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ABSTRACT. Up to oriented homotopy equivalence, a PD3-pair (X,0X) with aspheri-
cal boundary components is uniquely determined by the II;—system {r; : IT; (0X;,*) —
I, (X, %) }ic, the orientation character wy € H'(X;Z/27Z) and the image of the funda-
mental class [X,0X] € H3(X,0X;Z*) under the classifying map [3]. We call the triple
({ki}ies,wx, [X,0X]) the fundamental triple of the PD3-pair (X, 0X).

Using Peter Hilton’s homotopy theory of modules, Turaev [12] gave a condition for
realization in the absolute case of PD3-complexes X with 0X = 0. Given a finitely
presentable group G and w € H'(G;Z/2Z), he defined a homomorphism

v:H3(G;Z¥) — [F, 1]

where F is some Z[G]-module, I = keraug and [A, B| denotes the group of homotopy
classes of Z|G]—morphisms from the Z[G]-module A to the Z[G]-module B. Turaev showed
that, given u € H3(G;Z%), the triple (G,w, p) is relized by a PD3-complex X if and only
if v(p) is a class of homotopy equivalences of Z[G]-modules.

Using Turaev’s construction of the homomorphism v, we generalize the condition for
realization to the case of PD?pairs (X, 9X), where X is not necessarily empty.

1. OUTLINE

Section 2 is concerned with notation and the existence of Eilenberg—Mac Lane pairs.

Section 3 discusses properties of the relative twisted cap product needed for the formu-
lation of the realization condition and the proof of sufficiency in the II;-injective case.

In Section 4 we briefly revise the projective homotopy category of modules over a ring,
also called the stable category. The final theorem of this section plays a crucial role in the
construction of a PD3-pair from given invariants.

The realization condition is formulated in Section 5 and Section 6 contains the proof of
the realization theorem for the II;—injective case.

2. PRELIMINARIES

Let G be a group, let A := Z[G] be the integral group ring of G and let aug : A — Z
denote the augmentation homomorphism determined by aug(g) := 1 for all g € G. The
kernel I of the augmentation homomorphism is called the augmentation ideal.
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Furthermore, take w € H'(G,Z/2Z). Since H'(G,Z/27Z) is naturally isomorphic to
Hom(G,7Z/27), the cohomology class w determines a homomorphism from G to the group
727 = {0,1}. This homomorphism, in turn, gives rise to the anti-isomorphism

A — A A — )
determined by
7:=(-1)*9g! forged.
We may associate a left A—module with every right A-module and vice versa by means

of the anti-isomorphism ~—. Namely, given a right A—module A and a left A—module B,
define a left action on the set underlying A and a right action on the set underlying B by

Na:=aX forac A, \eA;
bA:=Xb forbe B, A€ A.

We denote the modules thus obtained by “A and B“ respectively.

Given a short exact sequence () — P — D of augmented chain complexes of left A—
modules with compatible equivariant diagonals and a “twisting” w € H'(G,Z/27Z), the
relative twisted cap products are defined at the chain level by

N : Homy (P°M) _x@(Z@aD)y, — (MRND )k
p N (20d) = o/(2Q0Aa(d))
and
N : Homy (D,*M) 1 R(Z* D), — (MNP )k
e N (z2@d) == p/(20A"1a(d)).

for any right A-module M [3]. Passing to homology we obtain the relative twisted cap
products
N: Y (P“M)®H, (D, Z*) — H,_(D, M)
and
N : ¥ D“M)®H,(D,Z*) — H,_(P, M).
Now let {k; : G; — G}y be a family of group homomorphisms and let (X,Y) be a pair

of CW-complexes with IT;-system {x; : G; — G}ics. Put A := Z[G] and let p : X — X be
the universal covering of X. Let C'(X) denote the cellular chain complex of X viewed as
a complex of A—modules. We denote the subcomplex of C'(X) generated by the cells lying
above Y by C(Y) and put C(X,Y) := C(X)/C(Y), so that C(Y) — C(X) - C(X,Y) is
a short exact sequence of left A-modules. We call C(X,Y) the relative cellular complex
and C(Y) — C(X) — C(X,Y) the short exact sequence of cellular chain complexes of the
pair (X,Y).

Given a family {k; : G; — G};cs of group homomorphisms we may ask whether there
is a pair (X,Y) which has II;—system {x; : G; — G},c;. The answer is yes, namely, for
i € J take K(Gy;1) complexes Y; and a K (G;1) complex X. Then the family x; : G; — G
of homomorphisms determines a map f : [[,.,;Y¥; — X. Let K be the mapping cylinder
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of f and identify [, ,Y; with its image under the inclusion in K. Then (K,Y) is a pair
with IIj—system {k; : G; — G}icy.

As we do not require the homomorphisms «; to be injective we will adopt the following
non-standard definition for the purpose of this paper.

Definition 2.1. Let {x; : G; — G}icy be a family of group homomorphisms. An FEilenberg—
Mac Lane pair of type K({k; : G; — G}iey; 1) is a pair (X,Y) such that X is an Eilenberg—
Mac Lane complex of type K(G;1), the connected components {Y;}ics of Y are Eilenberg—
Mac Lane complexes of type K(Gy;1) and the 11 -system of (X,Y) is isomorphic to {k; :
Gi— G}ie]-

In the standard definition of Eilenberg—Mac Lane pairs given by Bieri-Eckmann in [1]
the homomorphisms k; are required to be injective.

An Eilenberg-Mac Lane pair of type (G,{G;}ics;1) is determined up to homotopy of
pairs and we write K (G, {G;}ies; 1) for any such pair. With this definition we proved the
following lemma.

