
(p)
t\F

[C2] can be defined as the algebra over k with generators tijl.), cen iy 40 = 1,2,

subject to the relations

1

u—v

(3.9) (T3 (u), T (v)] = (T (u) Ty (v) = T (v) T (),

where u, v are formal variables and

p
(3.10) Tyj(u) = b0 + > 117 ul™F € Y, (gly)[u].
k=1

Explicitly, (1) reads

min(r,s)

(311) ) =0 (VT ),
a=1

where tz(-?) = §;; and tz(-;) = 0 for » > p+ 1. Note that the level 1 Yangian

Y1(gly) coincides with the universal enveloping algebra U(gl,). Set deg tg-c) =k
for ¢,7, k =1,...,p. This defines a natural filtration on the Yangian Y,(gl,). The
corresponding graded algebra will be denoted by Y,(gly). We have the following
analog of the Poincaré—Birkhoff-Witt theorem for the algebra Y, (gl,).

Proposition 3.1. ([C2)]; see also [M2]) Given an arbitrary linear ordering on the

set of the generators tgf), any element of the algebra Y,(gly) is uniquely written
as a linear combination of ordered monomials in these generators. Moreover, the
algebra Y ,(gly) is a polynomial algebra in generators Zﬁf).

Proposition Bl implies that Y,(gly) is a special PBW algebra. Denote by D(u)
the quantum determinant

D(U) = Tll(U)TQQ(U — 1) — Tgl(’u,)Tlg(u — 1)

(3.12) =T (u — 1)Teg(u) — Tia(u — 1) To1 (u).

It was shown in [CT1 [C2] (see also [M2] for a different proof) that the coefficients of
the polynomial D(u) are algebraically independent generators of the center of the

algebra Y, (gl,).
Denote by I' the subalgebra of Y, (gl,) generated by the coefficients of D(u)
and tég), k=1,...,p. This algebra is obviously commutative. We will show later

(Corollary B) that T is a Harish-Chandra subalgebra in Y, (gl,).
Lemma 3.1. The sequence ESQ), . ,Zé’;) Jdi, ... ,Egp of the images of the generators
of T is regular in Y ,(gl,).

Proof. Denote t; = fﬁ) +f§i2), i=1,...,p, A = fgil)féj; - fgl)f%), i,j=1,...,p,
i # 7. It follows from that

2p
D(u) = u?? + Z P,
i=1
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where d; = t; —I—ZZ IA” _jfori=1,....pand d; = ?:ipri,i—j for i =
p+1,...,2p. Hence we need to show that the sequence

p—1 P
1
té;’ .. tég)’tlth —+ All; .. ,tp —+ Z Ai,p*i; Z Ai,p«klfia ceey App
i= i=1
is regular. We will denote by V; the result of the substitution f%) =.. S;) =0

ind;,i=1,...,2p. By Proposition ZZ () we only need to show the regularlty of
the sequence

Vi,..., Vop.
Consider the following triangular automorphism ¢ of Y,(gl,)/I: t11 = t(lzl) +

ZZ YA, féil) tgl), f(i) §Q, i =1,...,p, where I is an ideal generated

by tél) . ,f;g). Applying ¢! to the sequence V1, ... , Vg, we see that it is enough
to show the regularity of the sequence

1

T Y, V.
Again by Proposition 2221 (1) this is equivalent to the regularity of the sequence
Vp+ti, -+, Vap. For each pair 4, j, ¢, =1,...,p, i+j > p+1 consider the following

elements of k[tig, 11)| i,j=p+1,...,2p] arranged in the table s;; below

7W7)

to1tyy

té1 )52)_”(1) (3-1)

—(i—2 i—1 1) —()=(j—2

T U I

té’;ﬂ i (J)+t(P N3 (J+1) I +t(Hl) (p—1) +tél) (p+1—19)

Note that when ¢ = j = p the rows of the table are exactly the elements V;,
i=p+1,...,2p. We will show by induction on i + j that the rows of this table

form a regular sequence. Let ¢ +j = p + 1. Then s;; consists of the unique

element té) @) and the corresponding variety is obviously equidimensional. Hence

the statement follows from Proposition 222, @). Applying Proposition Z2 @) to

the table above we obtain the following two tables s;; and s’

" "
t(i Dz (J) t(z) (J 1) téll Dz (J) t(z) (J 1)

<(p+1-75)7(5) ()7 (p+1 i)

i (p+1 g 231 lig +.. .+ lartys

gpt=ga) iy

Next we apply Proposition B2 () substituting tél) = 0 in sj; and %ﬁg) =0 in
si;- It is easy to see that after the substitution we obtain the tables s;_1; and

s;j—1. Applying the induction to these sequences we conclude their regularity which
implies the regularity of the sequence s;; for all 4,5 =1,...,p, ¢4+ 7 >p+1 by
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Proposition Z2 @)). In particular, the sequence s, is regular which completes the
proof. O

We immediately obtain the following
Corollary 2. The generators télg), e ,tég), dq,
pendent.

We will denote by K (T") the field of fractions of T'.
Combining Lemma Bl with Proposition we obtain the following

...,dap of I are algebraically inde-

Theorem 1. (1) Y,(gly) is free as a left (right) module over I'. Moreover T’
is a direct summand of Y, (gly).
(2) For any m € Specm T the character xm extends to an irreducible Y,(gly)-
module.

For a subset P C Y,(gly) denote by D(P) the set of all x € Y,(gly) such that
there exists z € I', z # 0 for which zx € P.

Corollary 3. Let P C Y,(gly) be a finitely generated left T —module then D(P) is
a finitely generated left '—module.

Proof. Since I' is a domain then D(P) is a I'-submodule in Y, (gl,). Using the fact
that Y,(gl,) is a free left T'—module we conclude that Y,(gly) ~ Fp & F where Fp
and F are free left '—modules, Fp has a finite rank and P C Fp. Then D(P) C
Fp and hence it is finitely generated as a module over a noetherian ring. [

4. HARISH-CHANDRA MODULES FOR g[(2) YANGIANS

Let L be a polynomial algebra in variables b1,...,bp, g1,...¢g2p. Define a k-mo-
nomorphism 2 : ' — L such that z(tg;)) = Opp(b1,...,bp), W(di) = 0i2p(g1, ...,
g2p) where o; ; is the i-th elementary symmetric polynomial in j variables. We will
identify the elements of I' with their images in L and treat them as polynomials in
variables b1, ...,bp, g1, ... g2p invariant under the action of the group S, x Sz, . Set
L = Specm L. We will identify £ with k3. If 3= (B1,...,8), ¥ = (1, --»72p)
and £ = (B1,...,0p,71,--.,72p) then we will write £ = (5,7). The map ¢ induces
an epimorphism ¢* : £ — SpecmI'. If £ € £ and m = +*(¢) then D(¢) will denote
the equivalence class of m in A(Y,(gl,),T).