Lemma 2.2. Let {k; : G; — G}ics be a family of group homomorphisms. Then there is
an Filenberg-Mac Lane pair (X,Y) of type (G, {G;}ics; 1).

3. PROPERTIES OF THE RELATIVE TWISTED CAP PRODUCTS

First note that, given a A—bimodule M, there is a left action of A on M®, B and a right
action of A on Homy (B, M) for any left A—module B defined by

A (m@b) := (Am)®b and (@.\)(b) :== ¢(b).A

for N € A,b € B,m € M and ¢ € Homy (B, M). In particular, Homy (B, A) is a right
A-module. Thus any left A-module A gives rise to the functor Homy (“Homy (—, A), A))
from the category M of left A—modules to the category Ab of abelian groups. This is
related to the functor A“®,—, by the following lemma.

Lemma 3.1. There is a natural transformation
np : A“®@aB — Homy (“Homy (B, A), A)
given by

np(a®db) :“Homy (B,A) — A, ¢ +— p(b)a
for every left A—module B.

Observation 3.2. When we restrict the functors A“®,— and Homy (“Homp(—, A), A)
to the category of free left A—modules, the natural transformation n becomes a natural
equivalence as both A“®,A™ and Homy (“Hom (A™, A), A) are isomorphic to A™ as abelian
groups.

If M is a A—bimodule, then so is “M“. Hence “M“®, B carries a left A—module structure
and Homy (B, M) carries a right A-module structure for every left A-module B. Thus
“MY@p— and “Homy (“Homy (—, A), M) are functors from the category of left A—modules
to itself.
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Observation 3.3. The natural transformation 7 of Lemma 3.1 respects the additional left
A—module structure when A = M is a A-bimodule. In other words, given a A—bimodule
M, the natural transformation 7 is in fact a natural transformation from “M“®j— to
“Homy (“Homp (—, A), M) as functors from the category of left A—modules to itself. In
particular, for M = A, we may identify the left A—module B with “A“®, B by means of
the isomorphism “A“®, B — B, A\®b — A\b. Then 7 is the evaluation homomorphism from
B to its double dual “Homy (“Homp (—, A), A).

The next lemma shows that the chain map given by taking the cap product with a cycle
is almost chain homotopic to its dual. To be more precise, there is a diagram involving
this chain map and its dual which commutes up to chain homotopy.

Lemma 3.4. Let 1Qx € Z¥®@pD,, be a cycle. Then the diagram

0

wHOIIlA(Dk, A) “’HOHlA(wAw@ADk, A)
ﬂ1®xl l(ﬂl@x)*
wAw®APn_k L"’HOIIIA(u"HOIIIA(Pn_k, A), A)

NP, _

commutes up to chain homotopy, where n is the natural equivalence of Observation 3.2 and
the isomorphism 0 is given by 0(p)(A®d) = Ap(d) for ¢ € “Homy(Dy, A),d € Dy and
A e A

Proof. Suppose x = w(y) and A(y) = > y®y;. Take ¢ € “Homp(Dy,A) and ¢ €
“Homn (P,—,A). Then
((N1@2)"(0(0)) (V) = 0(p)(¥ N1lex)
= 0(0) (W (Yn-r)®7 ()
= Y(Yn—r) (T (Y1)
= (T (yk)) ©Yn-r) ()
= n(/(ideide((reid) o T o A))(pa101)) ()
where 7' : PQP — PP is defined by T(3_, ,_, vi®Y;) = >, ,_, ¥;®y;. But T o Ais

again a diagonal on P and hence (see [11], p.250) chain homotopic to A. As 1®z is a cycle,
we obtain

(Nl®z)* 0 = no (/o (IdRid®((r®id) o T 0 A)))(-®1®2)
no (/o (ideid®((r®id) o A)))(—®1®z)
~ no(Nl®x).

12

0

Suppose that @ ~ P 5 D is a short exact sequence of augmented chain complexes

of free A—modules with compatible diagonals. Then @ P 5 D splits and stays split
short exact when we tensor or apply the Homjy—functor. Given a right A—module M,
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we denote the connecting homomorphisms of ZY®@p\Q r— ZYRAP — Z*QzD, M®R\0Q —
M@\P — M®pD and “Homy (D ,“M) —*“Homy (P,*M ) —-“Homy (Q,“M) by 0., 0, and §*
respectively.

Proposition 3.5. Tukez € H*(D“M),y € H,(D,Z*),z € H(P*M) andu € H(Q“M).
Then
(i) (idem).(zNy) = (7"z) Ny;
(i) 0.(zNy) = (t"2) N d.y;
(iii) (id®e).(unNdey) = (—=1)*(5*u) N

Proof. (i) Take a cocycle ¢ € “Homp(Dg,”M) and a cycle n®d € Z“®\D,, representing
x and y respectively. Furthermore take p € P with n®d = n®n(p) and and suppose
A(p) = >_pi®p;. Then

(idom)(pNned) = (idem)(p/n®A,,d) = ([der)(e/n® Y m(p)ep))
= (idom)(np(m(pr))@p; 1) = 1 (T (pr)) &7 (P, i)
= pom/n® Zm@ﬂp&) = m"(p) N n&d.

As (id®m) (¢ N n®d) represents (Id®m).(x Ny) and 7*(p) N n®d represents (7*x) Ny, we
have thus proved (i).