Let Lo C L, Lo ~ ZP, be a lattice generated by d; € k3, i=1,...,p, where §; =
(61, .,5?’)), 6 = 8,5, j=1,...,3p. Then Ly acts on £ by shifting §;(¢) := £+ §;.
Also the group S, x Sa, acts on £ by permutations. Thus the semidirect product
W of the groups S, x Sa, and Ly acts on £ and L. Denote by S a multiplicative
set in L generated by the elements b; — b; —m for all 7 # j and all m € Z and by
L the localization of L by S. Note that S is invariant under the action of W and
hence W acts on L.

Let £1 = Specm L C L, i.e. £ cousists of generic 3p-tuples £ = (3, ) such that
B —B; ¢ Z for all i # j. If £ € £ then the modules from the category H(Y,(gly),
T, D(¢)) are called generic Harish-Chandra modules.

Fix ¢ = (8,7) € L. Let I, be the left ideal of Y, (gly) generated by the coefficients
of the polynomials Tos(u)—5(u) and D(u)—~v(u). Define the corresponding quotient
module over Y,(gly) by

M(6) = Y, (ala)/ 1
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It follows from Theorem [ that I, is a proper ideal of Y,(gl,) and so M({) is a
non-trivial module. Therefore, the image of 1 in M ({) is nonzero. We shall denote
it by £. The next proposition shows the universality of the module M ().

Proposition 4.1. Let ¢ = (8,7) € £ and let V be a weight Y,(gly)-module with
a central character v generated by a nonzero n € Vg. Then V is a homomorphic
image of M().

Proof. Indeed, there is a homomorphism f : M (¢) — V which maps £ to n. Since
7 generates V the statement follows. (]

4.1. Weight modules. For ¢ = (,7) € L the category HW (Y, (gly), I', D(¥))
consists of finitely generated weight modules V' with central character v and with

Supp V' C D(¥). For simplicity we will denote it by R,. If £ € £1 then the modules
from Ry will be called generic weight modules.
Let £ = (ﬁ77) € ‘Ca ﬁ = (51)"'7ﬁp)7 V= (717"'7’72;0)) ﬁ(u) = (u—&—ﬁﬂ(u—l—

Bp)s () = (utm). .. (u+72).
AY,(gly)-module V is an object of Ry if V' is a direct sum of its weight subspaces:

(4.13) V =EP Vi, where Vi ={n €V | Tos(w)y = Bu)n, D(u)n=~(u)n}.
el

If V € R, then we shall simply write Vg instead of V; and identify Supp V' with
the set of all 3 such that the subspace V3 is nonzero.

Lemma 4.1. (compare with X)) Let V' be a generic weight Y, (gly)-module and
let 8= (01,...,0p) € SuppV. Then

p P
(4.14) Tgl(u)Vg - Z Vits, and Tlg(u)Vg - Z Via—s,
=1

i=1
where B+ 0; = (B1,...,8i £1,...,0p).
Proof. First we show that T (—03;)Va C Vgge, for alli =1,...,p. Since
TQQ(U — 1)T21(’U,) = TQl(’U, — 1)T22(U)
we have
Too(—F;i — 1)To1(—pi)n = To1(—fi — 1)Ta2(—Bi)n =0
for all n € V. Also,
Too(—B))To1 (—Bi)n = (Bi — B;) N (To1(—Bi)Taa(—Bj) — Tor(—B;)To2(—5:)) n
+ To1(—Bi)T22(—B)n =0

since Too(—0k)n = 0 for all k = 1,...,p. Using the fact that 3, — 5; ¢ Z we
conclude that T2 (—5;)Vs C Vs, for alli =1,...,p. Since Try(u) is a polynomial
of degree p — 1 in w and §; # (3; if i # j, we have that To1(u)Vs C >0, Vags,.
The case of Tia(u) is treated analogously using the identity Taa(u)Ti2(u — 1) =
Tlg(’u,)TQQ(’U, - 1) O

Corollary 4. If V is indecomposable generic weight module over Y ,(gly) and 8 €
Supp V' then SuppV C (5 + ZP.
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Lemma 4.2. If V is a generic weight Y ,(gly)-module with central character ~v(u)
then for any 8= (B1,...,0p) € SuppV and any n € Vg we have
T12(=r)T21(—Bs) n = Tor(—Bs)T12(=pr) 0,

if s #£r, and

Tho(=Bi — )T (=i)n = —v(=Bi) n;

To1 (=i + 1)Th2(=Bi)n = —y(=Bi + 1)n.
Proof. The first equality follows from the defining relations ([LT]). The others follow
from (BI2). O
Corollary 5. Let V be a generic weight Y,(gly)-module with a central character y
and let B = (B1,...,0p) € Supp V.

(1) If v(—=Bi) # 0 then Ker To1(—6;) N Vg = 0.

(ii) If v(=Bi + 1) # 0 then Ker T1o(—3;) N Vs = 0.
(i) If V is indecomposable and v(—0; + k) # 0 for all k € Z then

Ker To1 (—i) N Vyy = Ker Tha(—10;) NV =0
for all = (Y1,...,1p) € Supp V.
Given (k) = (k1,...,kp) € ZP define the corresponding vector of the module
M (£) by
¢k = H To1 (=B — ki + 1) - Tor (=B — 1) Tor (= i)
i, ki>0

X H Tio(—=0 — ki — 1) ---Tha(—0; + 1) Th2(—5;) €.

i, ki <0

Theorem 2. The vectors €% (k) € ZP form a basis of M(£). Moreover, we have
the formulas

p
(4.15) Too(u) €*) = T (u+ Bi + ki) €,
i=1
(4.16)
p
") _ 4 (u+B1+ki)--- N (u+ By +kp) (k+65)
To1(u) € ;Az(k') (Br — Bi + k1 — ks) ~'/\i"'(6p*ﬂi+kp*ki)§ ’
p
W (wt rt ) Aot Byt hy) s,
TIQ(U)g ;BZ(IC) (ﬁl_ﬁi'i_k.l_ki)'.'/\i...(ﬁp_ﬁi—i_k.p_ki)g ’
where
. _ 1 if k;>0
Ailk) = {fy(ﬂi —k;) if k<O
and

1 if ki <0.

The action of Th1(u) is found from the relation

(4.17) (Tn(u)ng(u — 1) — Ty (u) Tho(u — 1)) €0 = () €®.

Bi(k):{v(ﬂikﬂrl) if k>0
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Proof. We start by proving the formulas for the action of the generators of Y, (gl,).
Relation [TH) follows by induction from the defining relations (). By LemmaE2
we have: if k; > 0 then

B — k) €W = gUtd),
(4.18) T (=i — ki) € =¢
Tio(=f; = ki) €0 = —9(=f; — ki + 1) €477

if k; < 0 then

_ ki)ﬁ(k) — f(k—&,),
= ki) €0 = —y(= i — i) €40,

Th2(—p;
(4.19) 12(—f

To1 (=05
and if k; = 0 then

Tia(=5:) € = €%,
T (—f;) €0 = €100,
Applying the Lagrange interpolation formula we obtain the remaining formulas.

To show that the vectors £*) form a basis of M (¢), denote by 75 the subspace
of Y, (gly) spanned by the elements

(4.20)

k) = H Toi1(—=0i —ki+1)---To1(—6; — 1) To1(—05)

i, k;>0

X H Tio(—=0 — ki — 1) -+ - Tha(—8; + 1) T2 (—054),

i, k; <0
where (k) runs over ZP. It suffices to prove the vector space decomposition
(4.21) Yp(gly) =Te & 1.

Due to the formulas proved above, Y,(gly) = 7¢ + I;. We now need to show that
the vectors 7(¥) are linearly independent modulo the left ideal I,. By ([EIH) and the
genericity assumption, the elements 7(*) mod I, are eigenvectors for Too(u) with
distinct eigenvalues. So the claim will follow if we demonstrate that each () is
nonzero modulo I;. Suppose first that v is generic: v(—8; — k) # 0 for all k € Z
and all i. Then we deduce from [EIR)-@20) that 7¥) # 0 mod I, since 1 # 0
mod I, which gives [Z]]) for generic 7.

Let now « be arbitrary. Suppose that a nonzero element 7 belongs to the inter-
section 7; N I,. Then

P
(4.22) =Y a;(t5) — pD) + Z bi (DY — 1),
=1

where D™, () and () are the coefficients of the polynomials D(u), B3(u) and
v(u), respectively, while a;,b; € Y,(gly). Let 4 be generic. Then we can rewrite

E2D) as

(4.23) T= Z ai (tyy — W) + Z b; (DY — 350 4 Z b (7 — ),
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Consider the unique decompositions of the elements b; in accordance with [EZII)
where 7(u) is taken to be F(u):

p 2p
(4.24) bj =T1j+ Z aij (té;) — B3y + Z bi; (D@ —50)
=1 i=1

for some a;;, b;; € Y,(gly). Using the decomposition EEZI) for generic F(u) we
must have

(4.25) r=3 15 G —40).
j=1

for all such J(u). This means that the 7,-component of each element b; () —
7)) is independent of ¥(u). However, due to the formulas ([EIH)-(EID), this is
only possible if all b; are zero. Finally, the elements a; must be zero too by the
decomposition ([22) with generic . So, ([E=ZI]) holds for all v(u). O

Remark 1. Given two monic polynomials a(u) and S(u) of degree p define the
corresponding Verma module V(a(u), B(w)) as the quotient of Y,(gly) by the left
ideal generated by the coefficients of the polynomials Th11(u)—a(u), Taa(u)—pF(u) and
Tio(u); of. [IOL[I2]. Then the same argument as above shows that V(a(u),B(u))
has a basis {£€®)} parameterized by p-tuples of nonnegative integers (k) = (ki, ...,
kp). The formulas of Theorem [ hold for the basis vectors W) where ~(u) should
be taken to be a(u) B(u — 1) which defines the central character v of V(a(u), B(u)).
In fact, V(a(u), B(u)) is isomorphic to the quotient of the corresponding universal
module M(£), £ = (8,7) by the submodule spanned by the vectors {€*)} such that
(k) contains at least one negative component k;.

Corollary 6. Let £ = (3,v) € L;.

(1) The module M (?) is a generic weight Yp(gly)-module with central character
v, Supp M (¢) = Z? and all weight spaces are 1-dimensional.

(2) The module M({) has a unique maximal submodule and hence a unique
irreducible quotient.

(3) The equivalence class D({) coincides with the set £+ Ly.

Proof. Statement () follows immediately from Theorem Bl By Proposition L] the
sum of all proper submodules is again a proper submodule. Thus M (¢) has a unique
maximal submodule which implies {). The statement (@) follows immediately from

@. O

We will denote the unique irreducible quotient of M (¢) by L(¢). It follows from
Corollary @l that all weight spaces of L(¢) are 1-dimensional. Using Proposition Bl
we can now describe all irreducible generic weight Y,,(gl,)-modules.

Corollary 7. Let £ = (83,v) € L;.

(1) There exists an irreducible generic weight Y ,(gly)-module L(€) with L(¢)z #
0 and with central character . Moreover, dimL(¢)y, = 1 for all ¢ €
Supp L(¢).

(2) Any irreducible weight module over Y, (gl,) with central character v gener-
ated by a nonzero vector of weight 8 is isomorphic to L({).
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5. PROPERTIES OF I AS A SUBALGEBRA OF Y ,(gl,)

In this section we adapt the results from [DFO2] and [Ov] for the Yangians. In
particular, we show that I' is a Harish-Chandra subalgebra.

For any ¢y € £; the module M (£y) has a basis £&*), (k) € ZP with the action
of generators of Y(gl,) defined by formulas [ZTH)—-EId). Then we can relabel the
basis elements of M (£g) by &, £ € Lo+ L. It follows from Theorem B that for every
x € Y,(gly) there exists a finite subset £, C Ly consisting of elements ¢ such that

(5.26) E=Y 0(x,6,0)s

€Ly

where 6(x,¢,6) = 6(x,b,6)(?), 0(z,b,6) € L, b = (b1,...,bp,g1,...,92p). Clearly,
the set L, is S, x Syp-invariant. Note that for a given x this formula does not
depend on 4.

Let Mg, (L) be the ring of locally finite (with the finite number of non-zero
elements in each row and each column) matrices over L with the entries indexed by
the elements of Ly. Any ¢ € L; defines the evaluation homomorphism x, : L— k,
which induces the homomorphism of matrix algebras My, (¢) : Mg, (L) — Mg, (k).
For ¢,0' € Ly denote by epy the corresponding matrix unit in Mz, (L). The group
W acts on Mg, (L) as follows: (w™ - X)pp = w™' - Xy(oywe) for all w € W,
X = (X¢e)ewery, L, € Lo. Note that this action induces an action of S, x Sy
on the free L-module X, = Zéeﬁo Leéﬁ where 0 is a zero element in L.

Define a map

G Yp(gly) — Mg, (L)

such that for any = € Y, (gl,) and any £ € Lo, G(z)r¢ = 0(x,b+£,0) if &/ — 0 =0
and 0 otherwise.

Lemma 5.1. (1) G is a representation of Yp(gly).
(2) G(z) is W-invariant for any x € Y,(gly). In particular, G(z)55 € K(T).
3) If v = x(b1,....bp,g1,-..,92p) € T then G(z)er = (b1 + l1,.... b, +
lpy g1, -+, g2p) where £ = (l1,...,1,,0,...,0) € Lo.
(4) G(I') consists of W-invariant diagonal matrices X such that Xg5 € T'. In
particular, Xg5 € I' determines X.
E=1,....,p, 7 : T — Y,(gly), tz(-;-c) — tg-c), be a canonical projection. Define a
homomorphism ¢ : T — Mg, (L) by g(tgf)) = G(tl(f)) for all suitable i,j,k. To
prove () it is enough to show that g(Kern) = 0. Let f € Kern and suppose that
g(f)eer € L is nonzero for some ¢/, 0" € Ly. Then Mg, (£)(g(f)) = 0 and thus
g(f)eer(£) = 0 for any ¢ € Ly. Since £; is dense in Specm L we conclude that
g9(f) = 0 implying ().