(ii) Take a cocycle ¢ € “Homy(FP,“M) and a cycle n®d € Z“®pD,, representing z
and y respectively. Furthermore take p € P and ¢ € @ such that n®d = n®n(p) and
n®dp = n®i(q) and suppose A(q) = > ¢:®q;. Then t*z M d,y is represented by

pot/(n®AG) = poi/(n® ) q:®q}) = ne(1(q) D,

and
(idee) (p ot/ (n@Aq)) = ne(uq))®ud, ) = ¢/ (n2(@1)Aq)
= ¢/(n®Auq)) = ¢/(n®@Adp)
= ¢/(n®IAp) = d(p/(n®Ap))

as  is a cocycle. Furthermore z Ny is represented by

p/(n®A,,d) = ¢/ (n@(id®T)Ap),

rel

so that d.(z Ny) is represented by n®a where
(id®e) (n®@a) = 9(p/(n@Ap)).

As (id®¢) is a monomorphism we may conclude that 0. (z Ny) = t*2 N d,y.

(iii) Take ¢ € “Homy (Qg—1,“M) and n®d € Z*®,D,, representing u and y respectively.
Take ¢ € “Homy (Py_1,“M) with ¢ = " and n € “Homp (Dy,*M) with 7*n = 0*1). Then
0*u is represented by 7. Further, take p € P, with mp = d and ¢ € @,_1 with tq = Op,
so that 6,y is represented by n®gq, and suppose Ap = > p;®p; and Ag = > ¢;®q;. Then
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(id®t).(u N d.y) is represented by

(idoo)(pNneq) = (idew)(p/n@Aq) = (i[dew)(¢/n@ Y ¢:®q))

= (i) (ne(ge—1)®4, k1) = 1(qr-1)@1(¢ 41
N PY(qr—1) (g, k1) = »/n@(@e)Aq

= Y/n®@Au(q) = /nxAdp

= /nRIAp.

Since / is a chain map, we obtain
(Y /n@Ap) = (0*) /n@Ap + (—1) 1 /n20Ap.
On the other hand

O /n@Ap = wn/n@Ap =7"n/n@ )  pop
(7 (Pr)) Py = 1/nOA, d
= nNnXd,
which shows that 0*1)/n®@Ap represents (6*u) Ny. As 0(¢¥/n®Ap) is a boundary, we may
conclude that
(1d®e). (u N 6,y) = (—=1)F(5*u) Ny.
U

Proposition 3.5 allows us to prove commutativity of a diagram, also called a cap prod-
uct ladder, which involves long exact homology and co—homology sequences arising from
QQ—P—D and the cap product with a homology class y € H,,(D; Z*).

Theorem 3.6 (Cap Product Ladder). Let @ ~ P 5 D be a short exact sequence of
augmented chain complexes of free A—modules with compatible diagonals. Then, given
y € H,(D;Z%), the diagram

o —— H(D#M) ——— H (P*M) —“— H'(Q*M) —>—~ I Y (D M) — - --

imy lmy imy lmy

e HHn—r(PaM) *)Hn—T(D7M) - n—r—l(Q,M) - n—r—l(PaM> —
commutes, up to sign.

Proof. Given z € H"(D,“M), Property (i) of Proposition 3.5 implies (7*z)Ny = (id®m).(zN
y). For z € H"(P“M) we have t*zNd*y = d.(zNy) by (ii). Finally, (iii) yields (id®¢).(uN
6.y) = (=1)k(0*u) Ny for u € H'(Q,“M). Hence the first two squares commute and the
third commutes up to sign. O
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4. PROJECTIVE HOMOTOPY THEORY OF MODULES

In this section A may be any ring with unit. Unless otherwise specified, A, B, ... will
denote left A—modules and ¢, 1), ... will denote A—morphisms.

Definition 4.1. The A-morphism ¢ : A — B is nullhomotopic, written as ¢ ~ 0, if there

18 a commutative diagram
- B
P

As every projective A—module is a direct summand of a free A—-module the existence of
Diagram (1) is equivalent to the existence of a diagram of the form

A

(1)
where P is a projective A—module.

)

A B

N

A™.
Ife: PA — Ais an epimorphism and PA is projective then PA is called a path space over
A (in analogy to topological homotopy theory). Since the category of left A—modules has
enough projectives, every A—module A has a path space. It is not difficult to show that
a A—morphism ¢ : A — B is nullhomotopic if and only if it factors through a given path
space € : PB — B of B, that is, if and only if there is a commutative diagram

A \ z B
PB.
Thus, if ¢ : A — B factors through one particular path space of B, it factors through any
path space of B. Hence

Nhomp(A,B) :={p: A —=B|p=~0}
is a subgroup of Homy (A, B).

Definition 4.2. Two A-morphisms ¢ and 1 are homotopic if o — 1 ~ 0. Furthermore
the group

[A, B] := Homy (A, B)/Nhomy (A, B)
of homotopy classes of A—morphisms is called the homotopy group from A to B.

It is not difficult to show that homotopy respects composition of A—morphisms. Thus
we obtain a category, called the projective homotopy category (PHOM) or the stable
category whose objects are left A—modules and whose morphisms are homtopy classes
of A-morphisms. Furthermore [A, B] is functorial in both variables and preserves direct
products.
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As in topological homotopy theory, we say that ¢ : A — B is a homotopy equivalence if
and only if there is a A—morphism v : B — A such that oy ~idg and ¢ =~ id4. If there
is a homotopy equivalence ¢ : A — B then A and B are said to be homotopy equivalent
and we denote the set of homotopy equivalences from A to B by Equi(A, B).

Lemma 4.3. A A-module A is projective if and only if [ X, A] = 0 for every A—module X .

Proof. We only need to show that [X, A] = 0 for every A-module X implies that A is
projective. So assume that [X, A] = 0 for every A-module X. Then [A, A] = 0 which
implies id4 ~ 0, that is, id4 factors through a path space PA — A of A. Thus there is a

commutative diagram
id
A\ 2 / A
PA.