The image of G is W-invariant since it holds for the generators of Y, (gl,) EIH)—-
[T For any o € 8, x Sy, (0= - G)@)y5 = 0~ H(Gl@)o(d)0)= 0 (C@os).
Hence G(x)g7 is Sp X Sap-invariant proving (). The statement (@) follows from )
if we apply a shift by ¢ € L to an arbitrary x € Y, (gly). The statement (@) follows
immediately from @) and B). O

Proof. Let T be a free (non-commutative) algebra with generators 1,7 =1,2,
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The composition 7, of G and Mg, (¢) defines a representation Gy of Y, (gly). It
is easy to see that the corresponding Y, (gly)—module coincides with the module
M (¢) from Theorem

Proposition 5.1. The representation G : Y p(gly)— Mg, (L) is faithful.
Proof. 1t is clear that Ker G C Nyer, Kerry. Hence it is enough to prove that

ﬂ Kerry = 0.

Lely
Let £ = (8,7). Then Kerry, = Ann M (¢) dy definition. Since M (¢) = Y,(gly)/Ie
we have that Kerry, C I;. Therefore, it is enough to show that Nyer, Iy = 0. By
Theorem [ (@) the Yangian Y, (gl,) is free as a right module over I'. Let z;,i € Z
be a basis of Y (gly) over I'. If x = >, w;z; for some z; € I' then = € I, if and
only if z;(¢) =0 for all ¢ € Z. Since £; is dense in £ in Zariski topology it follows
immediately that if * € Nyer, Iy then z; = 0 for all ¢ € 7 and thus z = 0. This
completes the proof. O

Immediately from the proof of the theorem above and the density of £; in £ we
obtain the following analogue of the Harish-Chandra Theorem for Lie algebras [Di].

Corollary 8. Let x € Y,(gly) be such that M (¢) =0 for any ¢ € L1. Then z = 0.

Corollary 9. (1) T is a mazimal commutative subalgebra in Y,(gly).
(2) If for x € Yp(gly) the matriz G(x) is diagonal then x € T.

Proof. Consider an element = € Y, (gl,) which commutes with every z € I'. Suppose
there exist ¢1, o € Lo, €1 # €2 such that G(z)g,¢, # 0. There exists z € T' such
that z(¢1) # z(¢2) and thus G(2)ee, # G(2)ee, by Lemma BTl @). Then we
have G(zz)er = G() e G(2)erer = G(2x) e = G(2)0eG(2)eer and therefore G(z) is
diagonal. To conclude the maximality of T' it is enough to prove the statement (B).

By Lemma BTl @), G(z)55 = S € L where f,g € T" are relatively prime. Suppose
g

that ¢ € k. By Lemma B, @) we have that G(z)G(g) = G(f) and zg = f by
Proposition Bl It implies that € T' by Theorem [ (). This completes the
proof. O

Corollary 10. Let p : Mg, (£L)— Xo be the projection. Then the composition
T Y,(gly) SELCEEN Mg, (L) —2— X is a monomorphism of Y ,(gly)—modules.
The map p commutes with the action of S, X Sap, and in particular, r(Y,(gly)) is
Sp x Sop—invariant.

Proof. Note that for any = € Yp(gly) the matrix G(z) € Mg, (L) is determined
completely by its column p(G(z)). Thus r(z) = 0 implies G(z) = 0 and = =
0 by faithfulness of G. Hence r is a monomorphism. Other statements follow
immediately from the definitions and Lemma Bl (). O

As in [DEO?], we identify the (I' — I')-bimodule structure on Y,(gly) with the
corresponding I' ®, I'—module structure. Let b = (b1,...,bp,01,...,92p). For any
z € I" and any S C £ introduce the following polynomial

[S]
Fs .= H(z®1 —1®z(b+0)) = Zzi®ai,ai eL.
des 1=0
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Proposition 5.2. ([DEQ2), Lemma 25). Let S be a finite Sp X Sap-invariant subset
s
i L and z be any element of I', Fg , = izz ® a;,a; € L.
(1) a; €T,i=0,...,]|5]. -
(2) For any x € Yp(gly) such that L, CSholdsszal—O
=0

Proof. If S is S, x Syp-invariant then the coefficients of the polynomial Fyg . are
Sp X Sap-invariant and hence belong to I' which proves ([ll). It is enough to check the
statement (@) for S = L, since Fs. = Fg\r, .Fr, .. Denote ¢ = [S|. Let £ € Ly
and let & be a basis element of M (¢). Then

> Zwai(&) =) 2trai(0)(&) =
1=0 =0
Zziai(é) > 0(x,£,6)6ss =

0Ly
Z x,£,0) Zal (z §g+5
0ELy
a .
>0, 0,0)> ai(0)z(C+6) 6rss = Y Oz, £,0)Fz, 2(2(L+6),0)€s =0
0€L, =0 6€EL,
since Fr, ,(z(€ +0),¢) = 0 for every § € L,. Applying Corollary B we obtain the
statement of the proposition. O

The main result of this section is the following
Theorem 3. I' is a Harish-Chandra subalgebra of Y,(gl,).

Proof. Following [DFO?], Proposition 8, it is enough to show that a I'-bimodule
thf) T' is finitely generated both as left and as right module for every possible
choice of indices i, j, k. It is obvious for ¢ = j = 2 since tél;) € I'. We prove it for

1 =2,j = 1. Since d; is central for every ¢ = 1,...,2p we have ditgi) = té’i)di. From
formulas ([I6) follows that Eté’? ={dli=1,...,p}. Then

p—1
Fﬁ(k) t(l) —Zp®1—‘rzz ®ap, a €
=0
and
(5.27) D yrelk) 4 Z EN P a, =0

by Proposition B2 [@)). Hence the elements ( le(tég)) )té’i), 0 < k; < p form the
generators of I‘t( )I‘ as a right I'-module.

Applying a suitable automorphism we conclude that Ft( T is finitely generated
as a left '-module.
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The cases i = 1,j = 2 and ¢ = j = 1 can be treated analogously since £, ) =
12

{=dli = 1,...,p} and L,y = {d; — ;i,j = 1,...,p}. Hence Ftl(-;-c)l’ is finitely
11
generated as a right and as a left I'-module. O

6. CATEGORY OF HARISH-CHANDRA MODULES OVER Y, (gl5)

Since I' is a Harish-Chandra subalgebra of Y,(gl,) we can apply all the state-
ments from Section 2.1. Denote A = Ay (q,)r- Then by Proposition 1, the
categories A — modq and H(Y,(gly),I') are equivalent. Also the full subcategory
HW (Y, (gly),I') consisting of weight modules is equivalent to the module category
Aw —mod. If ¢ € £ then the category Ry is equivalent to the block A (D(£)) —mod
of the category Ay — mod.