Now let ¢ : A — B be a A—morphism and let € : C'— B be an epimorphism. Since PA is
projective there is a A—morphism ¢ : PA — C' such that ey = pm. Hence ey = pme = ¢,
showing that A is projective.

C
|
pPA—T A d B

Given a path space ¢ : PB — B, any ¢ : A — B factors as

A—*+ A® PBZ—> B,

where ¢’ is defined by ¢'(a,p) = ¢(a) + £(p) for a € A and p € PB.
The statement as well as the proof of the following theorem are dual to Theorem 13.7
in [8] and its proof.

Theorem 4.4. A homotopy equivalence p : A — B factors as

where P and @) are projective and v and 7 are the natural inclusion and projection respec-

tively.

Proof. First assume that ¢ is an epimorphism. Let v : B — A be a homotopy inverse of
p and let ¢ : PA — A be a path space of A. Then pe : PA — B is a path space of B
and hence o1 —idg ~ 0 implies that there is a A—morphism 7 : B — PA such that the
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diagram
|
//ﬁﬂgj
B
commutes. Put ¢ := ¢ — en. Then ¥ ~ ¢ and
P = ot —en) = i — pen = Y — Y + idp = idp.

Hence v is a monomorphism and the short exact sequence

B —r A—= coker)

splits so that A = TZJ(B) @® Q where Q = cokert. In order to show that Q is projective it
is enough to show that [X, Q] = 0 for all X. So take any A-module X. Then

X, B]—=[X,4(B) © Q] — [X.J(B)] & [X,Q] —= [X. ]

is onto. But what does this homomorphism do to the homotopy class of a A—morphism
v:X — B?

] = [yv] = [fv] =[] = 0.
Hence [X, Q] = 0 showing that @ is projective.
Thus ¢ factors as

A=4y(B)aQ— B&Q — B.

Given an arbitrary homotopy equivalence ¢ : A — B we obtain

A——= A@ PB

7

B®Q

g

Observation 4.5. If the A-modules A and B in Theorem 4.4 are finitely generated, then
the projective A-modules P and @) are also finitely generated. Thus there is a finitely
generated projective A—module P such that P @ P 2 A" for some n € N. Hence © factors
as

A——A@(PoP)—=Ba(Q®P)—=B
or

where Q = Q @ P is finitely generated projective.
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5. FORMULATION OF THE REALIZATION CONDITION

We have seen in [3] that, up to oriented homotopy equivalence, a P D3 pair (X,0X)
with aspherical boundary components is uniquely determined by the II;—system {x; :
I, (0X;, %) — I, (X, %) }secs, the orientation character wy € H'(X;7Z/27) and the image of
the fundamental class [X,0X] € H3(X, 0X;Z*) under the classifying map

c: (X,0X) — K({ki}ics; 1).

In other words, the triple ({k;}ics,wx, c.([X,0X])) forms a complete set of homotopy
invariants for PD3-pairs, also called the fundamental triple of (X,0X). We say that
(X, 0X) realizes ({K;}ics,w, p).

Question 5.1. Given a IT;-system {x; : G; — G}ics,w € H(G;Z/27) and a homology
class u € H3(G,{G;}ics; Z%), is there a PD3-pair (X, 0X) realizing ({k; }ics,w, p)?

Turaev [12] gave a condition for realization in the absolute case of PD3-complexes X
with X = (). Given a finitely presentable group G and w € H'(G;Z/27Z), he defined a
homomorphism

v:H3(G;Z2%) — [F, ]
where F' is some Z[G]-module, I = keraug and [A, B] denotes the group of homotopy
classes of Z[G|-morphisms from the Z[G]-module A to the Z[G]-module B. Turaev showed
that, given p € H3(G;Z%), the triple (G,w, p) is relized by a PD3*-complex X if and only
if v(u) is a class of homotopy equivalences of Z[G]-modules.

Using Turaev’s construction of the homomorphism v, we generalize the condition for
realization to the case of PD3—pairs (X,0X), where X is not necessarily empty.

First we introduce two functors from the category of left A—modules to itself, where A
is the integral group ring of the group H.
We take w € H'(H,Z/27) and use the notation of Chapter 1.

Given a chain complex ... — ()1 LA C, — ... of left A—modules, put
G, (C) := cokerd, = C,./im0,..

If f:C — D is a chain map then f,(im0°) C imdP. Hence there is an induced A-
morphism of cokernels G,.(f) : G,.(C) — G, (D) such that the diagram

imoC C, G.(0)
l lfr lGr(f)
imoP D, G.(D)

commutes. It is not difficult to check that G = G, is a functor from the category of chain
complexes of left A—modules to itself.

Following Turaev we write C* for “Homy (C, A) and compose the two functors G and
“Homy (—, A) to obtain the functor F (see [12] p.265) given by

Fr(C) = G_,(C") = C" fmd;_,. (2)



REALIZATION OF HOMOTOPY INVARIANTS BY PD3-PAIRS 11

The following lemma allows us to pass from the category of chain complexes of left A—
modules to the stable category, that is, the category of left A—modules and homotopy
classes of A—morphisms.

Lemma 5.2. Let f,g : C — D be chain homotopic maps of chain complexes over A. If
D,, is projective, then G, (f) ~ G,(g) as A—morphisms.

Proof. Let x be a chain homotopy from f to g. Observe that, for all n € Z, the boundary
operators 9%, and 92 ;| factor as

¢ ob_
n— n
Cp—Cp1  and n—=Dn1
Pg—1

L

Gn(C) Gn(D)

e}

respectively. Then

Uf—l(fn - gn) = Urlz)—l(xn—lag—l + arlL)Xn)

D C C D D
n—1Xn—-1Pp—19y_1 + Un—lan Xn

_ D C C
= 0u 1 Xn-1Pp-10n1

g

Thus the diagram

frt1—9gn+1
C1n—i—1 Dn+1
o l op i
fn—gn
Cn D,

D
Un—li
C D
Ppn—1 Xn—1

Go(C) " oy P D, -7 Gu(D)
commutes. As the induced map of cokernels is uniquely determined, this implies

Go(f) = Gul9) = Gu(f = 9) = 01 1Xn-1Phy1 =0
as D, is projective. [l

Corollary 5.3. Let f : C' — D be a homotopy equivalence of chain complexes over A. If
C,, and D, are projective, then G, (f) is a homotopy equivalence of A—modules.

Corollary 5.3 is crucial for the formulation of the condition for realization.

Observation 5.4. Lemma 5.2 shows that we may view (G, as a functor from the category
of chain complexes of projective left A—modules and homotopy classes of chain maps to
the stable category.

Lemma 5.5. Let (X,Y) be a pair of CW —complexes with X connected andw € H (X ;Z/27)
such that H,(X,Y;Z%) = 7 with generator [1®x]. Then there is a chain wy € C1(X) such
that the A—morphism N@z : C*(X,Y) =“AY®@,C(X) = C(X) is given by

N1z = p(z).(1 + dyw)
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for every cocycle ¢ € C*(X,Y), where we identify \@c € “A“@,C(X) with \.c € C(X).

Proof. Take y € C,(X) with n(y) = z, where 7 : C(X) — C(X,0X) is the natural
projection, and assume Ay = > 1;®z,—; with y;,2; € C;(X). Then (idee)A(y) = y
implies y,,.€(20) = y. As [l®z] is a generator, z and thus y are indivisible so that y = y,
and £(z9) = 1 up to sign. As X is connected, we may assume Cy(X) = A and identify imd,
with I = kere. Then e(z) = 1 implies zp = 1 4+ wy where wy € I, and hence zy = 1+ Jow;
for some w; € C1(X). Hence

pN1or = p/18ERId)(Y_ 4®z-) = ¢((y.))®2
= (m(yn))-20 = ¢(x).(1 + dow).

U

Now let (X,0X) be a PD? pair and take a cycle 1@z € Z“®,C5(X, 0X) representing
[X,0X]. Then
Nix : C*(X,Y) 2Y“A“®@,C(X) = C(X)
is a chain homotopy equivalence. As both C5(X,Y) and C(X) are free and hence projec-
tive, Corollary 5.3 implies that

G_5(N1&z) : F2(C(X,0X)) = G_5(C*(X,Y)) — G1(C(X))

is a homotopy equivalence of A—modules.
Since C'(X) is the cellular chain complex of the universal covering space of X, H; (C'(X)) =
0 so that

G1(C(X)) = C1(X)/imd; = C1(X)/ ker 9y = im9y = ker aug = 1,
that is, there is an isomorphism
V:G(C(X)) — 1 given by 9([c]) := do(c).

Then Yo G_5(N1®x) is also a homotopy equivalence of A—modules, and the fact that N1®z
is a chain map together with Lemma 5.5 yields

(0o Go(Nlex))([¢]) = I(pNlez]) = (e N1o2)
(030) N1z = (50)(x)-(1 + dowr)
= (050)(2) + (F59)(x) Do

for ¢ € C5(X,0X) and some w; € C1(X). Observe that the A-morphism

FA(C(X,0X)) — I, [¢] — (959)(x)00wn

is null-homotopic since it factors through the A—module C;(X), namely as

[p] ¥ (O39) (z)wr —— Oo((F50)(x)wr) = (T5)(2)Dows .
Thus
FY(C(X,0X)) — I, [¢] — (95¢)() (3)

is a homotopy equivalence of A—modules.



REALIZATION OF HOMOTOPY INVARIANTS BY PD3-PAIRS 13

Now attach cells of dimension three and larger to (X, 0.X) in order to obtain an Eilenberg—
Mac Lane pair (K,0X) of type K({x; : I1;(0X;,*) — II;(X,*)}ies;1). Then the classi-
fying map ¢ : (X,0X) — (K,0X) is cellular and we may identify the cellular chain
complexes of the pair (X,0X) with their image under the chain map induced by .
In particular, we obtain C;(K) = Ci(X),Ci(K,0X) = Cy(X,0X) for i = 0,1,2 and
[1®z] = [X,0X] = t.([X,0X]). Thus (3) yields
Lemma 5.6. The A—-morphism

FA(C(K,0X)) — I, [¢] — (95¢)(x). (4)
1s a homotopy equivalence of A—modules.

Given a chain complex C' of free left A-modules, Turaev constructed a group homomor-
phism

VC,T‘ . HT_H(ZW(X)AC) — [FT,]}
such that ve(x ox)2([1®2]) = vo(k,ox),2(6([X, 0X])) is the homotopy class of the homotopy
equivalence (4).

We revise Turaev’s construction and some of its properties. Given a chain complex C' of
free left A-modules, note that I is the kernel of the A-morphism A — Z“@;A, A — 1@,
so that I — A — Z“®\A is short exact. As C' is free, the sequence IC' — C — ZY®7\C
of chain complexes is also short exact, yielding the connecting homomorphism

§: H, 1 (Z¥®,C) — H,.(IC). (5)
Identifying ¢ € C, with 1®c € A“®,C, the natural equivalence 1 of Lemma 3.1 yields the
A—morphism
n: G — (C7)7, er—n(c)
given by

For a cycle ¢ € C,. we obtain

N(e)(F7_1) = (97_1)(€) = p(dr-1¢)) = 0

for every ¢ € C¥_,. Thus n(c) factors through the cokernel F"(C') of 97_,, that is, there is

r—1»

a A—morphism 7(c) such that
Cr BCIN
|
Fr(C)
commutes. If ¢ = \.d € IC is a cycle with A € I and d € C,, then
aug(n(c)(lg])) = aug(p(c)) = aug(p(A.d))