We will show that each character of I' extends to a finite number of irreducible
Harish-Chandra modules over Y,(gl,). This is an analogue of the corresponding
result in the case of a Lie algebra gl,, which was conjectured in [DFOT] and proved
in [Ox]. In this section we use the techniques of [DFO?2] and [Ox].

Lemma 6.1. For any z € Y,(gl(2)), fe T QT, ¢, {' € Loy holds
G(f : x)gg/ = f(b +4,b+ E')G(m)“,,
Proof. Let f =5, 2®2 € T®I. Then G(f-z) = ), G(2;)G(x)G(2]) and hence

G(f ) = Z G(2:)eeG(2) e G(2)) e 0 = G(z) o0 Z G(2:)eeG(z))e o0 =

G(x)ee Z 2zi(b+0)zi(b+¢)=G(x)ew f(b+L,b+ ).
O
Lemma 6.2. ([DEO?], Lemma 25). Let z € I', S C L be a S, X Sop-invariant set
and x € Yp(gly) be such that G(x)ee =0 for all 0,0, £ —¢' ¢ S then F -z = 0.

Proof. Let F in the form F = Y .2' ® a; where a; € L. If £ — ¢ € S then
G(F-2)pe=F(b+£4,b+¢)G(x)ge by LemmaEdl Then h = 2®01—-1®z(b+£—1¢)
divides F, h(b+¢,b+¢') =0, F(b+¢,b+¢)=0and F -2 =0. O

Let S C Lo be a finite S), x Sa,—invariant set. Define Yo= {z € Y,(gl,) |Ls C
S}. Clearly Y is a I'—subbimodule in Y,(gl,). We have the following characteri-
zation of the bimodule Y*.

Lemma 6.3. Let z € Y,(gly). Then

(1) « € Y? if and only if whenever G(z)pp # 0, for some £, {' € Ly, implies

that £ — 0’ € S.

(2) y=Fr,\s. *€ YS for any z € T.

(3) Y9 is a finitely generated left (right) T —module and YS = D(Y?).

(4) YO =T.
Proof. The statement (Il) follows from definitions. Let F' = Fp \g.. To prove
@) calculate the matrix element G(y)ge provided ¢ — ¢ ¢ S. If £ — €' ¢ L, then
G(z)gr = 0 and hence G(y)gr = 0. Suppose that £ — ¢ € L, \ S then by Lemma
&1 G(y)w = G(F . x)ggl = F(b +4,b+ EI)G(I)“/. But

Fb+6b+0)= [ (z(b+0) —z(b+{ +9))
seL,\S
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which is equal to zero. This proves (@).

Let # € D(Y®) and z € T is such that z # 0 and zx € Y®. Since G(22)p =
2(b 4+ £)G(2)eer then G(zx)ee = 0 if and only if G(x)ge = 0 implying that z € Y.
Hence Y5 = D(Y?).

Consider r(Y?) as a I'—submodule of X, where r : Y,(gly)— Xp is defined
in Corollary M Then 7(Y*®) belongs to a free L—submodule of X of finite rank
> es Leg,. Hence L r(Y®) is finitely generated £-module. Without loss of gener-
ality we can assume that it is generated by the elements 7(z1),...,7(zs) € 7(Y?),

S
ie. L-r(YY) = ZL -7(z;). Since D(Y®) = Y® we have that D(ZF@-) C
i=1

i=1

S
Y. Fix x € Y. Then r(z) = Ztﬂ’(iﬂi), t; € L. Note that for any y € Y?

i=1
and any o € Sp X Sap, 0 -7r(y) = r(y). Hence p!(2p)lr(z) = Z o-r(z) =
o€Sp X Sap
S
Z Z(O’ -t;)o - r(x;) which can be rewritten as follows
0€Sp X Sapi=1
1 s
r(x) = —— ) wuir(x;),

where u; = Z o - t;. Since each u; is S, x Sg,-invariant then it belongs to

O’GSPXSQP
the field of fractions K (T') for all ¢ = 1,...,s. Multiplying both parts of the last

equality by the common denominator of u; we obtain that z € D(ZF@-) and thus

i=1

S
]D)(foi) = Y?S. Applying Corollary Bl we conclude that Y is finitely generated
i=1

over I'. This proves (). By the definition of Y5, z € Y{ if and only if G(z) is
diagonal. Hence = € T' by Corollary @, @). O

Let m, n € Specm T, 4y, ¢y € L are such that ¢*({y,) = m and *(¢,) = n.
Denote
S(m, Il) = {O’lgn — 09lm | 01,09 € Sp X Sgp} N Lo.

Consider the following subset in £
Lo={lel|t;—t; ¢Z\{0},i,j=1,...,p}
and set 2 = 1*(Lo).
Proposition 6.1. (1) For allm, n € SpecmT and all m,n > 0 holds
Yp(aly) = Y® +n"Y,(gly) + Y, (gl)m™,

where S = S(m,n).

(2) For all m, n € SpecmI" a system of generators of Y as a left T-module
(as a right T-module) generates A(m,n) as a left T'n—module (as a right
T'm—module), i.e. A(m,n) is finitely generated as a left Ty and as a right
T'm—module. In particular, the algebra T is big in every n € ObA.

(3) If S(m,n) = & then A(m,n) =0 (¢f. [DEO2], Corollary 27).
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(4) If S(m,n) = {0} then A(m,n) is generated as a left T'y and as a right
T'm-module by the image of 1 in A(m,n).

(5) If S(m, m) = {0} then m € Q, A(m,m) is a quotient algebra of T’ and xm
extends uniquely to an irreducible Y, (gly)-module.

(6) If by € L1 then A(m,m) =T'y,.

(7) Let L € L1, m =2"({) and n =*({+6;), i € {1,...,p}. Then A(m,n) is
a free of rank 1 right T'm- ( left T'n-) module.

Proof. (M) It is enough to show that for any = € Y,(gly) and any k > 1 there exists
xr € Y such that

k
(6.28) x €z + an_iacmi.
=0

The statement will follow if we choose Kk = m + n + 1. We will use induction on k.
If £, C S then z € Y® and there is nothing to prove. Note that by the definition
of the set S for any ¢ € L\ S the S, X Syp-orbits of ¢, and fn, + ¢ are disjoint.
Hence there exists z € T such that z(€n) # 2z(lm + ¢) for any £ € L, \ S. Let
F =Fg,\s,.- Then F(lm,ln) = HfGLw\S(Z(gn)_ z(lm +£)) # 0 since every factor
F is non-zero. We can assume that F'(¢y,, ¢n) = 1. Hence we obtain that F = 1+u
where v € n @'+ I' @ m. It follows from Lemma 3 ) that 1 = F - « belongs
to Y. Hence we have z; = (1+u)-2 €  +nzl' + 'zm and x € z; +nzl'+ Tam.
This proves the base of induction. Assume that holds for some k > 1. Then

k k k k+1
x € x) + an_i(a:k + an_jacmj)mi Cxp + an_ikai + anﬂ_ixmi.
i=0 §=0 i=0 i=0
k
Since Y? is a I-bimodule we conclude that z + anﬂkaz C Y® which implies
i=0

the statement (). In particular,

k
Thy1 — Tk € E n* Y m’.
i=0

@) We prove the statement for the case of left module, the case of the right
module can be treated analogously. By () the image T of every z € Y in A(n, m)
is the limit of the sequence (Ty)r>1, Tk € Y. Let y1,...,ym be a finite system of
generators of Y¥ as a left '—module. Then for every N > 1 there exists a maximal
dn such that

y;m" C Z ndNyj
j=1
k
for all i = 1,...,m. Note that by the proof of (), xx+1 — 2% € an_lYSmz C
i=0
n’*YS where R, = min{[k/2],djx/2)}. Since Y¥ is a finitely generated right I'-
module and IT" is noetherian then the intersection ﬁkzlYS m* = 0. Tt follows that
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dy — oo while N — oo. Since

i _—
T =771+ Z (Tpt1 — k)
k=1

we have T € Z nfYS C anm. Note that the first sum is well defined since
k=1 1=1

R — oo when k — oo. We conclude that A(n,m) is finitely generated as left

I'n—module. This completes the proof of (2).

@) If S = @, then Y® = 0 and the statement follows from (]) and the definition
of the category A ().

@) By the definition of Y? for every x € Y{% the matrix G(x) is diagonal.
Following Corollary @ @) it means = € T, in particular A(m, n) is generated (both
as a left and as a right module) by the image of 1 € T.

@) By @), Y° =T, i.e. A(m,n) is 1-generated as a left I'yy-module. Then
the k-algebra homomorphism %y, : I'm—A(m,m), z — z - 1, where 1,, is a
unit morphism, is an epimorphism which shows that A(m, m) is a quotient algebra
of I'y. The uniqueness of extension follows from the uniqueness of the simple
A(m, m)-module and [DEO2], Theorem 18.

@) Let ¢ = ¢y,. Since ¢ € L then for any k > 0 there exists a canonical
projection 7 : L— L/¢*L. It induces a homomorphism of the matrix algebras
7+ Mgy (L) — Mg, (L/¢*) and defines a Harish-Chandra module by the following
composition

Y (aly) —— My (L) —— Mg, (L/6F).

For any x € I there exists k > 0, such that ¢ (£)*. Then m;G(z)55 = z+(£)* # 0
that completes the proof.

@ The proof is analogous to the proof of (@). Let z € T, z # 0. Suppose
A(m,n)z = 0. Then by the construction of the equivalence F : A — modgy —
H(U,T') for any Harish-Chandra module M and any € Y,(gl,) the linear operator
2z on M induces a zero map between M(m) and M (n). It is enough to construct
a Harish-Chandra module where this is failed. For & > 1 consider a natural map
mg L — L/(€)F and a composition 7y - G : Yp(gly) — Mg, (L/(€)F). Tt defines a
Harish-Chandra module structure on a free L/(¢)*-module X = > sero L/(ﬂ)keé,ﬁ.
Consider x € Y,(gly) such that G(z);5 # 0. Then G(zz2)s55 = G(2);5G(2)55 =
G(z)s,52 # 0. Choose k such that G(zz)s5 € (). Hence (m - G)(22)5,5 # 0
and the linear operator 2z induces a non-zero map between X (m) = L/(¢)* and
X(n) = L/(¢ + 6;)F. The obtained contradiction shows that A(m,n)z # 0. The
case zA(m,n) = 0 is treated analogously. U

Now we are in the position to state the main result of this section which follows
immediately from Lemma Il and Proposition 11, (@).

Theorem 4. Let m € SpecmI'. Then the left ideal Y,(gl(2))m is contained in
finitely many mazimal left ideals of Y,(gl(2)). In particular, m extends to a finitely
many (up to an isomorphism) irreducible Y,(gl(2))—modules and for each such
module M, dim M (n) < co for all n € SpecmT.
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7. CATEGORY OF GENERIC HARISH-CHANDRA MODULES

Lemma 7.1. Let { € L1, £ = (B,7), m = +*(¢) € SpecmT', n = +*(¢ + §;),
te{l,....p}. If Bi € {m1,...,72p} then the objects of A represented by m and n
are isomorphic.

Proof. Choose z1, zo € I" such that 2, (€+49;) = di5, 22(+0;—9;) =035, 5 =1,...,p
Denote z = th( )zlt(l) Then G(z) is diagonal by Lemma [0 and hence z € T' by
Corollary @ [@)). We will show that the image of z in I'y, is invertible. Clearly, this
is equivalent to the fact that z(m) # 0. Note that z(m) = z(¢). Thus applying
formulas ETH)-ETA) we have z(m) = vy(—03;) # 0 since £ € L. Denote by
T, (respectively T5) the generator of I-bimodule A(m,n) (respectively A(n, m))
(Proposition B1, ([d)). Then th( ) — = zZmT5, zltéll) = T2}, for some 2z, 25, € ['m
and z = zmTeT17,,. Since z(m) # 0 it follows that 2z, ,(m) # 0, zm(m) # 0 and
hence ToTy = 2z 2(2h,)~ ! is invertible in T'y,. The similar argument shows that
T1T5 is invertible in I'y,. Therefore the objects m and n are isomorphic. O

Corollary 11. Let ¢ € L1, L = (3,7), Bi—v; € Z and m = 1*(¢) € SpecmI". Then
the category H(Y ,(gly), T, D(¢)) is hereditary. Moreover,

dim Extis(y, (at,).r.pee) (L(0): L)) = 3p.

Proof. By Lemma [l and our assumptions all objects of the category A(D(¥)) are
isomorphic and hence the category A(D(¢)) — mod 4 is equivalent to the category
of finite-dimensional modules over I'y,. Applying Proposition 21l we conclude that
the category H(Y,(gl,),I', D(¢)) is hereditary. Since I'm, is an algebra of power
series in 3p variables the statement about dim Ext' follows. ([l

7.1. Category of generic weight modules. Fix ¢ € £;, m = +*({),n = +*({ +
d;) € SpecmT, i € {1,...,p}. Then Ay (m,m) ~ I'y,/Tyym ~ k by Proposition
ETD @) and dimAw (m,n) = 1 by Proposition Bl [d). We will give a direct
construction of the category Ay (D(¥)).
Suppose = (57’7)3 ﬂ = (51; o 76}7) € kp’ V= (717 o 772;0) € ka and

2p
(7.29) y(w) = [+ 7).

i=1
Since £ € Ly then 3; — 3; ¢ Z for all 4,5 =1,...,p, i # j. Consider the following
category Ky: Ob(Ky) = ZP and the morphisms are generated by