= aug(p(d).\) = p(d)aug(N)
=0
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for every [¢] € F"(C). Hence the image of n(c) is contained in I and there is a well-defined
A-morphism

n(c) : F'(C) — I, [p] — o(c).
Given a boundary ¢ = 9,(fi.e) € IC with u € I and e € C,,;, the A-morphism 77( ) is
null-homotopic since it factors through A, namely as

Fr(C)—=A——>1

A —— T\

Thus the homotopy class of 77(0) depends on the homology class of the cycle ¢ € IC only
and the homomorphism

H(IC) — [F"(C), 1], [c] = [n(c)] (6)
is well-defined. Composing (6) with the connecting homomorphism (5), Turaev obtains
the homomorphism

vey t Ho1 (Z2°@0C) — [F7(C), 1] (7)
given by )
ver([1&c]) == [n(c)].
Lemma 5.7. Given [1®z] € H,11(Z°@,C) and [p] € F"(C), the homotopy class ve, ([1@x])
1s represented by the A—morphism
F'(C) — I, [¢] — $(0,().

Proof. Take [1®z] € H,11(Z°®AC) and [¢] € F"(C). Then 6([1l®z]) = 0,2 and ve,.([1@x])
is represented by R

n(0:x) : F'(C) — I, [¢] — ¢(0:(x)).
U

Lemma 5.8. Let f: C' — D be a chain map of chain complexes of A—modules. Then the
diagram

FT(D) VD,T(f*.U‘)
o)
FT<C) VC,’I’(IJ’) ]

commutes for every u € H,11(Z*@,C).
Proof. Take p € H,1(Z*®,C) and x € C, with p = [1®z]. Then, for [p] € F"(C),
ve (W) (F'(N)([e]) = verw)(lpo f]) =vo f(0:(2))
= ¢(0,(f(2))) = vp,(fer) ([¢])-
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Lemma 5.9. Suppose that C is a chain complex of free left A—modules such that C, is
finitely generated and H,(C) = H,41(C) = 0. Then ve, is an isomorphism.

Proof. Cf. [12], Lemma 2.5. O

We are now able to provide a necessary condition for a IT;—system {x; : G; — G};cj,w €
H'(G;7Z/2Z) and pu € H3(G, {G,}ics; Z¥) to be realized by a PD3-pair (X, 9X).

Theorem 5.10. Given a II,-system {k; : G; — Glics, w € H(G;Z/27) and p €
H3(G,{G;i}ies; Z%), let (K,0K) be an Eilenberg-Mac Lane pair of type K({ki}ics;1). If
({Ki}ies,w, ) is the fundamental triple of a PD?*~pair, then vok.or)2(p) is a homotopy
equivalence of A—modules.

Proof. Take a II;-system {x; : G; — G}ics,w € H'(G;Z/27Z), i € H3(G, {G;}ics; Z°) and
suppose ({r;}ics, w, i) is the fundamental triple of the P D3-pair (X,0X). Attaching cells
of dimension three and larger to X we obtain an Eilenberg-Mac Lane pair (K, 0X) of type
K({ki}ics; 1). Take 1@z € ZY®@7C3(X,0X) C Z*®@,C5(K,0X) with [1®z] = . Then

F2(0<K’ 8X)) - ]’ [90] — @(02(17))

is a homotopy equivalence of A-modules by Lemma 5.6 and represents veo(k ax)2(1) by
Lemma 5.7.

It remains to show that ve(rar)2(1) is a homotopy equivalence of A-modules for any
Eilenberg—Mac Lane pair (L,dL). But given any Eilenberg—Mac Lane pair (L, L) of type
K({ki}ics; 1), there is a homotopy equivalence f : (K,0X) — (L,0L) of pairs of CW
complexes inducing a chain homotopy equivalence g : C(K,0X) — C(L,0L). Hence
g": C*(K,0X) — C*(L,0L) is also a chain homotopy equivalence and Corollary 5.3
implies that F?(g) = G_5(g*) is a homotopy equivalence of A-~modules. By Lemma 5.8,
the diagram

vo(r,aL),2(fem)

F2(C(L, L))

F 2(g)l
vo(k,oK),2 (1)

F*(C(K,0K)) I

commutes and hence ve( ar)2( f«pt) is a homotopy equivalence of A-modules if and only if
Ve(k,ok)2(p) is one. O

In the final section of this paper we show that the necessary condition of Theorem 5.10
is sufficient in the II;—injective case.

6. THE II;,-INJECTIVE CASE

For {k; : G; — G}ic to be the IT;-system of a PD3-pair (X, dX), the groups G; must be
surface groups for all i € J as the components of 9X are PD?complexes by definition and
thus homotopy equivalent to closed surfaces. Furthermore, G must be finitely presentable,
as X must, by definition, be dominated by a finite CW complex. Now we restrict attention
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to I;—systems {k; : G; — G};c; which are II;—injective, that is, k; is injective for every
1€ J.

So let {k; : G; — G}ics be a II;—system such that G is finitely presentable, G; is a
surface group and k; is injective for every ¢ € J. Then there is an Eilenberg—Mac Lane pair
(K,0X) of type K({K;}ics;1) and by the mapping cylinder construction we may assume
that the components 0.X; of 0X are all surfaces. Since G is finitely presentable, we may
also assume that K has finite 2-skeleton K2,

Take w € H'(K;Z/2Z) and p € H3(K,0X;Z*) such that vk ex)2(u) is a class of
homotopy eqivalences and d,u = [0X] where [0X] is the fundamental class of the PD?*-
complex 0X and 0, is the connecting homomorphism of C(0X) — C(K) - C(K,0X).

Following Turaev’s construction in the absolute case, we now construct a PD3 pair
realizing ({k; }ics,w, ).

Since we have assumed that K has finite 2-skeleton K2 the A-modules C5(K,9X) and
thus F?(C(K,0X)) are finitely generated. Let h : F?(C(K,0X)) — I be a A-morphism
representing ve(xaxy2(i). Then h is a homotopy equivalence of A-modules and thus
factors as

F2(CO(K,0X))— FX(C(K,0X) @ A [ @ P — T

where P is finitely generated and projective, by Theorem 4.4.

Let B = (e’ Ve?)Ue® be a three dimensional ball. If we replace K by KV (V™ B), then
K is replaced by K v (V" e?) and F?(C(K,0X)) is replaced by F?(C(K,0X)) @ A™.
Thus we may assume without loss of generality that h factors as

F2C(K,0X)) =T @ P — T (8)

where P is finitely generated and projective.

First we consider the case where P is free, that is, P = A" for some n € N. Let
7 : C*K,0X) - F*(C(K,0X)) and ¢ : I ~ A be the natural projection and inclusion
respectively and use the natural equivalence 7 to identify (A*)* with A for a left A—module
A. Consider the A—morphism

¢t 0
b

0 : C2(K,0X) "> F2(C(K,0X))>—= I ® P—>A & P. (9)

It follows from the definition of ¢ that ¢ o 9 = 0. Hence (0; 0 ¢*)* = ¢ 0 0] = 0 so that
ime* C ker 0.

Let p : K — K be the universal covering. Since x; is injective for every i € J, the
components of p~1(0X) are universal covering spaces of Eilenberg-Mac Lane complexes,
so that Ha(p~1(0X)) = Hy(p~'(0X)) = 0. Thus the long exact homology sequence of the
pair (p~'(KP), p~1(0X)) yields

Hy(p~ ' (KP®)) 2 Hy(p~ 1 (KP), p~ 1 (0X)).
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The Hurewicz Isomorphism Theorem implies ITy(p~* (K1) = Hy(p~' (K?)) and thus
imp* Ckerdy = Hy(p (K@), p 1(0X))
Hy(p~ ! (K1)
= IL(p~'(K™)).
We may thus attach (n + 1) three-dimensonal cells to K2 to obtain a pair (X,0X) of
CW-complexes whose relative cellular chain complex is given by
D:0— (A® P) 25 Co(K,0X) — C1(K,0X) — Co(K, 0X).
As TI(K) = 0, the inclusion (K 0X) — (K,0X) extends to a map
Fi(X,0X) — (K,0X) (10)
which induces an isomorphism of II;—systems. Thus we may view w as an element of
HY(X:7Z/27).
Proposition 6.1. (X,0X) is a PD?-pair realizing ({K; }icy,w, 1t).
Proof. We must show that
(i) Hs(X,0X; Z) = Z;
(ii) fu([X,0X]) = p where [X, 0X]| generates Hs(X, 0X;Z*);
(iii) 0.[X,0X] = [0X] where [0X] is the fundamental class of the PD?-complex X
and 0, is the connecting homomorphism of the short exact sequence C(0X) —
C(X) —» C(X,0X);
(iv) N[X,0X] : H(X;*A¥) — H,_3(X,0X;A) is an isomorphism for every r € Z.
(i) As C'(X, 0X) is a chain complex of free A-modules, Z*®@,C(X,0X) = Homy (C*(X,0X),Z)
by Observation 3.2 and C*(X,0X) = C(X,0X). Thus
Hs(X,0X;Z%) H3(Z* @, C (X, 0X))
H?(“Hom, (C*(X,0X), 7))
ker ((gp*)*)T
>~ kerp!

12

1%

12

where ! arises by applying Homy (—, Z). Recall that ¢ = LL) (1)1 ojom. Asmand j are

0 1
by elements 1 — g,g € G, and ¥ o t(1 — g) = (1) — gip(1) = 0 for every ¢ € C*(K,0X),
so that ker " = Homy (A, Z) = Z. Thus
H3(X,0X;7Z%) 2 ker o' 2 keri! = 7.
(i) H3(X,0X;Z%) 2 Z is generated by [X,0X] = [1®x] where z = (1,0) € A*@ P* =
(MA@ P)* = C5(X, 0X) is the projection onto the first factor. By Lemma 5.7, ve(x,ax),2([1®])
is represented by

surjective, ' and ;T are injective. Hence ker pf = ker {L 0] = ker . But I is generated

FY(C(X,0X)) — I, [¢] — 1(0x(x)).
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But, again identifying free A-modules and A—morphisms between them with their double

dual, we obtain, for ¢ € C*(X,0X) = C*(K,0X),
V(0a()) = Ple*(z)) =vop*(x) = (¢*)*(¥)(z)
= atpt) =wo |y ] eionte) = (el

Thus ve(x,0x),2([X, 0X]) is the homotopy class of h, so that ve(k ax)2(1t) = ve(xox)2([X, 0X]).
Lemma 5.8 implies vo(k 0x)2(1t) = Vo(x,ox),2([X, 0X]) = vokox) 2(f+[ X, 0X]). As vok.ox),2
is injective by Lemma 5.9, we may conclude p = f.[X, 0X].