(7.30) fi(k) : (k) — (k+6;) and ei(k) : (k) — (k- 8;),
where i =1,...,p and (k) = (k1,...,kp) € ZP with the following relations:
fi(k+6i) fi(k) = fi(k + ;) [ (k)
ej(k —di) ei(k) = ei(k — 0;) e (k),
ei(k +0;) fi(k) = fi(k — ;) ei(k) for i #j,
ei(k+06;) fi(k) = —v(=Bi — ki) Ly

filk = &) ei(k) = =v(=Bi — ki +1) 1)
It follows immediately from LemmasEEdland EE2that any module in the category Ry
can be naturally viewed as a module over the category K, which defines a functor
F : Ry — K;—mod. Consider the cyclic subalgebra C¢(a) = Homg,(a,a) for any
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a € ZP. Clearly, Cy(a) ~ k for any a € ZP due to the defining relations of Ky. For
any a = (k1,...,kp) € ZP we can construct a universal module M (¢, a) € Ky,—mod.
Consider k as a Cy(a)-module with

ei(k +6:) fik) 1 = —v(=Bi — ks),
fi(k—éi)ei(k:)l —’y(—ﬁi—k’i—f'l).

Let Ay 4 be an algebra of paths in K originating in a. Now construct a Z?-graded
K-module

M(f, a) = Aé,a ®C@(a) k.

Clearly, all graded components of M (¢, a) are 1-dimensional and M (¢,a), = 1, k.
A module M (¢,a) contains a unique maximal ZP-graded submodule which inter-
sects M (¢,a), trivially and hence has a unique irreducible quotient L(¢,a) with
L({,a)q ~ k and dim L(¢,a), < 1 for all b € ZP. If V is another irreducible K-
module with V,, # 0 then there exists a non-trivial Cy(a)-homomorphism from k
to V, which can be extended to an epimorphism from M (¢,a) to V. Since V is
irreducible we conclude that V' ~ L(¢, a).

Obviously, we can view M (¢) as a module over the category K, with a natural
action of the morphisms of Ky and F(M (£)) = M (¢, 3). Thus a K,-module M (¢, 3)
can be extended to a Y, (gl,)-module M (¢). Moreover, the functor F' preserves the
submodule structure of M (¢). In particular, F(L(¢)) = L(¢, 3).

Proposition 7.1. If ¢ € L1 then the categories Ky;—mod and R, are equivalent.

Proof. Let £ = (8,7). We already have a functor F' : Ry — K;,—mod. Suppose
that V' € Ky—mod. We want to show that V' can be extended to a Y, (gl,)-module.
Fix v € V{3 \ {0}. Let W C V be a submodule generated by v. Then W, = kv
and there is an epimorphism from M (¢, a) to W, where a = (k1,...,kp), which
maps 1, ® 1 to v. Since F(M(¢")) = M (¢,a), where ¢/ = (8 + a,~), then W can be
extended to a corresponding quotient of M (¢’). Since v was an arbitrary element
of V' we conclude that V' can be extended to a Y,(gl,)-module and will denote
that module by G(V). Clearly, G defines a functor from K,—mod to R, (action
on morphisms is obvious). One can easily see that the functors F' and G define an
equivalence between the categories Ky—mod and Rj. U

7.2. Support of irreducible generic weight modules. To complete the classi-
fication of irreducible modules we have to know when two irreducible modules L(¢)
and L(¢") are isomorphic. For that we need to describe the support Supp L(¥¢).

We shall say that the weight subspaces M (¢)y and M ()45, are strongly iso-
morphic if v(—1;) # 0 where ¢ = (¢1, ..., ;). This implies

fi(l/}l, e ,”L/)p) M(f)w 7é 0 and ei(”(/}h B ,1/)1' + 1, .o .,lﬁp) M(f)ergi 7& 0
The statement below follows immediately from the relations in K, (cf. also
Corollary ).

Lemma 7.2. If M(£)y and M({)ys, are strongly isomorphic, then M (£)y+s, and
M (£)y15,+5; are strongly isomorphic for all i,j =1,...,p, i # j. Moreover, if

fz(l/}l,,l/}p)M(g)d,:O or ez(wl,,wp)M(f)w:O

then
filthr, by £ 1,0 1hp) M(£)yts; =0 or

ety + 1 1hp) M(Oyxs; =0,
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respectively, for all j # 1.
Let a;,a; € Z U{+oo},a; < al, i €{1,...,p}. Denote
Play,...,ap,ay, ... a,) = {(x1,...,2p) €ZP | a; < x; < aj, i =1,...,p},

a parallelepiped in ZP. Note that some faces of the parallelepiped can be infinite
in some directions. In particular, in the case a; = —o0, a, = oo for all ¢, the
parallelepiped coincides with ZP.

Theorem 5. For any irreducible weight module L(¢) over Y,(gl,) there exist ele-
ments a;, by € Z U{xoo}, a; <al, i€ {l,...,p} such that

Supp L(£) = P(ax, ..., ap,ay,. .., ay).
Proof. Let £ = (8,7) € L1. Fixi € {1,...,p}. I ~y(—B;+k) #0 for all k € Z then

(k1, ..., ki+m, ..., k) € Supp L(¢) as soon as (ki,...,kp) € Supp L(¢). This
follows immediately from Lemma In this case we set a; = —oo and a} = occ.

Let now y(—0; + k) = 0 for some k € Z. Let m > 0 be the smallest integer (if
exists) such that v(—8; —m) = 0 and let n < 0 be the largest integer (if exists)
such that v(—8; —n + 1) = 0. It follows from Lemma [[2 that

SuppL(&)N{B+ké; | keZ} ={8+nbs...,0,...,0+md;}.
If B+ sd; € Supp L(¥), j # i then
Supp L)N{B+s0;+kd; | k € Z} ={B+50;+nb;,...,0+56;,...,0+50;+md;}.

In this case we set a; = 3; +n and a} = §; + m. The statement of the theorem now
follows. [l

7.3. Indecomposable generic weight modules. Fix £ = (3,7) € £;. A full
subcategory S C Ky is called a skeleton of K, provided the objects of S are pairwise
non-isomorphic and any object of K, is isomorphic to some object of S. In this
case the categories of Ky—mod and S—mod are equivalent.

For each ¢ € {1,...,p} consider a set I; = {k € Z | v(—p; — k) = 0}. Define a
category Sy as a k-category with the set of objects

So={0,...,|L|} x ... x {0,..., ||}

and with morphisms generated by

iy (i1 ip) = (i, i+ 1,0y,

S?jl,m,jp) : (jla"'ajp) = (jla"'ajk - ]-a"'ajp)a

where k € {1,...,p} is such that I # 0, iy, < |Ix|, j& > 0, subject to the relations:

S](cil,...,ik-l—l,...,ip)récil,...,ip) = r?il,...,ip)Sécil,...,ik-i-l,...,ip) =0
and
gg](ca17...,ap)yzﬂel7...,ep) - y(clv~~~acp)xl(cela---vep)
for all k # r and all possible x,y € {r, s}, a;, e;,¢;, 1 < i < p for which this equality
makes sense.