(iii) The map f : (X,0X) — (K,0X) gives rise to the commutative diagram

e Ha(C(X,0X): Z%) 2 Hy(C(0X); Z) —— - -+

fx J{ f*:idl

- Hy(C(K, 0X); %) 2 Hy (C(0X); Z¢) —
Hence d,([X,0X]) = 6.(f([X,0X])) = 0.(p) = [0X].
(iv) First observe that the definition of (X, 0X) implies
H(X,0X;“A%) = H_»(“Homy (C(X,0X);*A*)) = 0.
Since H; (X, A) = Hy(C(X)) = 0 as well, the homomorphism
N[X,0X] : H*(X,0X;*A*) — Hy(X;A)
is an isomorphism.
As A®P is free, we may use the natural transformation n to identify “Hom,((A &
P)**A¥) with A @® P and (¢*)* with ¢. Then
H?(X,0X;“A%) H_3(“Homy (C(X,0X),“A))
= “Homy((A ® P)*"“A¥)/im(¢")*
(A® P)/imy
ANT=Z.
Clearly, H*(X, 90X ;“A“) is generated by ¢ = (1,0) € (A*)* @ (P*)* = C(X,0X) = Ci(X).
By Lemma 5.5,

I

12

] N[X,0X] = [¥] N [1@x] = ¢(x) =1,
that is, N[X, 0X] maps ¢ to a generator of Ho(X; A). Hence

N[X,0X] : H*(X,0X;*A¥) — Ho(X;A)
is an isomorphism. Since 0X is a PD?* complex,

N[OX]: H(0X;*A¥) — Hy_.(0X; A)

is an isomorphism for every r € Z. Thus the Cap Product Ladder (cf. 3.6) of (X,0X)
with y = [X, 0X] and the Five Lemma imply that

N[X,0X] : H'(X;*A¥) — H,_3(X,0X;A)
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is an isomorphism for » = 2 and r = 3. Therefore N1®x gives rise to the chain homotopy
equivalence

0 imo; “Homy (Ca(X),“A¥) —— “Homy (C5(X),“A¥) ——

T e e |

0 —— AQ@ximo; AR,C1(X,0X) ARA\CH(X,0X) —0

of chain complexes of left A—modules. Identifying A, A with A for left A—-modules A and
applying “Hom, (—,“A“) we obtain the chain homotopy equivalence

0 “Homy (im0 ,“A*) “Homp (“Homy (Co(X),“A%),“AY) <—
T e |
0 “Homp (im0 ,“A%) “Homy (C1 (X, 0X),“A%)
“Homy (“Homy (C5(X),“A%),“A%) 0
(ﬂl®w)*T T
“Homy (Co (X, 0X),“A¥) 0,

which shows that (N[1®z])* induces homology isomorphisms. But Lemma 3.4 shows that
N(1®z) induces isomorphisms in homology if and only if (N1®x)* does. Thus

N[X,0X] = N[1®z] : H*(X,0X;*A%) — Hz_x(X;A)

is an isomorphism for £k = 0 and &k = 1.
The Cap Product Ladder of (X, 0X) with y = [X, 0X] and the Five Lemma imply that

N[X,0X] : H(X;*A¥) — H3_x(X,0X;A)
is an isomorphism for » = 0 and r = 1 and hence for every r € Z. [l
It remains to investigate the general case where the module P in the factorization (8)
of the homotopy equivalence h is finitely generated projective, but not necessarily free.
Then there is a finitely generated projective A—module () such that P* ® QQ = A" and we

may attach infinitely many 3—cells to K2 v (\/;’il 62) in order to obtain a pair (X, 0X) of
CW —complexes whose relative cellular chain complex is given by

e 0
0 1
D:0—(A®P)* & A ——= Us(K,0X) & A®

01 0

]cl (K,0X) Co(K,0X).
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As(A@P) @A =N B P QP eQ®...) =A™ is free, the proof that (X,0X)
realizes ({k;}ics,w, ) is analogous to the proof of Proposition 6.1. It only remains to
verify that X is in fact dominated by a finite cell-complex.

We follow Turaev’s argument for the absolute case which uses Wall’s results on finiteness
conditions for CW-complexes. Since X is a finite dimensional cell-complex (of dimension
three), Theorem F together with Theorems A and E of [14] imply that in order to show
that X is finitely dominated, it is sufficient to show that X is homotopy equivalent to a
C'W—-complex with finite skeleta.

Consider the cellular chain complex of X,

C(X):0 (A® P)* @& A

Co(K,0X) @ A® @ Cy(9X)

C1(K,0X) ® C1(9X)

Co(K,0X) & Cy(0X),
and note that it is chain homotopy equivalent to the chain complex

pr pr’

E:. .. A" A" A"

Pt 0
[0 O]C’Q(K,QX) @ C(0X) — C1(K,0X) & C1(0X)

q

(A P)&Q

Co(K,0X) @ Cp(0X),

where pr: A" = P*®& Q — @Q and pr’ : A" = P* & () — P* are the canonical projections
and ¢(x) = (0,0,pr(z)) € (A® P)*® Q for x € A". By Theorem 2 of [15], there is a CTW—
complex Y with cellular chain complex E which is homotopy equivalent to X. Clearly, YV
has finite skeleta and we may conclude that X is finitely dominated.

Theorem 6.2. Let {k; : G; — G}icy be a lly-system such that G is finitely presentable,
G, is a surface group and k; is injective for every i € J. Let (K,0X) be an Filenberg—
Mac Lane pair of type K ({ki}ics; 1) such that the components 0X; of 0X are all surfaces.
Take w € H'(K;7Z/27) and p € Hs(K,0X;7%) such that S, = [0X] where [0X] is the
fundamental class of the PD?-complex 0X and 6, is the connecting homomorphism of
C(0X) — CO(X) —» C(X,0X). Then ({ki}ics,w, i) is realized by a PD*-pair (X,0X) if
and only if vok,ox)2(i) is a class of homotopy eqivalences.
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