It follows from the construction that Sy is the skeleton of the category K,. Note
that the corresponding algebra is finite-dimensional. In particular, S, is semisimple
when I, = () for all 1 < k < p, i.e. when v(—f8, +7) # 0 for all kK € Z and all
i=1,...,p. Hence it is enough to describe all indecomposable modules over Sj.
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Fix a € Sy and define a simple Sg-module S, such that Sq(b) = 0,4,k for all
b € Sp and all morphisms are trivial. Since S; defines a finite-dimensional algebra
we have the following

Proposition 7.2. Any simple module over Sy is isomorphic to S, for some a € Sy.

This is another confirmation of the fact that all weight spaces in any irreducible
generic weight Y, (gl,)-module are 1-dimensional. But this need not to be the case
for indecomposable modules. We restrict ourselves to a full subcategory Rg C Ry
which consists of weight modules V' with dimV,, < oo for all » € SuppV. We
will establish the representation type of the category R{ (finite, tame or wild). For
necessary definitions we refer to [Di].

To establish the representation type of the category R[ it is enough to consider

the category Sy—mod”, of modules over the category Sy with finite-dimensional
weight spaces. Denote X, = {k € {1,...,p} | I # 0}.

7.3.1. Indecomposable modules in the case |X;| = 1. In this section we describe
all indecomposable modules over Sy in the case |X;| = 1. Let X, = {i} and let
|I;] = r > 0. In this case the category S, has the following quiver A with relations:

1 a1 2 r a- r+1

0 _—*0... 0_—"o0 aibj ="0b;a; =0
bl br

We denote by S;, i € {1,...,r+1}, the simple module corresponding to the point
1. These modules correspond to all irreducible modules in Rg by Proposition
Now describe remaining indecomposable modules for a quiver above. Fix integers
1<k <ky<r+1anda function &, g, : {k1,k1 +1,...,k2} — {0,1}. Define
a module M = M (ki, k2, &k, ky) as follows: M (i) = ke;, k1 < i < ko, M(j) =0
otherwise, a;e; = e€;y1, bieir1 = 0 if & 1, (1) = 1 and ase; = 0, biej11 = ¢; if
fkh]%(i) =0forall 1 <7< ks.

The proof of the following proposition is standard; see e.g. [GR].

Proposition 7.3. The modules S;, 1 < i < r+1 and M (ki, k2, &k ky) with 1 <
k1 <ke<r+1 and

Eky ks 2 Ak, b1+ 1,0 ko — {0, 1},
erhaust all non-isomorphic indecomposable modules for A.

7.3.2. Indecomposable modules in the case | X |, = 2. In this section we describe the
indecomposable modules for Sy when | X|; = 2 and |Ix| = 1 for each k € X,. Then
Sy is isomorphic to the following category B considered in [BB].

b a;b; = ba; =0, i=0,...,3,
B: bol [ao agl Jbg a;aj; = bby, for any ¢,7,0,m e {0,1,2,3},

— where possible.

By Proposition this category has four non-isomorphic simple modules S;, 0 <
i < 3, with a support in a chosen point 7. The indecomposable modules were
described in [BB]. For the sake of completeness we repeat here this classification.
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We will treat the objects of B as elements of Z /4Z. Consider the following three
families of non-simple indecomposable modules.
Finite family. Fix an 0 < ¢ < 3 and define the B-module M; such that M;(j) = ke;
for each j = 0,...,3 and a;e; = €;4+1, Gjr1€i+1 = €542, bi_16; = €;_2, bj_2e;_1 =
ei—2 and uje = 0 for all other cases of u € {a,b} and 5,k = 0,...,3. Obviously,
M; is indecomposable module for any 3.

Infinite discrete families. Let n € N, n > 1, and j € Z4. Define a B-module M, ;1
(resp., My j2) as follows. Consider n elements eq,...,e,. A k-basis of the vector
space My, j1(1) (resp., M, ;2(1)) is the set of ex such that j+k—1 = I(mod4). The
elements a; and b;_1 act as follows:

_ | ewt1, ifliseven (resp., odd), k <mnand j+k—1=I(mod4);
ai€p = .
0, otherwise.

b | ex—1, ifliseven (resp., odd), k> 1and j+k—1=I(mod4);
e ) otherwise.

All modules M, ;1 and M,, j2,n > 1,0 < j < 3 are non-isomorphic indecomposable
B-modules.

Infinite continuous families. For each A € k, A # 0, and d € Z, d > 0 define the
B-modules Mg 1 and Mg » 2 as follows. Set
Mg (i) = k¢,
Maxi(ao) = Mgai(az) = Mgxi(b1) = 1q,

and

)
Max2(bo) = Mg 2(b2) = Mg x2(a1) =1g,
Max2(a0) = Ma2(az) = Mg 2(b1) = Mg 2(bs) =0,
Mg x2(a3) = Jax,
where Jg ) is the Jordan cell of dimension d with the eigenvalue .
All modules Mg %, kK = 1,2 are indecomposable and corresponding indecom-
posable modules in R{ have all weight spaces of dimension d.

Proposition 7.4. ([BB|, Proposition 8.3.1). The modules S;, M;, My i1, My 2,
Mgx1, Mgz where 0 <1i <3, d is a positive integer, A €k, A #0, and n > 2 is
an integer, constitute an exhaustive list of pairwise non-isomorphic indecomposable
B-modules.

The following theorem which describes the representation type of R[ .

Theorem 6. (i) If | X¢| = 0 then R{ is a semisimple category with a unique
indecomposable (=irreducible) module;
(it) If | X¢| =1 then Rg has finite representation type;
(iii) If | Xe| =2 then Rg has tame representation type if and only if |I;| = 1 for
all k € X. Otherwise, R{ has wild representation type;
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(iv) If | Xe| > 2 then Rg has wild representation type.

Proof. In the case when | X,| = 1 all indecomposable modules for Sy are described
in Proposition Hence R{ has finite representation type. If |X,| = 2 and
|I| = 1 for each k € X then all indecomposable modules for S; are described in
Proposition [l It follows from the definition that R{ has tame representation
type in this case. If [Ix| > 1 for at least one k then it is easy to construct a family
of indecomposable modules that depends on two continuous parameters. Hence, in
this case R{ has wild representation type. Suppose now that |X,| > 2. Then S,
contains a full subcategory of wild representation type considered in [BB], Theorem
1. We immediately conclude that Rg has wild representation type. This completes
the proof. O

Corollary 12. (1) If | X¢| = O then the category Ry is a semisimple category
with a unique indecomposable module.
(2) If | X¢| =1 then Ry has finite representation type with indecomposable mod-
ules as in Proposition [7.3

Proof. Since cases | Xy| < 1 correspond to finite representation type then the corre-
sponding categories do not admit infinite-dimensional indecomposable modules by
[A] and hence every indecomposable module belongs to R{ . O
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